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PREFACE 


In this book the authors have covered that subject matter which they 
believe to be of importance in a well-organized sequence of undergraduate 
courses dealing with the theory of structures for civil engineers. Some 
material is also included which, because of restricted schedules, may have 
to be left out of formal assignments. Such portions of the book include 
the material in fine print throughout the text; Chap. 16, which deals 
with structures not directly related to civil engineering; and Chaps. 
16-17, which treat the analysis of structures by means of models. 
Such material will, however, ser\e to develop the structural knowledge of 
the student whose interest has become genuinely aroused, and it will be 
valuable in connection with thesis work. 

The material covered by this book has been confined almost entirely 
to methods of stress analysis. Design procedure, where mentioned at all, 
is covered only incidentally, since the length of the book as written indi- 
cates the desirability of a separate book deahng with design, and since 
our practice, which is also followed in a number of other schools, consists 
of teaching the theory of stress analysis and the principles of design as 
separate subjects. 

The authors have attempted in this presentation to accomplish two 
results: (1) to tie in the various procedures of structural analysis with the 
principles of applied mechanics on which they are based, thus showing 
that the theory of structural analysis is but one phase of advanced applied 
mechanics, and (2) to show that the methods of analysis derived for civil 
engineering structures are applicable in principle to structures lying out- 
side the field of practice of most civil engineers. With thesfe thoughts in 
mind, they hope this book will prove to be of help both to students 
of structural engineering and to young practicing engineers. 

The authors wish to acknowledge with appreciation the assistance 
of Mrs. Grace M. Powers who typed the manuscript; of Donald R. F. 
Harleman who prepared the figures; and of Prof. Myle J. Holley, Jr., who 
read the manuscript. 

Both authors are also deeply grateful to those responsible for their 
training in structural engineering, particularly to Profs. Charles Milton 
Spofford and Charles Church More. They likewise acknowledge with 
appreciation the help they have received from their colleagues, Profs. 
W, M. Fife and Eugene Mirabelli, and the late Prof. J. D. Mitsch. 

John Benson Wilbub 
Charxes Head Norris 

Cahbripge, Mass. 

Mctrch^ 1948 
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CHAPTER 1 


INTRODUCTION 

1*1 Engineering Structures. The design of bridges, buildings, 
towers, and other fixed structures is very important to the civil engineer. 
Such structures are composed of interconnected members and are sup- 
ported in a manner such that they are capable of holding applied external 
forces in static equilibrium. A structure must also hold in equilibrium 
the gravity forces timt are applied as a consequence of its own weight. 
A transmission tower, for example, is acted upon by its own weight, by 
wind and ice loads applied directly to the tower, and by the forces 
applied to the tower by the cables that it supports. The members of the 
tower must be so arranged and designed that they will hold these forces 
in static equilibrium and thus transfer their effects to the foundations of 
the tower. 

There are many kinds of structures in addition to those mentioned 
above. Dams, piers, pavement slabs for airports and highways, pen- 
stocks, pipe lines, standpipes, viaducts, and tanks are all typical civil 
engineering structures. Nor are structures of importance only to the 
civil engineer. The structural frame of an aircraft is important to the 
aeronautical engineer; the structure of a ship receives particular attention 
from the naval architect; the chemical engineer is concerned with the 
structural design of high-pressure vessels and other industrial equipment; 
the mechanical engineer must design machine parts and supports with 
due consideration of structural strength; and the electrical engineer is 
similarly concerned with electrical equipment and its housing. 

The analysis of all these structures is based, however, on the same 
fundamental principles. In this book the illustrations used to demon- 
strate the application of these principles are drawn largely from civil 
engineering structures, but the methods of analysis described can be used 
for structures that are important in other branches of engineering. 

1*2 General Discussion of Structural Design. A structure is 
designed to perform a certain function. To perform this function satis- 
factorily it must have sufficient strength and rigidity. Economy and 
good appearance are further objectives of major importance in structural 
design. 

The complete design of a structure is likely to involve the following 
five stages: 

1. Establishing the general layout to fit the functioiml requirements 
of the structure ' 

1 
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2. Consideration of tbe several possible solutions that may satisfy 
the functional requirements 

3. Preliminary structural design of the various possible solutions 

4. Selection of the most satisfactory solution, considering an eco- 
nomic, functional, and aesthetic comparison of the various possible 
solutions 

5. Detailed structural design of the most satisfactory solution 

Both the preliminary designs of stage 3 and the final detailed design 
of stage 5 may be divided into three broad phases, although in practice 
these three phases are usually interrelated. First, the loads acting on 
the structure must be determined. Next, the maximum stresses in the 
members and connections of the structure must be analyzed. Finally, 
the members and connections of the structure must be dimensioned, i.e., 
the make-up of each part of the structure must be determined. 

That these three steps are interrelated may be seen from considera- 
tions such as the following: The weight of the structure itself is one of the 
loads that a structure must carry, and this weight is not definitely known 
until the structure is fully designed; in a statically indeterminate struc- 
ture, the stresses depend on the elastic properties of the members, which 
are not known until the main members are designed. Thus, in a sense, 
the design of any structure proceeds by successive approximations. For 
example, it is necessary to assume the weights of members in order that 
they may be properly designed. After the structure is designed, the 
true weights may be computed; and unless the true weights correspond 
closely to those assumed, the process must be repeated. 

In designing a structure, it is important to realize that each part 
must have sufficient strength to withstand the maximum stress to which 
it can be subjected. To compute such maximum stresses, it is necessary 
to know, not only what loads may act, but the exact position of these loads 
on the structure that will cause the stress under consideration to have its 
maximum value. 

Thus, when, a railroad locomotive crosses a bridge, a given portion 
of the bridge receives its maximum stress with the locomotive at a given 
position on the bridge, A second part of the structure may be subjected 
to its maximum stress witli the locomotive in another position. 

In this book, the emphasis is placed on the stress analysis of structures. 
But, in order to discuss stress analysis satisfactorily, it is desirable to give 
some attention to the loads acting on a structure and to the design of 
members and connections. 

1*3 Dead Loads. The dead load acting on a structure consists 
of the weight of the structure itself and of any other immovable loads 
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that are constant in magnitude and permanently attached to the struct 
tore. Thus, for a highway bridge, the dead load consists of the main 
supporting trusses or gMers, the floor beams and stringers of the floor 
system, the roadway slabs, the curbs, sidewalks, fences or railings, lamp- 
posts, and other Iniscellaneous equipment. 

Since the dead load acting on a member must be assumed before the 
member is designed, one should design the members of a structure in 
such a sequence that, to as great an extent as is practicable, thcr weight 
of each member being desigried is a portion of the dead load carried by 
the next member to be designed. Thus, for a highway bridge, one would 
first design the roacj slab, then the stringers that carry the slab loads to 
the floor beams, then the floor beams that carry the stringer loads to the 
main girders or trusses, and finally the main girders or trusses. 

In designing a member such as a floor slab, stresses due to dead loads 
are likely to be only a small percentage of the total stress in a member, 
so that, even if dead loads are not very accurately estimated, the total 
stress can be predicted with fair accuracy and hence the first design be 
quite satisfactory. For main trusses and girders, however, the dead 


Table 1-1 

Weight, lb 


Material per cu ft 

Steel or cast steel 490 

Cast iron 450 

Aluminum alloys 175 

Timber (treated or untreated) 50 

Concrete (plain or reinforced) 150 

Compacted sand, earth, gravel, or ballast 120 

Loose sand, earth, and gravel 100 

Macadam or gravel, rolled 140 

Cinder filling 60 


loads constitute a greater portion of the total load to be carried, so that 
it is more important to make a reasonably accurate first estimate of dead 
weights. Often data concerning the dead weights of other similar struc- 
tures will serve as a guide to the designer. Many investigations have 
been carried out with the purpose of presenting such data in a convenient 
form.^ It should be emphasized, however, that the original dead-weight 
estimate is tentative, whatever the source of the data may be. After a 

^ The student is referred to p. 72 of “Structural Theory” (John Wiley & Sons, Inc,, 
New York, 1942) by SuTHERLAKn and H. L. Bowman for tables givipg the weighlH 
of roof trusses and to p. S4 of the same book for an excellent summary of formulas 
giving the weights of bridges. Charts dealing with the weights of railroad bridges, 
highway bridges, and signal bridges are given in Chap, I of C. M. Spofford’s “Theory 
of Structures,” 4th ed., McGraw-Hill Book Company, Ipo., New York, 1959. 
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stmcture is designed, its actual dead weight should be accurately com- 
ptited and the stress analysis and design revised as necessary. This is 
necessary for safety and desirable for economy. 

If the dimensions of a structure are known, dead loads may be computed on 
the basis of unit weights of the materials involved. Unit .weights for some of 
the materials commonly used in engineering structures are given in Table 11. 

Unit weights for other materials are readily available in many books and 
handbooks.^ 

1*4 Live Loads — General. As contrasted to dead loads, which 
remain fixed in both magnitude and location, it is usually necessary to 
consider live loads, i.e., loads that vary in position. It is sometimes 
convenient to classify live loads into movable loads and moving loads. 
Movable loads are those which may be moved from one position to 
another on a structure, such as the contents of a storage building. They 
are usually applied gradually and without impact. Moving loads are 
those which move under their own power, such as a railroad train or a 
series of trucks. They are usually applied rather rapidly and therefore 
exert an impact effect on the structure. 

When live loads are involved, attention must be given to the placing 
of such loads on a structure so that the stress in the structural member or 
connection under consideration will have its maximum possible value. 
Thus, while we speak of dead stresses due to dead loads, we refer to 
maximum live stresses due to live loads. 

1 • 5 Live Loads for Highway Bridges. The live load for highway 
bridges consists of the weight of the applied moving load of vehicles and 
pedestrians. The live load for each lane of the roadway consists of a 
train of heavy trucks following each other closely. The weight and 
weight distribution of each truck vary with the specification under which 
one designs, but a typical example is afforded by the H-series trucks speci- 
fied by the American Association of State Highway Officials (AASHO). 

These H-series trucks are illustrated in Fig. 11. They are desig- 
nated H, followed by a number indicating the gross weight in tons for 
the standard truck. The choice as to which of the H-series trucks shall 
be used for the design of a given structure depends on circumstances 
such as the importance of the bridge and the expected traffic. Actually, 
the traffic over a highway bridge will consist of a multitude of different 
types of vehicles. It is designed, however, for a train of standard trucks, 
so chosen that the bridge will prove safe and economical in its actual 
performance. 

^ The student is referred, for example, to the section on Weights and Specihc 
Gravities in **Sted Construction,** American Institute pf Steel Construction, New 
y<a*k. 
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It is seen that the loading per lane of roadway consists of a series of 
concentrated wheel loads. The stress analysis inyolved in computing 
maximum live stresses due to a series of concentrated live loads may 
become rather complicated. Under some conditions it is permissible to 
substitute for purposes of stress analysis an equivalent loading consisting 
of a uniform load per foot of lane, plus a single concentrated load. Thus, 
for the H-20 loading, the equivalent live load consists of a uniform load 
of 640 lb per lin ft of lane, plus a concentrated load of either 1 8,000 lb or 
26,000 lb, depending on whether live moments or shears, respectively, 
are being computed. This equivalent live load is not exactly equivalent 



Fig 1 1 


to the series of concentrated wheel loads, but it permits a simpler com- 
putation of maximum stresses that correspond closely enough to those 
which would be computed from the actual loads to be used for design 
purposes. 

It is often necessary to design a highway bridge to carry electric- 
railway cars. Specifications define the wheel loads and spacings to be 
used for this purpose. 

1-6 Live Loads for Railroad Bridges* The live load for railroad 
bridges consists of the locomotives and cars that cross them. The live 
load for each track is usually taken as theft corresponding to two loco- 
motives followed by a uniform load winch represents the weight of the 
cars. To standardize such loadings a series of E-loadings was devised 
by Theodore Cooper. These loadings are designated by the letter E, 
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followed by a number indicating the load in kips^ on the driving axle. 
The loads on other axles always bear the same ratio to the load on the 
driving axle. The uniform load following the two locomotives always 
has an intensity per foot of track equal to one-tenth the load on the 
driving axle. The wheel spacings do not vary with the Cooper’s rating. 
Figure 1 • 2 ilhistrates a Cooper’s E-50 loading. Modern railroad bridges 
are designed for at least an E-60 loading and often for an E-70 or even a 
heavier loading. It should be noted that the wheel loads for these 
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COOPERS E-50 LOADING 
Fig. 1*2 


heavier Cooi>er’s loadings can be obtained from Fig. 1-2 by direct 
proportion. 

Simplified equivalent loadings are sometimes used in place of actual 
wheel loadings to represent live loads on railroad bridges. 

1*7 Live Loads for Buildings. Live loads for buildings are 
usually considered as movable loads of uniform intensities. The inten- 
sity of the floor loads to be used depends on the purpose for which the 
building is designed, as indicated in Table 1 • 2.^ 

Table 1-2 

Minimum 
Live Load, 
lb per sq ft 

Human occupancy: 


Private dwellings, apartment houses, etc 40 

Rooms of offices, schools, etc .50 

Aisles, corridors, lobbies, etc., of public buildings 100 

Industrial or commercial occupancy: 

Storage purposes (general) 250 

Manufacturing (light) 75 

^Printing plants 100 

Wholesale stores (light merchandise) 100 

Retail salesrooms (light merchandise) 75 

Garages 

All types of vehidles . . . 100 

Passenger cars only 80 


Sidewalks 250 lb per sq ft or 8,000 lb concentrated, which- 

ever gives the larger moment or shear 

' To facilitate computations, loads are usually given In units of kips, 1 Idp being 
equal to 1,000 lb. 

• “Steel Construction,” op. cit 
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When floors are to carry special live loads of known intensities greater 
than those suggested above, these special loads should of course be uSed 
in design. 

1*8 Impact. Unless live load is applied gradually, the distortion 
of the structure to which the live load is applied is greater than it would 
be if the live load were considered as a static load. Since the distortion 
is greater^ the stresses in the structure are higher. The increase in stress 
due to live load over and above the value that this stress would have if 
the live load were applied gradually is known as impact stress. Impact 
stresses are usually associated with moving live loads. For purposes of 
structural design, ^jnpact stresses are usually obtained by multiplying 
the live-load stresses by a fraction called the impact fraction, which is 
specified rather empirically. The determination of a wholly rational 
fraction for this purpose would be very complicated, since it depends on 
the time function with which the live load is applied, the portion of the 
structure over which the live load is applied, and the elastic and inertia 
properties of the structure itself. 

For highway bridg'es, the impact fraction / is given in the specifica- 
tions of the AASHO by 

/ =: — ~ but not to exceed 0.300 (1 • 1) 

L “h 1^0 * 

in which L is the length in feet of the portion of the span loaded to pro- 
duce the maximum stress in the member considered. For example, sup- 
pose that the maximum live positive shear at the center of a 100-ft 
longitudinal girder of a highway bridge equals 1,000,000 lb and occurs 
with the live load extending over half the 100-ft span. Then the loaded 
length L is 50 ft; the impact fraction I == 50/(50 + 125) == 0.286; the 
impact shear is obtained by multiplying the live shear by the impact frac- 
tion and therefore equals 1,000,000 X 0.286 = 286,000 lb. The total 
effect of the live load, i.e., live shear plus impact shear, is equal to 1,000,- 
000 lb plus 286,000 lb, or 1,286,000 lb. 

The Specifications for the Design and Construction of Steel Railway Bridges, 
published by the American Railway Engineering Association (AREA), treat 
impact as follows (note that impact percentage discussed equals 100 times the 
impact factor as previously defined) : 

“To the maximum computed static live-load stresses, there shall be added 
the impact, consisting of 

a. The lurching effect: 


A percentage of the static live-load stress equal to 


^0 

S' 
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S «» spadag, in feet, between centers of longitudinal girders, stringers, or ' 
trusses; or length, in feet, of floor beams or transverse girders. 

5. The direct vertical effect: 

With steam locomotives (hammer blow, track irregularities, and car 

impact) a percentage of the live-load stress equal to 

For L less than 100 ft 100 — 0.60L 

For L 100 ft or more . ^ 10 

With electric locomotives (track irregularities and car impact), a percent- 

3h0 

age of static live-load stress equal to , + 12.5 

L = length, ft, center to center of supports for stringers, longitudinal 
girders, and trusses (chords and main members) 
or L — length of floor beams or transverse girders, ft. for floor beams, floor- 
beam hangers, subdiagonals of trusses, transverse girders, and sup- 
ports for transverse girders” 

To illustrate the application of the foregoing impact specification, let us 
assume that the longitudinal girder described in the previous example is one of 
the two main girders of a steam-railroad bridge and that these two girders are 
spaced at 18 ft center to center. Then, for the lurching effect, since S =* 18, the 
percentage impact equals == 5.5%; for the direct vertical effect, since 

L « 100, the percentage impact equals 1,800/(100 — 40) 10 « 40.0% (note 

that in this case L = 100 because this is the span of the girder, whereas in the 
previous example we used L = 50 because the loaded length of the girder was 
50 ft); thus the total percentage impact equals 5.5 + 40.0 ~ 45.5%; the impact 
shear equals 1,000,000 X 0.455 = 455,000 lb; the total effect of the load, 
live shear plus impact shear = 1,000,000 + 455,000 = 1,455,000 lb. 

Other specifications give still other rules for determining impact, but the two 
methods discussed are perhaps the most important of those in common use. 
They illustrate, moreover, the type of impact equations specified elsewhere. 

It is usually unnecessary to consider impact stresses in designing for 
movable live loads such as4he live loads for buildings. Moreover, when 
a structure is designed of timber, impact is often ignored. This is largely 
because timber, as a material, is much stronger in resisting loads of short 
duration than in resisting permanently applied loads, and it therefore 
can use this reserve of strength to carry impact loads. 

1-9 Snow and Ice Loads. Snow loads are often of importance, 
particularly in the design of roofs. Snow should be considered as a 
movable load, for it will not necessarily cover the entire roof, and some 
of ,the members supporting the roof may receive maximum stresses with 
the snow covering only a portion of the roof, The density of snow, of 
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course, will vary greatly, as will the fall of snow to be expected in different 
regions. In a given locality, the depth of snow that will gather on a 
given roof will depend on the slope of the roof and on the roughness of 
the roof surface. On flat roofs in areas subjected to heavy snowfalls, 
snow load may be as large as 45 lb per sq ft. Whether or not snow and 
wind loads should be assumed to act simultaneously on a roof is prob- 
lematical, since a high wind is likely to remove much of the snow. 

Ice loads may also be of importance, as, for example, in designing a 
tower built up of relatively small members which have proportionately 
large areas on which ice may gather. Ice having a density equal approxi- 
mately to that of i titer may build up to a thickness of 2 or more inches 
on such members. It may also build up to much greater thickn^es, 
but when it does it is apt to contain snow or rime and hence have a 
lower density. When ice builds up on a member, it alters the shape 
and the projected area of the member. This should be considered in 
computing wind loads acting on members covered with ice. 

1*10 Lateral Loads — General. The loadings previously dis- 
cussed usually act vertically, although it is not necessary that live loads 
and their associated impact loads shall act in that direction. In addi- 
tion, there are certain loads that are almost always applied horizontally, 
and these must often be considered in structural design. Such loads 
are called lateral loads. We shall now consider some of the more impor- 
tant kinds of lateral loads. 

Wind loads, soil pressures, hydrostatic pressures, forces due to earth- 
quakes, centrifugal forces, and longitudinal forces usually come under 
this classification. 

1*11 Wind Loads. Wind loads are of importance, particularly in 
the design of large structures, such as tall buildings, radio towers, and 
long-span bridges, and for structures, such as. mill buildings and hangars, 
having large open interiors and walls in which large openings may occur. 
The wind velocity that should be considered in the design of a structure 
depends on the geographical location and on the exposure of the structure. 
For most locations in the United States, a design to withstand a wind 
velocity of 100 mph is satisfactory. 

The AASHO specifies that the wind force on a highway bridge shall 
be assumed as a movable horizontal load equal to 30 lb per sq ft acting 
on 1 times the area of the structure as seen in elevation, including the 
floor system and railings, and on one-half of Jthe area of all]trusses or girders 
in excess of two in the span. This amounts to specifying 30 lb for each 
square foot of projexjted area on the windward truss or girder but only 
half that amount for oth^ trusses or girders, since they are partly 
shidided from the wind^by the windward portion of the structure. 
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Specifications for railroad bridges usually call for wind loads com- 
parable to those specified in the foregoing paragraph for highway bridges. 
For buildings, the specifications of the American Institute of Steel 
Construction (AISC) state that the frame of a building must be designed 
to carry a wind pressure of not less than 20 lb per sq ft on the vertical 
projection of exposed surfaces during erection and 15 lb per sq ft on the 
vertical projection of the finished structure. 

For buildings with gabled or rounded roofs, more exact data for wind loads 
on roofs should be used. The student is referred to a report entitled Wind Brac- 
ing in Steel Buildings,^ where, for convenience, roof pressures (and suctions) are 
expressed in terms of q, the velocity pressure, which is defined by 

q = (1 2) 

in which m is the mass of a unit volume of air and V is the velocity of the wind in 
units corresponding to m. For average conditions, and where the wind velocity 
is expressed in mph, the velocity pressure in pounds per square foot may be 
taken as 

q = 0.002558 F2 (1-3) 

For gabled roofs, it is recommended that the following loadings shall be 
adopted for the windward slope: 

1. For slopes of 20®, or less, a suction (uplift) of 0.7g 

2. For slopes between 20 and 30®, a suction of 

p = (0.07a - 2.10)g (1 4) 

in which a is the roof slope in degrees. 

3. For slopes between 30 and 60®, a pressure of 

p = (0.03a - 0.90)q (1 5) 

4* For slopes steeper than 60®, a pressure of 0.90g 
It is suggested that the wind load on the leeward slope of a gabled roof shall be 
taken as a suction of 0.6g for all slopes. All pressures and suctions are perpen- 
dicular to the surfaces on which they act. 

The American Society of Civil Engineers (ASCE) report to which reference 
has been made also discusses the magnitude and distribution of wind pressures on 
rounded roofs, such as are used on hangars. 

1 Proc. ASCE, March, 1936, p. 397. 

The recommendations of this report are undoubtedly more consistent with the 
actual aerodynamic forces acting on a roof than the wind forces often used in the 
design of roofs. The practice often followed in determining wind pressures on sur- 
faces which are not vertical is to follow a formula such as that of Duchemin, whereby 

P» “ P ^ which Pn is the intensity of normal pressure on a given surface, 

P is the intensity of pressure on a vertical surface, and i js the angle made by the sur- 
face with the horizontal. Such a procedure leads to wind pressure on the wipdward 
slope of a gable roof and makes no attempt to account for suction on the leeward slope. 
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In the AISC specifications for wind loads on buildings, it is assumed that th^ 
entire pressure specified acts on the windward vertical surface of the building. 
This procedure is satisfactory for the design of typical tall buildings, although 
the actual lateral load due to wind consists of pressure on the windward side and 
suction on the down-wind side. This matter also is discussed in the ASCE report. 

1*12 Soil Pressures. Loads on retaining walls, on walls of build- 
ings, and on other structures due to the pressure of soil must frequently 
be considered by th» structural engineer. The lateral pressure caused 
by soil on a wall varies when the wall yields. After a small movement 
of the wall, the soil pressure reaches a minimum value known as the 
active pressure. If, on the other hand, the wall is forced into the back- 
fill, the pressure between the wall and the backfill increases to a maximum 
value known as the passive pressure. Under usual conditions, the 
active pressure at any depth is about % the vertical pressure, and the 
passive pressure is about 4 times 
the vertical pressure. Since the 
lateral pressure would equal the 
vertical pressure if the material 
were a fluid, the approximate 
values oi and 4 are sometimes 
called “hydrostatic-pressure ratios ” 
for the active and passive cases, 
respectively. 

According to the above discus- 
sion, any wall that may yield with- 
out detrimental results may be designed on the basis of active pressure, 
although the pressure that will actually act on the wall will in general be 
somewhat above this value. Further, the distribution of pressure over 
such a wall may be assumed to be triangular, although this assumption is 
not strictly correct. 

For cohesionless soils, the total resultant force corresponding to active 
soil pressure acting on a strip of wall 1 ft long may be computed on the 
basis of the theory developed by Coulomb, which assumes failure of soil 
by rupture along an inclined plane through the soil. Referring to Fig. 
1-3, this total resultant force is denoted by P, which acts two-thirds of 
the way down from the top of the wall, in a direction making the angle 

with a line perpendicular to the face of the wall, 4 / being the friction 
angle of the soil oh the masonry. H is the vertical depth of soil above 
the base of the wall. The angle that the surface of the soil makes with 
the horizontal is defined by i. The batter of the wall is defined by the 
angle 9. 
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The total force P in pounds, according to Coulomb’s theory, is 
expressed by 


P 



[ CSC B sin (6 — <t>) ] 

\/sin ($ + 

Isin (<f> + </>') sin — i) 1 

sin (ff — i) J 


( 1 * 6 ) 


where 7 is the weight of the earth in pounds per cubic foot, is the 
angle of internal friction of the soil (easily obtained by shear tests in a 
laboratory, and with typical values of from 30 to 40°), and the friction 
angle of soil on masonry, has about the same value as <#> for a rough waU 
but is somewhat less than 0 for a smooth wall. 

If i = 0, ^ 90°, and <i> = <t>\ Eq. (1 6) reduces to 




cos <!> 


,(1 + •v/2 sin <t>)\ 


(1-7) 


If, for example, we consider a sand for wliich 0 = = 30°, and 

7 = 100 lb per cu ft, acting on the back of a vertical wall 10 ft high, 
the resultant thrust on a strip of wall 1 ft long, by Eq. (1*7), is given by 

- \ l il -- 1.414(0.506)l. l “ 

This resultant force acts 3.33 ft above the base of the wall, in a direction 
toward the wall and downward, making an angle of 30° with the horizontal. 

For a more complete treatment of soil pressures, the student is 
referred to books on soil mechanics. 

1*13 Hydrostatic Pressures* Dams, tanks, etc., are subjected 
to hydrostatic loads that as a rule may be easily computed in accordance 
with the elementary principles of hydraulics. Hydrostatic loads should 
in general be considered as movable loads, inasmuch as critical stresses 
in a structure do not necessarily occur when the liquid involved is at its 
highest possible level. In some structures, the presence of certain hydro- 
static pressures actually relieves stresses in a structure* Thus an under- 
ground tank might be more likely to collapse when empty than when 
full, or a tank built above the ground might undergo a critical-stress 
condition when it is only partly filled. 

It is sometimes necessary to consider hydrodynamic loads, such as 
occur when water traveling at a high velocity strikes a bridge pier or a 
caisson. 

1 • 14 Earthquake Forces* Important structures located in regions 
subject to severe earthquakes are often designed to resist earthquake 
effects. During an earthquake, structural damage may result from the 
fact that the foundation of the structure undergoes accelerations. Such 
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accelerations are largely horizontal, and vertical components of accelera-^ 
tion are usually neglected. The rate of horizontal acceleration of the 
foundations may be of the order of “magnitude of one-tenth the accelera- 
tion due to gravity, that is, 3.2 ft per sec*, and is commonly referred to 
as 0.1^. If the structure is assumed to act as a rigid body, it will accel- 
erate horizontally at the same rate as its foundations. Hence each part 
of the structure will be acted upon by a horizontal inertia force equal to 
its mass multiplied by its horizontal acceleration, or 

Lateral force = mass X acceleration = X O.lgf 

= one-tenth of its weight 

Structures ore often designed to resist earthquakes on the foregoing 
basis, although it is quite approximate, inasmuch as the assumption that 
the entire structure accelerates as a rigid body is usually not particularly 
valid. Actually, the structure will undergo elastic distortions that will 
affect the acceleration of its various members. 

The horizontal acceleration of a structure such as a dam will pr6duce 
not only horizontal inertia forces due to the mass of the dam but also 
hydrodynamic forces as the dam moves rapidly into the water that it 
retains. 

1*15 Centrifugal Forces, In designing a bridge on which the 
tracks or roadway are curved, vehicles crossing the structure exert 
centrifugal force that may be of suflBcient magnitude to require consid- 
eration in design. Such centrifugal forces are lateral loads and should 
be considered as moving loads. 

If a weight W travels at velocity V around a curve of radius jR, the 
centrifugal C (which acts through the center of gravity of the object of 
weight WO is expressed by 

W F* WV^ 

C = mass X circular acceleration ~ ~ 

1*16 Longitudinal Forces, For a bridge, horizontal forces acting 
in the direction of the longitudinal axis of the structure, i.e., in the direc- 
tion of the roadway, are called longitudinal forces. Such forces are 
applied whenever the vehicles crossing the structure increase or decrease 
their speed. Since they are inertia forces resulting from the acceleration 
or deceleration of vehicles, they act through the centers of gravities of 
the vehicles. The magnitude of such forces is limited by the frictional 
forces that can be developed between the contact surfaces of the wheels 
of the vehicles applying these forces to the roadway or track and the 
surface of the roadway or track. 
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For railway bridges, the AREA specifications state that longitudinal 
forces shall be assumed to act 6 ft above the top. of the rail and that such 
forces shall be considered as being applied by the live load on one track 
only. For that track, longitudinal forces shall be taken as the larger 
of the following: 

1. Due to braking, 15% of the total live load, without impact 

2. Due to traction, 25% of the weight on the driving wheels of the 
locomotive, without impact 

For highway bridges, the AASHO specifications state that provision 
shall be made for the effect of a longitudinal force of 10 per cent of the 
live load on the structure, acting 4 ft above the roadway. 

1*17 Thermal Forces. Changes in temperature cause strains in 
the members of a structure and hence produce distortions in the struc- 
ture as a whole. If the changes in shape due to temperature encounter 
restraint, as is often the case in a statically indeterminate structure, 
stresses will be set up within the structure. The forces set up in a struc- 
ture as a result of temperature changes are often called thermal forces. 
In addition to considering the forces set up by changes in temperature, 
it is important to take into consideration the expansion and contraction 
of a structure, particularly in connection with support details. 

In a moderate climate, one should consider a variation in temperature 
of 0 to 120°F. In cold climates, this range should be extended to from 
~30 to 120°F. 

1*18 Make-up of Girders. In a structure built of structural 
steel, rolled sections such as standard I beams or wide-flanged beams are 
commonly used to support loads across a span. When rolled sections 
can be used, they are economical because they require less fabrication 
than built up girders. For longer spans and for heavier loadings, how- 
ever, the bending moments and shears will be found to be too large to be 
carried safely by rolled sections, and built-up girders must be used. The 
most important parts of a typical built-up plate girder, as shown in 
Fig. 1 ' 4, are the web plate, the top flange, which is composed of flange 
angles and cover plates, and the bottom flange, which is similarly com- 
posed. Over the end bearing plates are vertical angles called end stiffen- 
ers, while at other points along the span it is usually necessary to have 
further vertical angles, which are called intermediate stiffeners. The 
component parts of the girder shown in Fig. 1-4 are riveted together. 
Welding is often used instead of riveting, in which case the details of the 
girder differ somewhat, but the essential component parts, the web, 
top and bottom flange, and web stiffeners, must still be provided. 



li'Wl 


MAKE-UP OF TRUSSES 


15 





p/afes 

angle 

angfJes 


p^Cover 


Web plate 


Flange 


^Cover 

plate 


Sec.A'A 


1‘19 Make-up of Trusses. Fabrication, shipping, and erection 
considerations usually limit the depth of built-up girders to about 10 ft. 
When bending moments and shears are so large that they cannot be 
carried by a girder of that depth, it becomes necessary to employ a truss. 
The layout of a typical truss is shown in Fig. l-5a. Members LoLi, 
L 1 L 2 , . . . , LsLe are called bottom chords; members f/i 1 / 2 , f72t/s, . . . » 
JJJJ^ are called top chords; members Lot/i and [/sLe are called end posts 



Fig. 1-5 




u 


INTRODUCTION 




and are often included as top-chord members; members f/iLa, Lat/®* 
* • . , LJJi are called diagonals; members Z7iLi, U 2 L 2 , . . . , are 
called verticals. Figure 1 • 56 shows a typical connection detail for the 
members of a riveted truss and the make-up of typical truss members. 

The plates to which the members 
intersecting at a joint are con- 
nected are called gusset plates. 
For long-span trusses, members 
are sometimes connected at a 
joint by a pin passing through the 
webs of the members themselves 
or through pin plates connected 
to these webs. Tmsses may be 
welded rather than riveted. 

1*20 Make-up of Floor 
Systems. For a plate-girder rail- 
road bridge, if the girders are not too far apart and if the track is located at 
the top of the girders, it is economical to have the ties rest directly on 
the cover plates of the top flanges of the girders, as shown in Fig. 1*6. 
Such bridges are called deck structures. As the distance between girders 
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Fig. 1-7 

becomes larger, such construction becomes uneconomical. It is more- 
over obvious that it cannot be followed if the tracks are to be located 
below the tops of the girders. Under either of the foregoing circum^ 
stances, it becomes necessary to build up a floor system composed of 
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stringers and floor beams, as shown in Fig. 1-7. If such a built-up floor 
system is at the top of the girders or trusses, the bridge is still called a 
deck structure; if it is at the bottom of the girders or trusses, the bridge 
is called a through structure; if it is at an intermediate elevation it is 
called a half-through structure. Figures l -7a and b illustrate a half- 
through single-track railroad bridge and show the make-up of floor sys- 
tems for such bridges. The ties rest directly on members called stringers, 
which are parallel to the main girders. These stringers frame into 
members called Horn beams, which are transverse to, and frame into, 
the main girders. Thus a load applied to the rails is transferred by the 
ties to the stringcs s, which carry the load to the 
floor beams, llie floor beams carry the load to 
the girdeis, which in turn transfer the load to the 
foundations of the structure. 

Figure 1 ' 7c shows a transverse section through 
a typical highway bridge with a floor system. 

Such a floor system is similar to that described 
for a railroad bridge, with the floor slab of the 
bridge resting on stringers that frame into floor 
beams, which in turn frame into the main girders. 

Similar framing may be used for the floor of a 
building, as shown in Fig. 1-8. In this case the 
floor slab would rest on the floor beams and girders 
as well as on the stringers, but loads applied to the 
floor slab directly over a stringer would be carried by the stringer to 
the floor beams, thence to the girders, thence to the columns, and finally 
to the foundations. 

For bridges in which the main load-carrying elements are trusses 
rather than girders, floor systems are always used. The floor beams 
are located at the panel points (joints) of the loaded chord, so that the 
members of the truss will not be subjected to transverse loads and thus 
undergo primary bending. 

1*21 Bracing Systems. Trusses, girders, floor beams, stringers, 
columns, etc., which are designed primarily to carry vertical loads, are 
often referred to as the main members of a structure. In addition to 
the main members, most structures require bracing systems, which serve 
a number of purposes, the most important of which is that of resisting 
lateral loads. The most important bracin)^ systems of a typical through 
truss bridge are i^bwn in Fig. 1-9. The top-chord lateral system lies 
in the plane of the top chords and consists of a cross strut at each top- 
chord panel point and diagonals connecting the ends of these cross struts. 
The bottom-chord lateral system lies in the plane of the bottom chords 



Floor framing of building 
Fig. 1-8 
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and consists of the floor beams, which occur at each bottom-chord panel 
point and which serve as cross struts, and diagonals connecting the ends 
of the floor beams. In the planes of the end posts is the so-called ‘"por- 
tar’ bracing, which stiffens the end posts laterally. 


Oiagona! of top chord lateral system 
j Cross strut of top chord lateral system 
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1*22 Fiber Stresses. Sometimes stress denotes force per unit 
area. In structural analysis, however, it is customary to speak of the 
total tensile or compressive force acting in a truss member as the stress 
in the member. If force per unit area is to be implied, the term stress 
intensity or fiber stress is employed. In structural design, the total 
stresses and moments in members are first computed, so that the stress 
intensities can then be investigated. In order that the structure shall 
perform satisfactorily, it is necessary that these stress intensities, or 
fiber stresses, be kept within certain specified limits. The fiber stresses 
to be permitted are called the “working stresses,” the “permissible 
stresses,” or the “allowable stresses” and depend, of course, upon the 
physical properties of the material used. 

A transverse section through a ^ructural member is likely to pass 
through rivets. Since a well-driven rivet is tight and substantially fills 
the rivet hole, it is customary to assume that in transferring compressive 
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stresses the member is not weakened by rivet holes. The area of a 
transverse section, with no deduction made for rivet holes, is called the 
“gross area.” Even though the rivet is well driven, however, it is not 
customary to assume that tensile stresses can be transferred across the 
rivet hole. The area of a transverse section, reduced by the area of 
those rivet holes located where the section is in tension, is called the 
“net area.” In defining permissible fiber stresses, it is necessary 
to define whether they are applicable to the net or gross area (or 
section). 

In riveted fabrication, the rivet hole is punched in. in diameter 
greater than the diameter of the rivet itself, and it is assumed that the 
material punched is damaged to a diameter in. greater than the 
hole itself. Thus, in computing net areas, the efiective diameter of 
the hole is taken as in. greater than the diameter of the rivet. 

The following allowable stresses for structural steel are specified by 
the AISC for structural-steel buildings, with all values in pounds per 
square inch: 


Tension: Structural steel, net section. . 20,000 

Rivets, on area bavsed on nominal diameter . 20,000 


Bolts and other threaded parts, on nominal area at root of thread 20,000 
Compression: Columns, gross section 

For axially loaded columns with values of l/r not greater than 120 

17,000 - 0.485 ~ 

For axially loaded columns with values of l/r greater than 120 

18,000 

/2 

^ iS.OOOr’! 

in wliich I is the unbraced length of the column and r is the correspond- 
ing radius of gyration of the section, both in inches 
Bending: (based on gross moment of inertia) Tension on extreme 

fibers of rolled sections, plate girders, and built-up members . . 20,000 
Compression on extreme fibers of rolled sections, plate girders, 
and built-up members, 

with Id/bt not in excess of 600 20,000 

with Id/bt in excess of 600 12,000,000 

in which I is the unsupported length, and d the depth, of the 
member; b is the width, and i the thickness, of its compression 


flange; all in i^iches. 

Shearing: Rivets 15,000 

Pins, and turned bolts in reamed or drilled holes 15,000 

Unfinished bolts 10,000 

Webs of beams arid plate girders, gross section 13,000 
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Double Single 


Shear Shear 

Bearing: Rivets 40,000 32,000 

Turned bolts in reamed or drilled holes 40,000 32,000 

Unfinished bolts 25,000 20,000 

Pins 32,000 32,000 

Contact areas 

Milled stiffeners and other milled surfaces 30,000 

Fitted stiffeners 27,000 


Permissible structural-steel stresses for highway and railroad bridges 
vary somewhat from the foregoing values. For such values, the student 
is referred to the specifications of the AASHO and the AREA, respec- 
tively. Permissible stresses in concrete, timber, and other structural 
materials are available in various specifications arid handbooks. 

1*23 Factor of Safety. It should be obvious that for a number 
of reasons the permissible fiber stress should be less tlian the ultimate 
or breaking strength of the material used. Loads, particularly loads 
of certain types, cannot be predicted with too much accuracy. Certain 
simplifying assumptions are almost always made in stress analysis, so 
that even for the assumed loads the computed stresses will be somewhat 
in error. Even though care is used in the control of structural materials 
employed, some variation in the properties of these materials will exist, 
even when the materials are new. With the passage of time, partial 
disintegration must be expected. 

It is, moreover, desirable to keep the actual stresses in a structure 
within the yield-point stresses, since otherwise plastic flow will permit 
deformations without increased loads. Usually an attempt is made to 
keep actual stresses within the elastic limit. 

Hence allowable fiber stresses must be appreciably lower than ulti- 
mate fiber stresses. For rolled sections of structural steel, the ultimate 
tensile strength in pounds per square inch may be 60,000 to 72,000; the 
yield point is about half the ultimate tensile strength. The ultimate 
stress divided by the permissible stress is defined as the factor of 
safety.’’ Thus for a 60,000-psi ultimate-strength steel, where a permis- 
sible stress of 20,000 psi is specified, the factor of safety is 3. 

It should be clearly understood, however, that this does not mean 
that the loads could be increased by a factor of 3 without damaging the 
structure. Suppose that the elastic limit of this steel is 30,000 psi, and 
suppose further that, owing to the neglecting of so-called "‘secondary 
stresses” and other factors, the actual fiber stresses are 25 per cent 
higher than the computed fiber stresses. Then the factor by whic^ 
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the loads could be increased without exceeding the elastic limit of the 
steel is actually given by 

30,000 _ ^ 

1.25(20,000) 

This factor of 1.2 is probably of greater importance than the factor of 
safety of 3. 

1*24 Practical and Ideal Structures. Rarely if ever does an 
actual s|-ructure correspond to the idealized structure that is considered 
in its analysis. The mateiials of which the structure is built do not have 
the exact pioperties pssumed, nor do the dimensions correspond exactly 
with their theoreticid A alues. Structural details such as lacing bars and 
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gusset plates introduce effects that might make an analysis very com- 
plicated indeed; but because they have little actual effect, they are 
usually neglected in the analysis of stresses in main members. Because 
of the width of members, considerable difference may exist between clear 
spans and center-to-center spans which are ordinarily used in analyses. 
Support details may vary considerably from the idealized type assumed 
for purposes of analysis. A member may not actually be prismatic, and 
yet it may be assumed to be, to simplify computations. 

The practical structure of Fig. 1 10a, for example, might be analyzed 
on the basis of the id?ealized structure of Fig. 1 106, in which the footing 
has* been assumed to be perfectly fixed, although it could not be so in 
nature; the extra column area of the anchorage detail and the material 
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of the gusset plate have been ignored; the gusset plate has been assumed 
as a truly rigid connection, whereas it will actually permit some rotational 
yielding between the column and the horizontal girder; the effective 
height of the column has been taken as the distance from the top of 
the bedplate to the center line of the girder; and the effective span of 
the girder has been measured from the center line of the column to the 
center of the applied load. 

It is necessary to idealize a structure in order to carry out a prac- 
tical analysis. Experience and judgment are necessary in determining 
the idealized structure that should be used in a given case. In important 
structures, where doubt exists as to the most logical assumptions to be 
made in idealizing a structure, it is sometimes desirable to compute 
stresses on the basis of more than one possible idealized form, and to 
design the structure to resist the stresses corresponding to all the analyses. 

1*25 Problems for Solution. 

Problem 1*1 An end-supported girder with a span of 50 ft carries a dead 
load of 500 lb per ft and a live load of 600 lb per ft. The dead load extends over 
the entire span of the girder, and maximum live moment at the center of the 
girder occurs with the live load extending over the entire span. 

а. Assuming that the intensity of dead load varies directly with the girder 
span but that live-load intensity remains constant, compute the total maximum 
moment (dead plus live) at mid-span, for spans varying from 20 to 100 ft, based 
on 10-ft intervals. 

б. Assuming that by the use of lightweight alloys the dead load is reduced by 
40 per cent, what is the percentage reduction in total moment at mid-span for 
each span specified in part a? 

Problem 1 • 2 The rear tire of an H-series truck has a width of 20 in. 

a. What is the load on this rear tire? 

h. What is the total weight of the truck, and how is the truck designated? 

Problem 1*3 For a Cooper’s E-70 loading, 

a. What is the load on one driving wheel? 

h. What is the spacing between driving wheels? 

c. What is the equivalent imiform load 
of the cars, in kips per foot of track ? 
r" Problem 1*4 Compute the impact 

20 ' moments corresponding to Prob. 1 • la in 
accordance with the specifications of the 
- AASHO. 

Problem 1*5 Figure ITl shows the 
20^ bent of a mill building. These bents are 
spaced 20 ft, center to center. Determine 
the wind loads for which an intermediate 
bent should be designed, basing your load 
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determination for vertical surfaces on the specifications of the AISC and the load- 
ings for inclined surfaces on the recommendations of the ASCE for a wind velocity 
of 100 mph. 

Problem 1 • 6 The retaining wall of Fig. 1 • 12 is acted upon by sand weighing 
120 lb per cu ft and having an angle of internal friction of 35®. The friction angle 
between this sand and the vertical contact face of the wall is 30®. Determine 
the magnitude, direction, and point of application of the resultant force exerted 
by the sand on a strip of wall 20 ft in length, in accordance with Coulomb’s theory. 


/r ' /• ' r' 
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Problem 1 • 7 Considering a strip 1 ft long of the dam of Fig. 1 • 13, determine 
the moment, about point a, of the total hydrostatic pressure acting on the 
upstream face of the dam. 

Problem 1 *8 The dam of Fig. 1 * 13 is subjected to an earthquake involving 
horizontal accelerations of the foundation of 0.1//. Treating the dam as a rigid 
body and assuming the reservoir to be empty, determine the moment, about point 
a, of the lateral forces to which a 1-ft strip of the dam is subjected. 

Problem 1*9 The compression flange of a girder consists of two angles, 
each 6 X 6 X and one cover plate, 14 X M". The girder is 10 ft deep. 
It has a span of 96 ft, and the top flange is braced laterally at intervals of 
16 ft. In accordance with the AISC specifications, what fiber stress would 
be permissible in the design of the compression flange? 
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2*1 Definitions. The major portion of this book will be devoted 
to the analysis of so-called planar structures, i.e., structures that may be 
considered to lie in a plane that also contains the lines of action of all 
the forces acting on the structure. Such a structure is by far the most 
common in structural analysis. The analysis of three-dimensional, or 
space, structures involves no new fundamental principles beyond those 
required for planar structures, but the numeiical computations are 
greatly complicated by the additional geometry introduced by the third 
dimension. For these reasons, the emphasis will be placed on planar 
structures, and a limited discussion of space structures will be reserved 
for later portions of the book. 

Since the discussion in this chapter is limited to planar structures, all 
the force systems will be so-called coplanar force systems, Le,, systems 
consisting of several forces the lines of action of which all lie in one plane. 
Some of these systems have special characteristics, and it will be found 
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convenient to classify them accordingly and to identify them by special 
names. 

A concurrent coplanar force system is shown in Fig. 2 la. This sys- 
tem consists of several forces the lines of action of which all intersect at 
a common point. A parallel coplanar force system consists of several 
forces the lines of action of which are all parallel as shown in Fig. 2 16. 
A general coplanar force system consists of several forces the lines of 
action of which are in various directions and do not intersect in a common 
point, as shown in Fig. 2-lc. Another important system, a couple, is 
shown in Fig. 2 • Id. A couple consists of two equal and opposite parallel 
forces that do not have a common line of action. 

Since, in a planar structure, the lines of action of all the forces lie 
in the plane of the structure, each of the forces F could be resolved into 
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two components and Fy, where the x and y reference axes may be 
taken in any directions as long as they do not coincide. It is almost 
always desirable to select x and y axes that are mutually perpendicular, 
in which case F^ and Fy are called rectangular components. Further, it 
is usually most convenient to take the x axis horizontally and the y 
a3ds vertically. 

2*2 General — Conventional Supports. Most structures are 
either partly or completely restrained so that they cannot move freel> 
in space. Such restricts )ns on the 


free motion of a body are called 
restraints and are sup|45ed by sup- 
ports that connect the structure to 
some stationary body. For ex- 
ample, consider a planai structure 
such as the bar A B shown in Fig. 
2 2. If this bar were a free body 
and were acted upon by a force P, 
it would move freely in space with 
some combined translatory and 
rotational motion. If, however, a 
restraint were introduced in the 
form of a hinge that connected the 
bar to some stationary body at 
point A, then the motion of the 
bar would be partly restricted 
and could consist only of a rota- 
tional movement about the hinge. 
During such a rotation, point B 
would move along an arc with 
point A as the center. Instanta- 
neously, point B could be con- 
sidered to move normal to the line 



Fig. 2*2 


AB, or, in this case, vertically. If, therefore, another restraint were 


introduced that would not allow point B to move instantaneously in a 
vertical direction, the rotation about the hinge at point A would be pre- 
vented and thus the free motion of the bar would be completely restricted. 
It is evident that this type of restraint would be supplied by the sup- 
ports shown at B in either c or d of Fig. 2 • 2.^ 


The supports at A and B, in restricting the free motion of the bar, 
are called upon to resist the action that the force P imposes upon them 
through the bar. The resistances that they thus develop to counteract 
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the action of the bar upon them are called reactions. The effect of the 
supports may therefore be replaced by the reactions that they supply 
the structure. 

In future discussions, it will be necessary to deal continually with 
the reactions that different types of supports supply, and it therefore will 
be convenient to use a conventional symbol for describing these different 
types. A hinge support^ as shown in Fig. 2 -2^, is represented by the 

symbol In such a support, if it is assumed that the pin of the 

hinge is frictionless in the pinhole, then the contact pressures between 
the pin and its hole must remain normal to the circular contact surface 
and must therefore be directed through the center of the pin. The reac- 
tion R that the support supplies to the structure must completely counter- 
act the action of the force P', and therefore R and P' must be collinear 
and numerically equal but must act opposite to one another. It is 
therefore evident that a hinge support supplies a reactive force the line 
of action of which is known to pass through the center of the hinge pin 
but the magnitude and direction of which are unknown.^ These two 
unknown elements of such a reaction could also be represented by the 
unknown magnitudes of its horizontal and vertical components, Rx and 
Ry, respectively, both acting through the center of the hinge pin. 

A roller support, as shown in Fig. 2*2/, is represented by either the 

symbol or 

vTTTTTTT/ 

reasoned that the reactive force of a roller support must be directed 
through the center of the pin. In addition, however, if the rollers are 
frictionless, they can transmit only a pressure which is normal to the 
surface on which they roll. Hence, a roller support supplies a resultant 
reactive force which acts normal to the surface on which the rollers roll 
and is directed through the center of the hinge pin. It is therefore evi- 
dent that a roller support supplies a reactive force which is applied at a 
known point and acts in a known direction, but the magnitude of which 
is unknown. Roller supports are usually detailed so that they can supply 
a reaction acting either away from or toward the supporting surface. 

Consideration of the link support BC shown in Fig. 2 * 2d shows that 
for small movements it effectively reproduces the action of the roller sup- 
port shown at B in Fig. 2 • 2c. By the same approach as used above, it may 
be reasoned that, if the pins at the ends of this link are frictionless, the 
force transmitted by the link must act through the centers of the pins 
at each end. Therefore, a link support also supplies a reaction of a 

1 According to this terminology, the “direction of a force “ is intended to define the 
slope of its line of action, while the “ magnitude “ indicates not only its numerical size 
but also the sense in which the force acts along this line of action, i.e., whether toward 
or away from a body. 
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known direction and a known point of application but of an unknown 
magnitude. A link support is denoted by the symbol 

One other common type of support used for planar structures is that 
shown at A in Fig. 2 • 2g and called a fixed support Such a support 
encases the member so that both translation and rotation of the end of 
the member are prevented. A fixed support therefore supplies a reac- 
tion, the magnitude, point of application, and direction of which are all 
unknown. These three unknown elements may also be considered to 
be a force, which acts through a specific point but has an unknown mag- 
nitude and direction, uid a couple of unknown magnitude. For example, 
the three unknown elements could be selected as a couple and a horizontal 
and a vertical force, the two latter acting through the center of gravity 
of the end cross section. A fixed support is designated by the symbol 

i=i- 

The external forces acting on a body therefore consist of two distinct 
types — the applied loads P (shown thus —>) and the reactions R (shown 
thus +>-). A reactive force at support a will be designated as Ra, while 
its X and y components will be called Rax and Ray. A reactive couple at 
support a will be called Ma. 

2*3 Equations of Static Equilibrium — ^Planar Structures. If 

the supports of a planar structure are considered to be replaced by the 
reactions that they supply, the structure will be acted upon by a general 
coplanar force system consisting of the known applied loads and the 
unknown reactions. In general, the resultant effect of a general coplanar 
force system could be either a resultant force acting at some point and 
in some direction in the plane or a resultant couple. 

A body that is initially at rest and remains at rest when acted upon 
by a system of forces is said to be in a state of static equilibrium. For 
such a state to exist, it is necessary that the combined resultant eiffect 
of the system of forces shall be neither a force nor a couple; otherwise, 
there will be a tendency for motion of the body. In order that the 
combined resultant effect of a general system of forces acting on a planar 
structure shall not be equivalent to a resultant force, it is necessary that 
the algebraic sum of all the Fx components shall be equal to zero and 
likewise that the algebraic sum of all the Fy components shall be equal 
to zero. In order that the combined resultant effect shall not be equiva- 
lent to a couple, it is tiecessary that the algebraic sum of the moments of 
all the forces about any axis normal to the plane of the structure shall also 
be equal to zero. The three following conditions must therefore be ful- 
filled simultaneously by the loads and reactions of a planar structure 
for the structure to remain in a state of static equilibrium: 
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SF^ - 0 ] 

2:Fy«o[ (21) 

SM = 0 j 

These equations are called the equations of static equilibrium of a planar 
structure subjected to a general system of forces. 


In the special case where a planar structure is acted upon by a concurrent 
system of loads and reactions, it is impossible for the resultant effect of 
the system to be a couple, for the lines of action of all the forces of a concurrent 
system intersect in a common point. Therefore, for the structure to remain in 
static equilibrium in such a case it is necessary only that the two following condi- 
tions be satisfied: 


SF* = 0 
2F, = 0 


(2 2 ) 


These equations are the equations of static equilibrium for the special case of a 
planar structure subjected to a concurrent system of forces. 

Quite often in the discussions that follow, structural members will 
be referred to as being rigid bodies. In an exact sense, a rigid body is 
one in which there is no relative movement between any two particles 
of the body. Of course, any structural element is never absolutely rigid 
since it is made of materials that deform slightly under the loads imposed 
on them. However, such deformation is so slight that the changes of 
dimension, the shifting of the lines of action of forces, etc., may usually 
be neglected during the investigation of the condition of equilibrium of 
the body. Thus, in most problems, in applying the equations of static 
equilibrium to structural elements, it will be assumed that they are 
rigid bodies for all practical purposes and hence that the geometry after 
application of the loads is essentially the same as before. 

2«4 Equations of Condition. Many structures consist of simply 
one rigid body — a truss, frame, or beam — restrained in space by a cer- 
tain number of supports. Sometimes, however, the structure may be 
built up out of several rigid bodies partly connected together in some 
manner, the whole assemblage then being mounted on a certain number 
of supports. In either type of structure, the force system consisting of 
the loads and reactions must satisfy the equations of static equilibrium if 
the structure is to remain at rest. In the latter type of structure, how- 
ever, the details of the method of construction used to connect the sepa- 
rate bodies together may enforce further restrictions on the force system 
acting on the structure. The separate parts may be connected together 
by hinges, links, or rollers in some way, and in each case these details 
can transmit only a certain type of force from one part of the structure 
to the other. 
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Figure 2 • 3 illustrates this type of structure. It is composed of two 
rigid members ab and be connected together by a frictionless hinge at point 
6 and supported by hinge supports at points a and e. Since a frictionleas 
hinge cannot transmit a couple, its insertion imposes the condition that 
the action of one portion of the structure on the other portion connected 
by the hinge can consist only of a force acting through the center of the 
hinge pin. Therefore, the algebraic sum of the moments 
of the loads and reactions applied to any one such por- 
tion of the structure taken about an axis through the 
center of the hinge pin must be equal to zero. Such 
conditions introduc^iif^ by the method of construction 
(other than the rhanner in which the supports are 
detailed) result in so-called equations of construction or 
condition, 

2*5 Static Stability and Instability — Statically Determinate 
and Indeterminate Structures. Consider first a planar structure 
which is acted upon by a general system of loads and into which no equa- 
tions of construction have been introduced. If the supports are replaced 
by the reactions that they supply to the structure, the structure will be 
acted upon by a general system of forces consisting of the known loads 
and the unknown reactions. If the structure is in static equilibrium 
under these forces, the three equations of static equilibrium may be 
written in terms of the known loads and the unknown elements defining 
the reactions. The simultaneous solution of these three equations will 
in certain cases determine the magnitude of the unknown reaction ele- 
ments. Whether or not these three equations are sufficient Tor the 
complete determination of the reactions, they must be satisfied for the 
structure to be in static equilibrium and therefore they form a partial 
basis for the solution to obtain the reactions of any structure that is in 
static equilibrium. 

If there are fewer than three unknown independent reaction elements, 
there are not enough unknowns to satisfy the three equations of static 
equilibrium simultaneously. Fewer than three unknown reaction ele- 
ments are therefore insufficient to keep a planar structure in equilibrium 
when it is acted upon by a general system of loads. Under such condi- 
tions, a structure is said to be statically unstable. 

Under certain special conditions, a planar structure having fewer than 
three unknown independent reaction elements may be in static equilib- 
rium. Of course, if the system of applied loads acting on the structure is 
in equilibrium itself, no reactions are required; also, if the loads and 
reactions have certain mutual characteristics, fewer than three reaction 
elements may be suj00icient for equilibrium. For example, considering the 
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bar shown in Fig. 2 • 26, if the resultant effect of the applied loads is a 
force whose line of action goes through the center of the hinge pin at 
point the forces acting on the structure are concurrent and the hori- 
zontal and vertical components of the reaction at A will be capable of 
maintaining static equilibrium. Moreover, if the bar were supported at 
both points A and B by rollers which rolled on horizontal surfaces, the 
reactions supplied by such supports could maintain in a state of static 
equilibrium any system of applied loads of which the resultant effect is 
either a couple or a vertical force. Such structures, although stable 
under special types of loading but unstable under the general case of 
loading, are said to be in a state of unstable equilibrium and are still classed 
as unstable structures. 

Since three unknowns can be obtained from the solution of three 
independent simultaneous equations, the reactions of a stable planar 
structure having exactly three unknown reaction elements may be 
obtained from the simultaneous solution of the three equations of static 
equilibrium. In such a case, th6 reactions of the structure are said to be 
statically determinate. However, if there are more than three unknown 
independent reaction elements supplied to a stable planar structure, the 
three equations of static equilibrium are not sufficient to determine the 
unknown reactions. This is evident since all but three of the unknowns 
could be assigned arbitrary values and then the remaining three deter-, 
mined from the simultaneous solution of the three equations of static 
equilibrium. In such cases, there are an infinite number of related sets 
of values for the unknown reactions that could satisfy the conditions of 
static equilibrium. The correct values for the reactions cannot therefore 
be determined simply from these three equations but must also satisfy 
certain distortion conditions of the structure, as will be disc^ussed later 
in this book. If the unknown reaction elements cannot be determined 
simply by the equations of static equilibrium, the reactions of the structure 
are said to be slaiically indeterminate. The structure is then said to be 
indeterminate to a degree equal to the number by which the unknowns 
exceed the available equations of statics. 

From the above discussion it may be concluded that at least three 
independent reaction elements are necessary to satisfy the conditions of 
static equilibrium for a planar structure acted upon by any general system 
of loads. It may easily be demonstrated, however, that three or more 
elements are not always sufficient, and therefore a planar structure hav- 
ing three or more independent reaction elements may still be unstable. 
This is the reason why a stable planar structure was specified in the 
discussion of the previous paragraph. 

The question of sufficiency of the reactions for stability may be dis- 
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cussed by an extension of the approach used in the early part of Art. 2 • 2. 
For example, the bars shown in Figs. 2 • 2c and d are stable when supported 
by the horizontal and vertical components of the reaction at A and the 
vertical reaction at B. These structures are equivalent to that shown in 
Fig. 2 -4, where the hinge support has been replaced by two links attached 
to the liinge pin at point A. These two links may be in any directions as 
long as they are not collinear. This structure would be stable as long 
as the line of action of the link at B did not also pass through the center 
of the hinge pin at A. If this line of action did pass through A, the 
structure would be only partly restrained and therefore unstable under 
the general system oi’*oads because there would be nothing to prevent 
the instantaneous rotation of the structure ^ 

about the hinge at point A, In such / 

cases, where there are nominally sufficient ^ A / ^ 

reaction elements but the geometrical ^ T | 

arrangement is such that the structure is 
unstable, the structure is said to be Fia. 2-4 

geometrically unstable. 

One other case where three independent reaction elements are not 
sufficient for stability should be discussed. Consider a bar supported by 
three parallel links as shown in Fig. 2*5. It is apparent that there is no 
restraint to prevent a small translation of the structure normal to the 
direction of the links. Hence, if the resultant effect of the applied loads 
has a component in this direction, motion will be produced and such a 
structure must be classed as geometrically unstable. These and similar 
considerations lead to the following conclusion: If the reactions are equiv- 

J g/ alent to those supplied by a system of three or 

more link supports that are either concurrent 
^- ■ =7 1 ^ or parallel, they are not sufficient to maintain 

^ 1^/ static equilibrium of a planar structure sub- 

jected to a general system of loads ei^en if there 
^ are three or more unknown reaction elements. 

In other words, the stability of a structure is determined not only by the 
number of reaction elements but also by their arrangement. 

It should be noted that unstable structures having three or more 
independent reaction elements usually could also be classed as statically 
indeterminate. Consider the structure shown in Fig. 2 • 5. While it is 
unstable and starts to translate horizontally under the load P, it is not 
completely unrestrained. Instantaneously the bar translates horizon- 
tally, and the three links rotate about points A\ B\ and C\ respectively. 
After a finite rotation of the links, points A, B, and C will have moved 
vertically as well as horizontally. A vertical movement of these points 
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can be accomplished only by making the bar AC bend. The final equillb* 
rium position is determined not only by the geometry of the structure 
but also by its elastic distortion due to the stresses developed in the links 
and the bar. In this final position, the links will have moved through 
such finite rotations that the algebraic sum of the horizontal components 
of the stresses in the links is equal to the horizontal component of the 
load. Hence, the analysis of this structure in its final equilibrium position 
involves not only the equations of static equilibrium but also its distortion 
properties, and the structure may therefore be classed as statically inde- 
terminate. The structure shown in Fig. 2-4 also falls into this same 
category if the line of action of the link at B passes through the hinge 
at A, 

If the structure shown in Fig. 2 • 5 were acted upon by a system of 
vertical loads, there would be no tendency for it to move horizontally, 
i,e,y the structure would be in unstable equilibrium. In such a case, note 
that the reactions would also be statically indeterminate. 

2*6 Stability and Determinancy of Structures Involving 
Equations of Condition. So far the discussion has been restricted to 
structures in which no special construction conditions have been intro- 
duced. If, however, such conditions are introduced into a planar struc- 
ture, a like number of equations of condition are added to the three 
equations of statics. It is then necessary for the loads and reactions acting 
on the structure to satisfy simultaneously both the equations of static 
equilibrium and the equations of condition. If the number of unknown 
reaction elements is fewer than the total number of equations, the struc- 
ture is statically unstable or possibly in unstable equilibrium for certain 
special conditions of loading. If the number of reaction elements is more 
than the total number of equations, the structure is classed as statically 
indeterminate. If, however, there are the same number of reaction 
elements as there are equations, the structure is statically determinate 
unless the reactions are so located and arranged that geometrical instabil- 
ity is possible. 

. Such a condition of instability may be simply illustrated by a con- 
sideration of a structure of the type shown in Fig. 2 ■ 3. The structure 
shown there is, of course, stable; but if the hinge at h lay on the line 
joining points a and c, there would be no restraint to the instantaneous 
rotation of members ab and be about points a and c, respectively. After 
a certain finite rotation of both members, direct stresses will be developed 
in members ab and be that in view of the new slopes of the members will 
have vertical components that will keep the load P in equilibrium. The 
computation of the equilibrium position of joint 6 and the resulting direct 
stresses that are developed involves a consideration of the distortion 
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properties of the structure. Therefore, this structure is notionly unstable 
in its original position but also statically indeterminate. 

Geometrical instability similar to that just illustrated is most likely 
to occur whenever equations of construction are introduced into an 
originally stable structure. It is therefore evident that care must be 
used in introducing construction hinges, etc., so that geometrical instabil- 
ity is not produced. Such a condition will always be apparent, for solu- 
tion of the combined iquations of static equilibrium and equations of 
condition will yield inconsistent, infinite, or indeterminate values for the 
unknown reaction elements.^ 

2*7 Free-body Sket^'hes. In the previous discussion, it is shown 
that the unknown reaction elements of a statically determinate and stable 
structure may be computed from the simultaneous solution of the equa- 
tions of static equilibrium, augmented, in certain cases, by equations of 
condition. All the equations involve some or all of the forces acting on 
the structure, including both the applied loads and the reactions supplied 
by the supports. To assist in formulating these equations, it is desirable 
to draw so-called free-body sketches of either the entire structure or some 
portions of it. The importance of drawing an adequate number of these 
free-body sketches ('annot be overemphasized to the student. Such 
sketches arc the basis of the successful stress analysis of structures. The 
student should be admonished that if is impossible to draw too many free- 
body sketches and that time spent in so doing is never wasted. 

A free-body sketch of the entire structure is drawn by isolating the 
structure from its supports and showing it acted upon by all the applied 
loads and all the possible reaction components that the supports may 
supply to the structure. Such a sketch is illustrated in Fig. 2 76. In 
this same manner, any portion of the structure can be isolated by passing 
any desired section through the structure and a free-body sketch drawn 
showing this portion acted upon by the applied loads and reactions, 
together with any forces that may act on the faces of the members cut 
by the isolating section. Any force the magnitude of which is unknown 
may be assumed to act in either sense along its line of action. The 
assuYned sense is used in writing any equation involving such a force. 
When the magnitude of such a force is determined from the solution, if 
the sign is positive, the force is then known to act in the assumed sense; 
if negative, in the opposite sense. 

Sometimes it becomes desirable to isolate several portions of the 
structure and to draw free-body sketches of these portions. In such 

^ For a discussion of this subject, see W. M. Fif® and J. B. Wilbur, “Theory of 
Statically Indeterminate Structures,” Art. 8, p. 9, McGraw-Hill Book Company, 
inc.. New York. 1937. 
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cases, it is necessary to show the internal forces acting on the internal 
faces that have been exposed by the isolating section. If free-body 

sketches are drawn for two adjacent por- 
tions of the structure and the internal forces 
have been assumed to act in certain senses 
on an internal face of one portion, the cor- 
responding forces must be assumed to act 
with the same numerical values but in 
opposite senses on the matching face of the 
adjacent portion. This is evident since the 
action and reaction of one body on another 
must be numerically equal but opposite in 
sense. Such free-body sketches are shown 
in Fig. 2-6. If this practice is not followed, equations of static equi- 
librium, written using two such free-body sketches, will not be consistent 
with one another and it w ill be impossible to obtain a correct solution from 
them. It is of course obvious that any particular reaction which is 
assumed to act in a certain sense on one sketch must be shown in the same 
sense on all other sketches in which it appears. 

2*8 Computation of Reactions. If no equations of condition 
have been introduc’ed into a statically determinate structure, the com- 
putation of the reactions involves only a straightforward application of 
the equations of static equilibrium. Such computations may be illus- 
trated by considering the simple end-supported beam shown in Fig. 2 • 7a. 
The unknown reaction elements may be taken as the vertical and hori- 
zontal components of the reaction at A and the vertical component of 
the reaction at D. These may be assumed to act as shown in the free- 
body sketch, Fig. 2 7b. 

To obtain these three unknowns there are available the three equa- 
tions of static equilibrium = 0, XFy = 0, and XM = 0, and therefore 
such a structure is statically determinate. It is possible to write the 
following three equations of static equilibrium and solve them simul- 
taneously for the three unknowns Rax, Rav, and R^yi 

SF* = 0, - 36 = 0 

^Fy = 0, Rav "t" Roy — 60 — 48 = 0 

SMc = 0, +}, URAy - 6Rvy - (60) (6) == 0 

While such a solution is always possible, it is not very ingenious and 
it is inefficient, particularly in a complicated structure. Consider the 
advantages of proceeding as follows: By taking the summation of moments 
about an axis through point A, the only unknown entering the equation 
wiU be Rz>v, and a direct solution for it wUl be possible. 
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SMa = 0, +), (60)(6) + (48)(12) - (/?,„)(18) = 0 

Rdv = = 52 kips ^ 

In the same manner, /?a» may bo found directly from 
SMc = 0, +), (Ra„)(18) - (60)(12) - (4.8)(6) = 0 

. . nAy = = 56 kips ^ 

Of course, these values should satisfy the equation XFj, = 0, and the 
following check is obtained : 

^ 0, t4, 56 + 52 - 60 - 48 - 0 O.K. 

From SF, — 0, Bax is obtained directly, 

XFg — 0, Bax — 36 — 0 /. Bax = 36 kips •+> 

Thus,, by ingenuity in applying the equations of static e([uilibrium, the 
solution for the reactions is facilitated. 



Fig. 2 *7 

To enlarge on this discussion, it should be noted that the three con- 
ventional equations of static equilibrium ^F^ = 0, 2^Fy = 0, and SM == 0 
may always be replaced by the independent moment equations 2Ma == 0, 
SMb == 0, and SMc = 0, when points A, B, and C are tliree points which 
do not lie on a straight line. This may be verified in the following man- 
ner: If a system of forces satisfies any one of these moment equations, 
such as 2 Ma = 0, then the resultant effect of the system cannot be a 
couple but may be a resultant force acting through point A. If the 
system also satisfies the equation XMb — 0, then the resultant effect of 
the system may still Ir' a resultant force; but, if so, such a force can act 
only along the line joining points A and B. If in addition, however, the 
system also satisfies the equation 2Mc == 0 (where C does not lie on a 
line going through A and B), this eliminates the possibility of the result- 
ant force existing and acting along the line AB, Therefore, if the system 
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satisfies all three moment equations, its resultant effect can be neither a 
couple nor a resultant force and the system must be in a condition of 
static equilibrium.^ 

This principle may often be used to advantage in writing equations of 
static equilibrium, for it is often possible to select a moment axis so that 
only one unknown reaction element is involved in the summation of 
moments about that axis, thus leading to a direct solution for that one 
unknown. The student should study the illustrative examples in Art. 
2*11 in conjunction with this article, since methods of arranging the 
computations and applying the above general approach will be discussed 
with a view to facilitating the numerical computations. 

2-9 Computation, of Reactions — Structures Involving Equa- 
tions of Condition. Whenever special conditions of construction have 

been introduced into a structure, the evalu- 
ation of the reactions involves both the 
equations of static equilibrium and the 
equations of condition. Even when such 
structures are statically determinate, the 
computation of the reactions is more diffi- 
cult and requires more ingenuity than cases 
where no equations of condition have been 
introduced. 

To illustrate the method of attack in 
such cases, consider the structure shown in 
Fig. 2 • 8. This structure is of a type already 
discussed and may be shown to be statically 
determinate and stable. There are four 
unknown reaction elements, but in addition to the three equations of 
static equilibrium there is the equation of condition introduced by the 
frictionless hinge at point 6. As discussed previously (Art. 2-4), such a 
hinge is neither capable of transmitting a couple from the portion ab to 
the portion 6c, nor vice versa. It is therefore necessary that the algebraic 
sum of the moments about an axis through point 6 of all the forces acting 
on either the portion ab or the portion be must add up to zero. Stating 
this in equation form, 

ah be 

iM,., or 2 m .. 0 

* Question: If two moment equations were obtained, first from SMa » 0 and then 
from SMb « 0, would a third independent equation be obtained by summing up the 
force components perpendicular to the line AB and setting this sum equal to zaroP 
Why? Would summing up the force components in any direction other than parallel 
to AB result in a satisfactory independent equation? 
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At first glance, a student might infer from this that such a hinge really 
introduces two independent equations of condition. This is not so. 
There is only one independent equation introduced, as may easily be 
shown by the following reasoning: One of the equations of static equilib- 
rium requires that for the entire structure the summation of the moments 
about any axis of all the forces shall be equal to zero, and hence, with b 
as an axis, = 0. If one then writes the equation of condition that, 

ab 

for the portion ab, ^ Af? = 0, it immediately implies that the algebraic 
sum of the moments about b of all the remaining forces acting on the 

remainder of the structure he must add up to zero. Therefore ^ = 0 

is not an independent relation — it is simply equal to the equation SMb = 0 

ab 

minus the equation ^ ~ The student should constantly keep 

these ideas in mind vdien setting up the equatioiis of condition of the 
structure. He should never be fooled into thinking that he has more 
independent equations than he actually has. In this case any two of 

ab be 

these three equations — XMb = 0, ^ = 0, ^ = 0 — can be used 

independently, but the remaining one is not an independent relation. 

To proceed now with the solution of this example, the reactions may 
be obtained easily if ingenuity is used in setting up the equations of 
statics. 

SMa = 0, (20) (15) + (40) (55) - 80/?,^, + Be. = 0 

a, = 3],25 + K6fic. (a) 

be 

^ Mt = 0, Cp, (40) (15) - + 45i?cx = 0 

A - 13.33* (b) 

Substituting for Bej; from Eq. (a) into Eq. (b), 

Be. = %(31.25 + - 13,33 Be. = 17.33 kips 

And then substituting back in (a), 

Bey = 34,5 kips 

In a similar manner, ^ 

2M, = 0, SOBau + ~ (20) (65) (40) (25) == 0 

Bay = 28.75 - (C) 

* Numbers such as 13 33,3 . will often be written 13 . 3 , the dot over the last 

digit indicating that it may be repeated indefinitely. 
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J = 0, 40/?a„ - 30/?„, - (20) (25) = 0 

••• K. = VsBau - 16.67 (rf) 
Then substituting from Eq. (c) into Eq. (rf), 

K. == ^3(28.75 - - 16.67 /?,, - 17.33 kips 

And substituting back in (c), 

= 25.5 kips ^ 

Using equations = 0 and ZFy = 0 for checks on the solution, 

ZF^ - 0, t;', 17.33 - 17.33 = 0 O.K. 

ZFy = 0, |+, 25.5 - 20 - 40 + 34.5 = 0 .*. O.K. 

If tlie supports of a and c of this structure had been on the same 
elevation, it is evident that the solution of the reactions would have 
l>een much easier, for in that case a direct solution for the vertical com- 
ponenls of the reactions would be obtaineid from the equations ZMa = 0 
and ZMc == 0. From a consideration of some of the illustrative exam- 
ples in Art. 2-31, it will be apparent that the solution of the reactions of 
complic‘ated structures involving special conditions of construction may 
be expedited in some cases by isolating internal portions as free bodies 
and applying the equations of static equilibrium to those portions. It 
should again be emphasized to the student, however, that such a tech- 
nique does not add any new independent equations besides the three 
equations of static equilibrium for the entire structure plus the equations 
of condition resulting from the special conditions of construction. The 
equations used may be in a different form, but they are not new inde- 
pendent ones. 

2*10 Examples for Classiiicatioii. In this article, examples are 
discussed illustrating the methods of determining whether a structure is 
stable or unstable and whether it is statically determinate or indetermi- 
nate with respect to its reactions. Note that all beams are represented by 
straight lines coinciding with their centroidal axes and that their depth is 
not shown in the sketches of Fig, 2 • 9. This will be common practice in 
the remainder of the book whenever the depth does not essentially aftect 
the solution of the problem. 

Consider the beam shown in Fig. 2 ♦ 9 A (a) . The unknown independent 
reaction elements are the magnitude and direction of the reaction at A 
and the magnitude of the reaction at B or a total of three. These ele- 
ments may also be considered as the magnitude of the horizontal and 
vertical components of the reaction at A and of either the horizontal or 
vertical component at B. Note that, if the point of application and the 
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direction of a reaction are known, the one unknown element of this 
reaction may be considered as the magnitude of the resultant reaction 
itself or the magnitude of either its vertical or horizontal component, 
since either component may be expressed in terms of the other, using 
the known direction of the reaction. Since the reaction supplied by the 


o 




Fig. 2 - 9 a 


support at B does not pass through point A, this structure is stable. The 
three unknown reaction i^Iements rtiay therefore be found from the three 
available equations of static equilibrium, and the structure is statically 
determinate. 

Consideration of the beam in Fig. 2 • 9 A (6) shows that there are only two 
unknown reaction elements — the magnitude of the reactions at A and S. 
These two unknown elements may also be considered as either the hori- 
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zontal or the vertical component of each reaction. Since the three equa- 
tions of static equilibrium cannot be satisfied simultaneously by these two 
independent unknown reaction elements, this structure is statically 
unstable under a general system of applied loads. The lines of action 
of the two reactions intersect at point 0. If the resultant effect of the 
applied loads is a resultant force whose line of action also passes through 
point 0, the two reactions will be capable of keeping such a special system 
of loads in equilibrium. While the structure is still classed as unstable, it 



Fig. 2 -93 


will be in a state of unstable equilibrium under this loading and its 
reactions can be determined by the equations of static equilibrium. 

If a roller support is added at point C, as shown in Fig. 2 9A(c), the 
reactions of the structure will be equivalent to three links whose lines 
of action are neither concurrent nor parallel. The structure will therefore 
be stable and also statically determinate, for the three unknown reaction 
elements — the three unknown magnitudes — can be found from the three 
equations of static equilibrium. On the other hand, if the link support is 
applied at point C in Fig. 2-9A{d), the structure will be geometrically 
unstable since the supports will consist of three links whose lines of action 
all intersect at point 0, The structure is not completely unrestrained, 
of course, but will rotate instantaneously about point 0 through some 
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finite angle until equilibrium is attained. In this new position, the 
reactions will be statically indeterminate. 

The structure shown in Fig. 2 9A{g) is obviously stable and has a total 
of six unknown reaction elements — a horizontal and vertical component 
and a couple at each support. Since there are only three equations of 
static equilibrium available, the structure is indeterminate to the third 
degree. The insertion of the hinge in the structure shown in Fig. 2 9A{j) 
introduces one condition ^ quatioii and therefore makes the structure 
indeterminate to the second degree. The insertion of the roller in Fig. 
2 9 Aik) makes it possible to transmit only a vertical force from one part of 
the structure to the othei. This in effect introduces two equations of 
condition, one that the sum of the moments about a of the forces acting 
on either portion shall be equal to zero and the other that the sum of the 
horizontal components of the forces acting on either portion shall be equal 
to zero. As a result, this structure is indeterminate to the first degree 
only. 

In the figures from p on, all the truss portions should be considered 
as rigid bodies whose bar stresses are statically determinate once the 
reactions have been calculated. The arrangement of the bars of a truss 
necessary for stability, etc., is discussed in detail in Chap. 4. For the 
purposes of the present discussion, the tiussed portions may be considered 
as solid bodies. The structures in Figs. 2 9Bip) and {q) are easily seen to 
be stable and statically determinate under any general system of loads. 
In Fig. 2 9B{r)^ the structure has four unknown reaction elements — the 
magnitude of the reactions at the link supports A and B — and both the 
magnitude and direction of the reaction of the hinge support at G, To 
solve for these four unknowns there are only three equations of static 
equilibrium. The structme is therefore stable and statically indetermi- 
nate to the first degree. 

For structures similar to that shown in Fig. 2 9 Bis), it is often better 
to use a different approach to determine their stability or statical deter- 
minancy. In such structures, the counting of the available equations 
may be awkward and obscure. Suppose instead that the structure is 
broken up into separate parts and the solution for the forces connecting 
each part to the rest of the structure is considered. If in this case an 
isolating section is passed through the link BD and the hinge support 
at E is replaced by the horizontal and vertical reaction components that 
it supplies, the truss poi*tion will be isolated as a free body acted upon by 
the applied loads and three unknown forces — the link stress and the two 
components of the reaction at E, If this free body is to be in equilibrium, 
these three unknowns may be determined so as to satisfy the three equa- 
tions of static equilibrium. Taking SMji ^ 0 on the free body will 
yield an equation involving the link stress as the only unknown. Know- 
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ing the stress in the link JSD, wc can find the stresses in links AB and BC 
by = 0 and ^LFy = 0 applied to hinge B isolated as a free body. The 
reactions of this structure may therefore be found by the equations of 
static equilibrium, and the structure is thus said to be stable and statically 
determinate. 

2*11 Illustrative Examples of Computation of Reactions, 
The student should study the following examples carefully. All the 
structures are statically determinate, but the student should investigate 
them independently for practice. 


Example 2*1 Determine the leactions of the beam ah: 


Method A: 



XMa - f?, 'Ih 

mw - m(i2) + m(20) - (/? 5 ,)( 24 ) = O .% 

ni, = = i7.> ^ 

SM = 0, 

(Ray) (2^) - (60) (20) + W(/2) - (40) (4) = 0 Ray - - ££^6** 

XF, = 0, J;, /?„ - 30 - 17.5 -0 Rax = 57.5” +)• 

Check: 

XFy = 0, t+, 36.6 - 60 + W - W + 23.3 = 0 

0 = 0 O.K. 

Method Bs 


Rn 




60^ 

1_ 


40'^ 

_L 


^ay 


^0^ rSO^ 

4 ^ by 




'^y 


Rb 


XMh = 0, +* 

4* — 

-(60) (20) - 1,200 

+ (40) (12) « m 
-(40) (4) = 160 


XMa = 0. 

+ 

+ (00) (4) = 240 

-(^0)(12) = m 

+ (40) (20) = 800 


+ m - 1,360 

+ m 

Bay « £0^* t “ - £££ 

24 

» 47.5* +> 


+ 1,040 ^ 400 
- ,400 

R6,, = + 500 - 2£j* t 

24 

Kb, « « X 20.0 * 17.5* +1- 
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T I 

10 

20 

33.3 

U3.3 W 

23.h ^ 

17 . 5 ^ ff 

The three methods of solving for the reactions are all fundamentally the same and differ 
only in the details of the arrangement of the compuiaiions. Method A is probably the 
best way to organize the computations for an unusual or complicated structure. However^ 
the systematic arrangement of either methods Bor C will be found most useful for the simple 
or conventional types of beams and trusses. 

Note that it is usually extremely convenient to replace inclined forces by their horizontal 
and vertical components and to use these components instead of the forces in writing the 
equations of static equilibrium.^ 

Note also that it is helpful in checking work to indicale the directions of couples or 
forces which were assumed as plus in writing the equations. 

The computer should clearly indicate his results by underlining them and also by 
indicating the units and directions of the forces. Remember that if an answer comes out 
plus, the force was assumed acting in the correct direction on the free-body sketch; if the 
answer comes out minus, the force acts opposite to the direction assumed. 

Note that in this problem two moment equations and one force equation were used in 
the solution. The check equation ZFy = 0 gives a check on the vertical components of 
the reactions but does not check the horizontal components. If 'EM = 0 were written 
about any axis that did not lie on a line through a and b, a check would be obtained on the 
values of the horizontal reactions. 

^ If both a force and its components are shown on a free-body sketch, a wavy line 
should be drawn along the shank of the force arrow, thereby indicating that the force 
has been replaced by its components. 
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Example 2*2 Determine the reactions of this structure: 



Soli/// on: 


■^ax a 

r b yr 









Ray 


{ { 

T“n 1 

ct 



'-k- 

8' ^ 2 




Rcy 


^dy 

Isolate ab: 

Isolate bd: 







SM. = 0, +■ 

+ 

iMt = 0, •+ 

XMi = 0, 


-{17. 7m = 

106.6 

WiRa,) - (40) (5) = 0 

-H7.7)H8) = 

-320 

-(40) (3) = 

120 

Rav = 2^ t 

-mn5) = 

-600 

+ (4X3) (4) = 

128 

XMa = 0, +* 

-(4 X«)(«) = 

-256 

+(30)(/0) = 

300 





-226.6 

(40)(//) - (.S') (9) = 0 

-(50) (2) = 

-60 


-226.6 


= 103“^ = - 

1,236 


+201. i = 16.8” t 

S = 17.7“ t 


12 


12 

SF. = 0 

SF, = 0 




R.X = ^0* <+ 

. F - 30^ 



Check: ZF^, «= 0, f+,/or entire structure 




22.2 

- 40 - 40 -f 103 - 

- 32 - 

30 + 16.7 = 0 





152 - 152 -=.0 

O.K. 


Discussion : 

When isolating the two portions ah and bd from one another, imagine that the hinge 
pin is removed. The hinge may transmit a force acting in any direction through the 
center of the hinge pin. If the horizontal and vertical components of this force are desig- 
nated by F and S and assumed to act as shown on the portion ah, they must act in the 
opposite senses on the portion bd. Note thal an independent check could be obtained on 
both the horizontal and the vertical reactions by taking SM » 0 about some axis which 
does not lie on the line through a and d. 
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S Vf^ = 0, + 

(«av)(20) - (4f))(/2) - = 0, 

iOKy = iiRyy + 39i.68 

SF» = 0, ■+■. Ulhy - 22.36 4 = 0, Ily = 0M25Ryy - 16.77 

20Ry„ = 6.75/?.„ - 20 /.24 + 30i.66, flav = +14.37“, ^ R,, = ^.7£‘ +> 

and 

Rcy = 6.0S - 16.77 = -6.69 = -8.69“ /?„ = -fL59* 4» 

'SM. = 0, +• 

{40)(S) + (30)(/4) - (/{i,„)(20) 4- (44.72)(26) + (6.6.9)(32) = 0, 

Riy = 109.04* 

Check: XFy = 0, 1 + 

f4.37 - 40 - 30 + 109.04 - 44.72 - 6.69 = 0 

123.41 - 123.41 - 0 .-. O.X. 

Check: 2F, = 0, ^ 

10.76 - 22.36 + 11.59 = 0 

-22.36 + 22.37 = 0 .-. O./f. 


Example 2-4 Determine the reactions of this structure: 
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Isolate be: 

ZM, = 0, '+, (2X10X5) - {Hcy)(iO) = 0 ^ 

SMc = 0, +*, (S)(10) - {2)(iO){S) = 0 S 

Isolate ab; 

ZMa = 0, (10)(12) + (0){9) + (H)(6) - Ma = 0 Ma = 222*‘ 

ZFy = 0 , Hay - 8 - 6 - 10 -- 0, Hay = 24 ‘ ^ 


Check: ZFy = 0, applied lo entire beam, 

20 - 8 - 6 - 20 + 10 = 0 

:.0 = 0 O.K. 



ZFa = 0, Ryy = 24* -fl- 

XMy = 0, •+, (R«„)(40) - (40) (57.5) = 0, Hay = 57..')* 

SM. = 0, ■+, (00)(12.5) - (24)(50) - (Hi.y)(00) = 0, ??(,„ = -5.5* 4: 

G/iecfe: SF, = 0, j 37.5 - 32 - 5.5 = 0 .-. O.K. 

Discussion : 

In problems such as this^ first compute the loads acting on the structure. This may 
be done by isolating the roller, that is in equilibrium under Us own weight, the lemion 
in the cable, and the reaction of the truss on the roller. The loads acting on the structure 
having first been determined, it is a straifffit forward problem to determine the reactions. 
Note that it has been assumed that there is no friction between the roller and truss and 
therefore that the interacting force between the two acts normal to the line ab and is directed 
through the center of the roller. 
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Example 2*6 Determine the reactions of this structure: 



Free-body sketch A: 

xMi = 0, -If*, (Hi) (30) - (10) = 0, Hi = Sk-H 

2Af, = 0 , -[p*. (20) - («i.)(.?0) = 0 , R4. = 

Free^body sketch B: 

XMf = 0,'+, (W)(22.36) - (Vi)(80) =0, Vi = t 

= O.Tf*, i7.9 -5- F, = 0, F, = 12.9 *- F, = H(12.9) = 5.f6* ;j: 

SM, = 0, '+, (17.9)(10) - (35.8)(60) - (5.16)(80) + (r2)(80) = 0, 

Fs = 2i>.77t 
Hey = 29.77* :^ 

2F, =0, I +, -5.16 + 29.77 - 35.8 + 11.18 - 0 
-O.Of = 0 O.K. 


Check: 
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Free-body sketch D: 

XMi = 0, +•, HS.9)(20) - (R«)(I5) = 0 /, 4: 

SjW, = 0, '+, (12.9) (20) - (5.16)(i5) - (Ihv)(15) = 0 /. ^ 

2F, = 0, /?t, = f?£* -H- 

Check on structure as a whole: 

2Fx = 0, -12.9 + ^7.9 + 10 - =0 .•.0 = 0 O.iir. 

= 0, t+. -^7.2 + ^2.04 + 29.77 - 55.9 4- //.« = 0, -0.01 = 0 O.if. 

SM„ = 0, +■, -(12.0h)(15) - (29.77){/s0) - (11.1H)(120) + (i7.9)(!t0) 

+ (35 9) (60) - (^0) = 0 

-2,963 + 2,964 = 0 O-iT. 

Discussion: 

/n problems of this type, the structure is broken up into its separate structural elements, 
and the free^body sketches arc drawn for each element. The interacting forces between 
elements may be assumed to act in either sense, but they must act in opposite senses on two 
adjacent elements. For example, if force F is assumed to act down to the left on sketch B, 
it must act up to the right on sketch D. Since the structure as a whole is in equilibrium, 
each of its elements must be in equilibrium. The equations of static equi hbriiim for 
ecLch element must be satisfied, and they therefore form a basis for the solution of the 
unknown reactions and unknown interacting forces. 

Note that when all the unknown reactions have been obtained the results may be checked 
by applying the equations of static equilibrium to the structure as a whole to see whether 
or not they are satisfied. 


2*12 Superposition of Effects. At this point, a brief discussion 
of the principle of superposition is appropriate. This principle is used 
continually in structural computations. As a matter of fact, its use has 
already been implied in the solution of Example 2 • 1 by method C. There 
the reactions due to each of the three loads were computed separately 
and added algebraically to obtain the reactions due to all three loads 
acting simultaneously. In other words, the separate effects were super- 
imposed to obtain the total effect. 

Such a procedure is usually permissible. However, there are two 
important cases in which the principle of superposition is not valid: (1) 
when the geometry of the structure changes an essential amount during 
the application of the loads; (2) when the strains in the structure are not 
directly proportional to the corresponding stresses, even though the effect 
of change in geometry can be neglected. The latter case occurs whenever 
the material of the structure is stressed beyond the elastic limit or when 
it does not follow Hooke’s law through any portion of its stress-strain 
curve. 

In Art. 2 • 3, it is pointed out that usually the deformations of a struc- 
ture are so slight that it is permissible to consider Jthe structure as a 
rigid body in applying the equations of static equilibrium and therefore to 
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neglect the effect of slight changes in geometry on the lever arms of forces, 
the inclinations of members of the structure, etc. However, consider the 
structure shown in Fig. 2 10. In this case, all three hinges lie along the 
same straight line in the unloaded structure. It will be found necessary 
to consider the alteration of the geometry caused by the deformation of 
the structure, for the lever arms, slopes of the members, etc., are changed 
by an important amount. As a result, it will be found that the stresses 
and deflections in the struunre are not 
directly proportioned to the load P eveii 
though the materiril of the structure 
may follow Hooke's l^w. This is there- 
fore an illustration of the first case noted 
above where the prhiciple of superposi- 
tion is not valid. In 1 fiis structure, the 
effects of a load 2P are not twice the effects of a load of P, nor are the 
effects of a load equal to Pi + P 2 equal to the algebraic sum of the effects 
of Pi and of P 2 acting separately. From applied mechanics, a more 
important case may be recalled where superposition is not valid — the case 
of a slender strut acted upon by both axial and transverse loads. There 
the stresses, moments, deflections, etc., due to an axial load of Pi + P 2 are 
not equal to the algebraic sum of the values caused by Pi and P 2 acting 
separately. Fortunately, most cases of this type where superposition is 
not valid are easily recognized. 

It is mentioned above that superposition is not valid in cases where, 
although the effect of change in geometry can be neglected, the material 
of the structure does not follow Hooke’s law. If such structures are also 
statically determinate, then quantities that can be found by statically 
determinate stress analysis (such as reactions, shears, and bending 
moments) may be superimposed but fiber stresses and deflections cannot 
be superimposed. For example, in the case of an end-supported cast-iron 
beam, the reactions and the shear and bending moment on the transverse 
cross sections are statically determinate quantities and may be super- 
imposed. However, the liber stresses and deflections produced by the 
bending moment due I 0 a load 2P are not equal to twice those due to load 
P, and hence such quantities cannot be superimposed. If the reactions 
of a cast-iron beam are statically indeterminate, then none of these quan- 
tities may be superimposed, since the stress analysis is then a function of 
the distortion of the structure. 

2*13 Problems for Solution. 

Problem 2 • 1 Classify the structures shown in Figs. 2 • 9 e, /, i, I to 0 , and t to v 
as stable or unstable and statically determinate or indeterminate. Discuss 
and state reasons for your answer. 





a b c 

Fig. 2 10 
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Fig. 2-11 
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Problem 2*2 Determine the reactions of the beams of Fig. 2 • 11. 
Problem 2*3 Determine the reactions of the structures of Fig. 2 • 12, 


20 ^ 




Problem 2*4 It is sometimes difficult to (‘onvince a student that there are 
only a certain number of independent equations. To demonstrate this, consider 
the structure shown in Fig. 2 • 8, Draw three free-body sketches — one of the 
entire structure, one of the portion a6, and one of the portion 6c. Write three 
equations of static equilifjrium for each portion. Compare and combine these 
nine equations containing six unknowns, and show that there are only four 
independent equations containing four unknowns among them. 


CHAPTER 3 


SHEAR AND BENDING MOMENT 

3*1 General. The ultimate aim of all stress analysis is to deter- 
mine the adequac^y of a structure to carry the loads for which it is being 
designed. The criteria for determining this involves a comparison of the 
fiber stresses developed by the applied loads with the allowable stresses 
for the structural material being used. The stresses acting on any cross 
section may be studied by passing an imaginary section that cuts through 
the structure along this cross section and isolates any convenient portion 
of the structure as a free body. If all the other forces acting on this 
isolated portion have already been determined, the required resultant 
effects of the fiber stre^sses acting on the cross section being investigated 
may easily be computed by the equations of static equilibrium. 

One of the commonest structural elements to be investigated in this 
manner is a beam, Le,, a member that is subjected to bending or flexure 
by loads acting transversely to its ccntroidal axis or sometimes by loads 
acting both transversely and parallel to this axis. The following dis- 
cussions are limited to straight beams, i.e., beams in which the axis 
joining the centroids of the cross sections (ccntroidal axis) is a straight 
line. It is also assumed that all the loads and reactions lie in a single 
plane which also contains the ccntroidal axis of the member. If this 
were not so, the beam might be subjected to both twisting and bending. 

3*2 Determination of Stresses in Beams. Suppose that, in 
determining the adequacy of the statically determinate beam in Fig. 
3 1, it is necessary to compute the fiber stresses on a transverse cross 
section mn. The reactions necessary for static equilibrium may be 
computed easily and are shown in free-body sketch A. The portions of 
the beam to the left and right of cross section mn may be imagined to 
be isolated from one another by cutting the structure in two along this 
section. Free-body sketches B and C may then be drawn showing all 
the forces acting on these two portions of the beam. 

When one considers the external forces acting on either of the por- 
tions B or C, it is immediately apparent that the portions are not in static 
equilibrium under the external forces acting alone. If the beam as a 
whole is in equilibrium, however, then each and every portion of it must 
be in equilibrium. It is therefore necessary that there shall he internal 
forces or stresses distributed over the internal faces which have been 
exposed by the imaginary cut. These stresses must be of such a magni- 
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iude that their resultant effect balances that of the external forces acting 
on the isolated portion and therefore maintains the portion in a state of 
static equilibrium. 

The fiber stresses acting on the exposed internal faces may be broken 
down into two components, one (jomponent acting normal to the face 
and called the normal fiber stresses and the other acting parallel to the 
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Fig, 31 


face and called the shear fiber stresses. In the free-body sketches B and 
C, these fiber stresses have been replaced by their resultant effect as 
represented by the stresses S' and F, acting through the centroid of the 
cross section, and the couple M. Note that the resultant effects S, F, and 
M of the fiber stresses acting on the portion in sketch D are shown to be 
numerically equal but opposite in sense to the corresponding effects 
shown in sketch C. That this must be so is apparent from the following 
considerations: 
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Consider the free-body sketch A showing the entire beam acted upon 
by all the external loads and reactions. Suppose that the resultants of 
all the external forces applied to the beam on the left of section mn are 
computed in magnitude and position. Suppose similar computations 
are made for tne resultant of the remaining external forces applied to 
the right of mn. Now if the beam as a whole is in equilibrium under all 
the forces acting on it, it must be apparent that the resultant of those 
forces applied to the left of mn must be collincar, numerically equal, but 
opposite in sense to the resultant of the remaining forces applied to the 
right of mn. It therefore follows that the resultant of the external forces 
in sketch B must be numerically equal but opposite in setise to the 
resultant of the external forces in sketch C and hence the resultant effects 
of the fiber stresses in sketches R and C must likewise bear the same 
relation. 

It is convenient to assign names to F, S, and M, the resultant effects 
of the fiber stresses acting on a cross section of a member. The axial 
force F acts through the centroid of th(‘ cross section and will be called 
the axial stress. The trartsv(Tse fon'e will be called the shear stress 
and the couple M the resisting moment. 

In order to satisfy the three equatioTis of static equilibrium for either 
the portion of the beam in sketch B or the portion in sketch C, the magni- 
tudes of F, S, and M must be such as to counteract tlie resultant of the 
external forces acting on the portion considered. Which portion is used 
makes no differeru’e theoretically. The portion having the fewer external 
forces is ordinarily used so as to simplify the computatjons. Static 
equilibrium will be maintained by values computed in the following 
manner: The axial stress F and the shear stress S must be equal and oppo- 
site to the axial and transverse components, respectively, of the resultant 
of the external forces acting on (he portion of the beam under considera- 
tion. Upon taking moments about an axis through the centroid of the 
cross section, i.e., the point of intersection of the stresses F and S, it is 
then apparent that the resisting moment M must be equal in magnitude 
but opposite in direction to the moment of the resultant of the external 
loads acting on this portion. 

Once the axial stress, the shear stress, and the resisting moment have 
been determined at any section, the intensities of the normal and shear 
stresses at any point on the cross section may be computed by using well- 
known equations given in standard textbooks on the strength of materials. 

3*3 Shear and Bending Moment Defined; Sign Convention. 
From the previous discussion, it is evident that, in order to determine the 
magnitudes of the axial stress, the shear stress, and the resisting moment 
acting on a cross section of a beam, it is advisable to compute first the 
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magnitude and position of the resultant of the external forces acting on 
the portion of the beam on either side of that cross section* It is usually 
convenient to represent this resultant by its axial component, its trans- 
verse component, and its moment about an axis through the centroid 
of the cross section under consideration. These three elements are 
statically equivalent to this resultant and are given the following three 
names, respectively: axial force, shear force, and bending moment The 
definition of these three terT^>s ma> therefore be summarized as follows: 

Axial Force F: The axial force at an^ transverse cross section of a 
straight beam is the algebraic sum of the components acting parallel to 
the axis of the beam of all - he loads and reactions applied to the portion 
of the beam on either side of tliat cross section. 

Shear F orce (Shear) S: The shear force at any transverse cross section 
of a straight beam is the algebraic sum of the com- 
poinents acting transverse to the axis of the beam of all 
the loads and reactions applied to the portion of the 
beam on either side of tlie cross section. 

Bending Moment M.\ The bending moment at any 
transverse cross section \9f a straight beam is the 
algebraic sum of the moments, taken about an axis 
passing through the centroid of the cross section, of all 
the loads and reactions applied to the portion of the 
beam on either side of the cross section. The axis 
about which tJie moments are taken is, of course, 
normal to the plane of loading. 

While it is not the purpose of tlie authors to encourage the memorizing 
of structural principles, formulas, etc., these definitions recur constantly 
and are so fundamental to structural engineering that students should 
study and understand them so thoroughly and completely that they are 
indelibly impressed on their minds. 

With these definitions introduced, this discussion may now be sum- 
marized by saying that the axial stress acting on a cross section will be 
equal but opposite to the axial force at that section; the shear stress will 
be equal and opposite to the shear force (or shear); and the resisting 
moment will be equal and opposite to the bending moment. 

In subsequent calculations, the following sign convention will be used 
to designate the directions of axial force, shear, and bending moment at 
any transverse cross section of a beam. ' The cohrention is that ordinarily 
used in structural engineering. It is clear and simple to employ and will 
be referred to as the beam convention. As shown in Fig. 3 • 2, axial force 
is plus when it tends to pull two portions of a member apart, i.e., when it 
tends to produce a tensile stress on the cross section. Shear force is plus 


. — ^ 
(+) Axial force 

cttjzi 

C+) Shear force 



(+) Bendinq moment 


Fig. 3-2 
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when it tends to push the left portion upward with respect to the right. 
Bending moment is plus when it tends to produce terision in the lower 
fibers of the beam and compression in the upper fibers, i.e., to bend the 
beam concave upward. Many beams are horizontal, and this convention 
may be applied without confusion. When a member is not horiiiontal, 
however, either side may be selected as the “lower side” and the beam 
convention applied to correspond. 

3 • 4 Method of Computation of Shear and Bending Moment. 

The procedure for computing the axial force, shear force, and bending 
moment at any section of a beam is straightforward and may be explained 
easily by the illustrative problem shown in Fig. 3 * S. In this problem, it is 
desired to compute the axial force, shear, and bending moment at the 
cross sections at points 6, c, and d. The computation of the axial force 
is simple and needs no explanation in this case, as is true of this computa-^ 
tion with respect to most beams. If the couple applied by the bracket 
at point c is assumed to be applied along the cross section at point c, 
there will be an abrupt change in the bending moment at this point and 
it is necessary to compute the bending moment, first on a cross section 
an infinitesimal distance to the left of c and then on a cross section an 
infinitesimal distance to the right of c. 

It will be recalled that the shear and bending moment at any cross 
section may be computed by considering all the external loads and 
reactions applied to the portion of the beam on either side of the cross 
section under consideration. Either portion may be used, but the com- 
putations may usually be performed more efficiently by using that involv- 
ing the smaller number of forces. One portion having been selected, 
only the loads and reactions acting on that portion are included in the 
summation of the force components or moments. 

The left-hand portion of the beam was chosen for computing the shear 
and bending moment at section 6, and at the sections to the left and right 
of point c, Free-body sketches B, C, and D, respectively, show the por- 
tion used in each case. To illustrate the advantage of using one portion 
instead of the other, the shear and bending moment at section d are 
computed by using first the left- and then the right-hand portion, as 
shown in free-body sketches E and F, respectively. Note the simplicity 
of the computations for sketch F as compared with sketch E, 

To explain typical computations, consider those for the shear and 
bending moment on the cross section just to the left of point c, as shown in 
sketch C. The shear force at this section is the algebraic sum of the 
57-kip reaction, the uniformly distributed load totaling 16 kips, and the 
concentrated load of 30 kips, where the reaction causes positive shear 
(tends to push left portion up) and the two loads cause negative shear 
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(tend to push the left portion down) . Hence, the shear force is 
S = +57 ~ 16 — 30 = +11 kips 

having a resultant positive effect tending to push the left portion up with 
respect to the right. For equilibrium, the total shear stress obviously 
must be 11 kips acting down on the cross section in sketch C. In the 
same manner, the bending moment is the algebraic sum of the moments 
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about the centroid of the cross section of the same three forces. Since 
the reaction tends to produce tension in the lower fibers at the section 
and the two loads tension in the upper fibers, the bending moment is 
M « (57)(12) (16)(10) - (30)(4) +404 kip-ft 

having a resultant positive tendency to produce tension in the lower 
fibers. Again for equilibrium, it is necessary for the resisting moment to 
be 404 kip-ft acting counterclockwise on the cross section in sketch C. 
The remaining computations are self-explanatory. 
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It is important to note that, if the axial force, shear, and bending 
moment are known at one cross section, similar items may be computed 
at any other cross section, by using these known quantities rather than 
working with all the external forces on the entire portion of the beam on 
either side of the new cross section. For example, the axial force, shear, 
and bending moment at c could be computed with the quantities already 
computed at b. This is apparent since the shear, axial force, and bending 
moment at b are statk'ally equivalent to the resultant of the external 
loads applied to the left of b. Hence, the contribution of these loads to 
the resultant effect of all the loads to the left of c may be evaluated by 
using their statical equivalent rather than the loads themselves. The 
advantage of this procedure increases with the number of external loads 
applied to the left of point b. Such computations are illustrated under 
sketch G of Fig, 3 3, and the forces acting on the isolated portion be are 
shown in this sketch. 

3*5 Shear and Bending-moment Curves. When a beam is 
being analyzed or designed for a stationaiy system of loads, it is help- 
ful to have curves or diagrams available from which the value of the 
shear and bending moment at any cross section may readily be obtained. 
Such curves may be constructed by drawing a base line corresponding in 
length to the axis of the beam and then plotting ordinates at points along 
this base line, which indicate the value of the shear or bending moment 
at that cross section of the beam. Plus values of shear or bending 
moment are plotted as upward ordinates from the base line and minus 
values as downward orditrates. Cirrves drawn connecting the ends of all 
such ordinates along the base line are called shear and bending-momerrt 
curves. In Fig. 3 4, shear and bending-moment curves are shown for 
the beam in Fig. 3 3, 

The construction of these curves is quite straightforward, but needs 
some explanation. The shear on a cross section an infinitesimal distance 
to the right of point a is +57 kips, and therefore the shear curve rises 
abruptly from zero to +57 at this point. In the portion af, the shear 
on any cross section a distance x from point a is 

S ^ 57 -4x 

which indicates that the shear curve in this portion is a straight line 
decreasing from an ordinate of +57 at a to +41 at point/. Since no 
additional external loads are applied between points / and g, the shear 
remains +41 on any cross section throughout this interval and the shear 
curve is a horizontal line as shown. An infinitesimal distance to the left 
of point g the shear is +41, but at an infinitesimal distance to the right 
of this point the 30-kip load has caused the shear to be further reduced to 
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+ 11. Therefore, at point g, there is an abrupt change in the shear 
curve from +41 to +11. In this same manner, the remainder of the 
shear curve may easily be verified. It should be noted that, in effect, a 
concentrated load is assumed to be applied at a poijit and hence at such a 
point the ordinate to the shear curve changes abruptly by an amount 
equal to the load. Physically, it is impossible for a load to be applied at 
a point without developing an infinite contact pressure, and it is therefore 
necessary for such loads to b^ distributed over a small area. However, 
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for computations such as for shear and bending moment, such incon- 
sistencies are ignored, and it is considered mathematically possible that 
concentrated loads may be applied at a point. 

In the portion af, the bending moment at a cross section a distance ^ 
from point a is M = 57x — Therefore, the bending-moment curve 
starts at 0 at point a and increases along a curved line to an ordinate of 
+ 196 kip-ft at point/. In the portion /igr, the bending moment at any 
point a distance x from point / is M = 196 + 41.r. Hence, the bending- 
moment curve in this portion is a straight line increasing from an ordinate 
of 196 at / to 360 at g. Likewise, in the portion gc, the bending-moment 
curve is a straight line increasing to a value of 404 at a cross section an 
infinitesimal distance to the left of point c. However, at a cross section 
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an infinitesimal distance to the right of point c, the bending moment has 
increased by 24 to 428. Assuming the external couple of 24 kip-ft to be 
applied exactly on the cross section at point c, there will be an abrupt 
change in the bending-moment curve similar to the abrupt changes 
in the shear curve already discussed. In an analogous manner, the 
remainder of the bending-moment curve may easily be verified. The 
computations for the controlling ordinates of the curve are shown in 
Fig. 3 4. 

3*6 Relations between Load, Shear, and Bending Moment. 

In those cases wliere a beam is subjected to transverse loads, the con- 
struction of the shear and bending-moment curves may be facilitated by 

recognizing certain relationships 
that exist between load, shear, and 
bending moment. For example, 
consider the beam shovm in Fig. 
3 • 5. Suppose that the shear 5 and 
the bending moment M have been 
computed at the cross section for 
any point m. Point m is located by 
the distance x, which is measured 
from point a, being positive when 
measured to the right from that 
point. Suppose that the shear and 
bending moment are now computed 
at the cross section at point n, a 
differential distance dx to the right 
of point m. Assuming that a uni- 
formly distributed upward load of an intensity p per unit length of beam 
has been applied to the beam between m and n, the shear and bending 
moment will have increased by differential amounts to values oi S + dS 
and M -f dM, respectively. 

The new values of shear and bending moment at point n may be 
computed by using the values already computed at point m, as is dis- 
cussed in Art. 3 • 4. Thus, 
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and, differential quantities of the second order being neglected, from 
Eq. (6) it may be found that 


dM _ ^ 
dx 


(d) 


It should be particularly noted that, in addition to the usual beam con- 
vention being used for shear and bending moment, upward loads have 
been considered as positive and x has been assumed to increase from left 
to right. 

The relationships stated mathematically in Eqs. (c) and (d) are 
tremendously helpful in constructing shear and bending-moment curves. 
Consider first Kq (c). It states that the rate of change of shear at any 
point is equal the intensity of load applied to the beam at that point, 
i.e,, that the slope of the shear curve at any point is equal* to the intensity 
of the load applied to the beam at that point. The change in shear dS 
between two cross sections a differential distance dx apart is 


dS 


dx 


dx = p dx 


Therefore, the difference in shear at two cross sections A and B is 

Sb -- Sa — P dx or & = dx 

Thus, the difference in the ordinates of the shear curve at points A and B 
is equal to the total load applied to the beam between these two points. 

According to Eq. (c) and the sign convention used in its derivation, if 
the load is upward, or positive, at a point on the beam, the shear is chang- 
ing at a positive rate at this point. This means that if the shear is com- 
puted on a cross section just to the right of this point, i.e., at a slightly 
greater distance x from the left support, it will tend to be more positive, 
or algebraically larger, than it was at the first point. Of course, if the 
load is downward, or negative, at a point, just the reverse will be true. 
If we think of this interpretation in terms of slope of the shear curve and 
use the ordinary calculus convention for slope of a curve, if dS/dx is plus, 
the curve slopes upward to the right, since positive values of 5 are plotted 
upward and x increases from left to right. If dS/ dx is minus, the shear 
curve slopes downward to the right. 

To apply these ideas, if a uniformly distributed load is applied to a 
portion of a beam, p will be constant and therefore the shear will change 
at a constant rate and the shear curve will be a straight sloping line in 
such a portion. However, if the load is distributed but its intensity 
varies continuously, the shear curve will be a curved line whose slope 
changes continuously to correspond. If no load is applied to a beam 
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between two points, the rate of change of shear will be zero, i.e., the shear 
will remain constant and the shear curve will be straight and parallel to 
the base line in this portion. At a point where a concentrated load is 
applied to a beam, the intensity of load will be infinite, and therefore the 
slope of the shear curve will be infinite, or vertical. At such a point, 
there will be a discontinuity in the shear curve, and the difference in 
ordinates from one side of the load to the other will be equal to the con- 
centrated load. These ideas conform to the discussion of the previous 
article. 

Equation (d) may be interpreted in the same manner. It states that 
the rate of change of bending moment at any point is equal to the shear 
at that point in the beam, i.e., the slope of the bending-moment curve 
at any point is equal to the ordinate of the shear curve at that point. 
The change in bending moment dM between two cross sections a dif- 
ferential distance dx apart is 

dM = dx == Sdx 
dx 

Therefore, the difference in the bending moment at two cross sections A 
and B is 

f dM = Mb - Mj, = 1^“ S dx Mb = M^+ S dx 

JMa Jx^ Jx^ 

or the difference in the ordinates of the bending-moment curve at points 
A and B is equal to the area under the shear curve between the two 
points. 

From Eq. (d) it is evident that, if the shear is positive at a point in a 
beam, the rate of change of bending moment is also positive at this point. 
This means that if the bending moment is computed on across section just 
to the right of this point, i.e,, at a slightly greater distance x from the left 
support, it will tend to be more positive, or algebraically larger, than it 
was at the first point. If the shear is negative, just the reverse will be 
true. In terms of slope of the bending-moment curve, it may be said 
that if dM/dx is positive (or negative), the slope of the bending-moment 
curve at this point is upward (or downward) to the right, since positive 
values of M are plotted upward and x increases from left to right. 

If the shear is constant in a portion of the beam, the bending-moment 
curve will be a straight line in this portion. However, if the shear varies 
in any manner within a portion, the bending-moment curve will be a 
curved line. At a point where a concentrated load is applied, there is 
an abrupt change in the ordinate of the shear curve, and therefore an 
abrupt change in the slope of the bending-moment curve at such a point. 
At a point where the shear curve goes tlirough zero and the ordinates to 
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the left of the point are positive and those to the right negative, the slope 
of the bending-moment curve will change from positive at the left of the 
point to negative at the right of the point. Therefore, the ordinate of 
the bending-moment curve will be a maximum at such a point. If, on 
the other hand, the shear curve goes through zero in the reverse man* 
ner, the ordinate at that point on the bending-moment curve will be a 
minimum. 

3*7 Construction of Shear and Bending-moment Curves, 

The ideas of Art. 3 • 6 may be utilized most efficiently in constructing shear 
and bending-moment curves for beams subjected to transverse loads if 
the following prooedui»S5 is adopted: After computing the reactions of a 
beam, first plot a load curve. The load curve is a curve the ordinates of 
which show the intensity of the distributed load applied to the beam at 
any point. In addition all concentrated loads should be indicated. 
Upward, or positive, loads should be drawn above the base line and 
negative loads below. Then the shear and bending-moment curves may 
be constructed in turn, proceeding from left to right across the beam, and 
establishing the shape of the curves by using the following principles, 
which are summarized from the above discussion: 

1. The slope of the shear curve at any point is equal to the intensity 
of the distributed load at that point. 

2. Abrupt changes in the ordinates of the shear curve occur at points 
of application of concentrated loads. 

3. The slope of the bending-moment curve at any point is equal to 
the ordinate of the shear curve at that point. 

4. At points where concentrated loads are applied, there are abrupt 
changes in the ordinates of the shear curve, and hence abrupt changes in 
the slopes of the bending-moment curve. 

It is usually necessary to compute the numeral values of the ordinates 
of the shear and bending-moment curves only at tiie points where the 
shapes of the curves change or at points where the maximum or mini- 
mum values occur. Such values may usually be most easily computed 
by direct computation as in Art. 3-3. Such computations may be 
checked using the following principles if the value of one ordinate of a 
curve is known: 

5. The difference in the ordinates of the shear curve between any 
two points is equal to the total load applied to the beam between these 
two points, Le., the area under the load curve between these two points 
plus any concentrated loads applied within this portion. 

6. The difference in the ordinates of the bending-moment curve 
between any two points is equal to the area under the shear curve between 
these two points, 
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This method of constructing shear and bending-rnoment curves will 
be illustrated in the examples that follow. 

Although all these relations and this discussion apply specifically to 
the case of a beam loaded by transverse loads, it should not be inferred 
that they are useless in analyzing a beam subjected to a more general 
condition of loading. The method of handling such cases will be dis- 
cussed in the examples that follow. For cases of loading involving any- 
thing more complicated than transverse loads, it will be seen that a load 
curve loses its utility and becomes impractical. While some of the above 
relations may be used to advantage, it will be found that, in most of the 
more complicated cases of loading, they must be revised. To illustrate, 
in Example 3 *5 it will be seen that abrupt changes in the ordinates of 
the moment curve occur at points where external couples are applied to 
the beam. Therefore, the difference in the ordinates of the bending- 
moment curve between any two points will be equal to the area under 
the shear curve between these two points plus or minus the sum of any 
external couples applied to the beam within this portion. However, the 
student will find that the experience gained in drawing the shear and 
bending-moment curves for the simpler cases of transverse loadings will 
enable him to proceed to the more complicated problems with very little 
difficulty. 

3*8 Illustrative Examples — Statically Determinate Beams. 
The following examples will illustrate the construction of shear and beiid- 
ing-moment curves for statically determinate beams, utilizing the ideas 
and principles discussed above: 



ILLUSTRATIVE EXAMPLES 


Example 3*1 


/g I 

os/f’ j 





XMc = 0,'+ 

-(2)(t6){8) 256 

+ (2)(i%)(i%) = -33.3 
-222 6 

/?.„ = 11.13 “ t 
= 0,^ 

(2)(ie)(12) = +38i 
i2)(“%)(23 3) = +235.5 
+617.5 

^'=‘' ” ££i2‘ ^ 

2F„ = 0. t+. 

fLI3 + 30.87 - 32 - 10 = 0 O.K. 

Shear: 

Scilefl) = 11.13 - (2){16) = -20 87 “ 
Local ion of point of S = 0 between b and c, 
S, = 11 13 - 2x = 0 .-. X = 5 57' 

Itending moment: 

Aft = +(11.13)W = +4'i.52 “' 

M. = 

Between b and c, 


{ii.i3){9.67) - 


( 2 )(^ 7)2 


- + 75 . 4 ^*' 


Discussion : 

/n establishing the shape of the shear and bending-moment curves^ follow the ideas of 
Art 3 ’7. Starting al the left end of the shear curve, the curve rises abruptly to a value of 
-\-llA3. From a to b, since p = 0, the shear curve is horizontal. From b to c, since 
p = — 2, the shear carve slopes downward to the right at a constant slope to a value of 
—W.37 just to the left of c. At c, the reaction causes an abrupt increcme in the ordinate of 
the shear curve to -\~10 just to the right of point c. From c to d, since p == — 2 -f- {x/5), 
the shear curve slopes downward to the right with a slope that varies linearly from —2 at c 
to 0 at d. 

In the same way, the bending-moment curve starts at 0 at a and progresses from a to h 
with a constant positive slope (upward to the right). To the right of b, the slope decreases 
lineally from a slope of A-iiA3 at b to zero at the point of maximum moment, and further 
to a slope of --20.87 at c. There is an abrupt change in slope at c to a value of -\-i0 just 
to the right of c. Between c and d, the slope decreases from -\-i0 to 0 at d. 

The numerical value of the controlling ordinates of the shear and bending moment may 
be most easily computed by direct computation in the manner discussed in Art. J* 4. 
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Example 3*2 



SF* - 0, - {iJ25){^H) = 0, hay - 10J25*^ 

ZMa = 0, , {i42r)){T^%)(6) - Ma = 0, Ma = 60,750'* 


Shear and bending moment: 

Aly - S>', p = -1425 + { 62 . 5 ){ 9 ) = - 14^5 + 562.5 = - 562 . 2 *^' 

S == (562.5) {%) == 

M= - (56*2.5) (^)(^) = -7,593.8'* 

Discussion: 

A//er the reactions have been determined, the load, shear, and bending-moment curves 
may be drawn, the fibers on the right-hand side of the cantilever being considered as the 
''lower fibers” in applying the beam convention. Then, the uniformly varying load 
would be considered downward or negative in plotting the load curve. 

The shear curve rises abruptly at a to a value of ^-^0,125. Progressing toward b, the 
shear curve starts downward with a negative slope of 1,125 but gradually flattens out to zero 
slope as well as a zero ordinate at b. 

On the other hand, the bending-moment curve starts from an ordinate of ^60,750 at a 
with a positive slope of -\-i0,125. Proceeding toward b, the magnitude of slope remains 
positive but steadily decreases until at b both the slope and the ordinate of the bending- 
moment curve are zero. 

The shape of these curves having been established, an ordinate of either the shear or the 
bending-moment curve at any intermediate point such as y — 9 may most easily be com- 
puted directly by considering the portion of the beam between that point and b. 


60750 







SMb = 0, + 

SOX 2 ^ 60 

SOX 8 UO 
mxu ^ 560 

mxiS = 720 

W X 22 880 


ItO X 26 ^ 

= i,050 

220 

3,500 

• • Fay " 

= 109.37^ 

^Ma = 0, 

+ 

SO X SO 

900 

30X25 = 

720 

50 X i8 == 

720 

50Xi5 = 

560 

50 X iO ^ 

500 

50 X 6 = 

250 


3,550 

Rby — 

liO.63^ : 


XFy - 0, t» i09.S7 -Tildls^^- 220 - 0 


+ 

O K. 


5 = 

109.5 X 6 == 

656.5 



-50 

656.5 = 

Me 

.S = 

' 69.5 X 4 - 

+277.6 



-50 

935.0 = 

M,o 

= 

29.5 X 4 - 

+ 117.6 



-50 

1051.6 - 

M,4 

s = 

-10.6 X 4 = 

-52.5 



-40 

1009.2 - 

Mi8 

s = 

-50.6 X 6 = 

-303.6 



-30 

705.6 = 

M 24 

.s = 

-80.6 X (5 = 

-583.6 



-30 

222.0 = 

Mso 

*S’ = 

-110.6 X 2 = 

-221.2 



+ 110.6 

- 

Mz2 


0 

0 



/. O.K. 

.'. O.K. 


Note: 

Mmax occurs 

where shear 

- passes 


through zero {iTtftfrom a). 


Discussion : 

In computing ordinates to the shear and bending-moment curves for concentrated load 
systems, it is convenient to arrange the computations in this manner, the ordinates being 
computed successively from left to right by means of principles 5 and 6 stated near the end 
of Art. 3 • 7. Note that a check of the computations is obtained if both curves come back to 
zero at point b. 
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Example 3*4 





2M. ==0,^ 

{R^y)W - {32)i5){m == 0 
R(,y == ^ 

XMu = 0, 

-(Roy)U8) -f (32) (5) (S) - 0 

== UJ^ ^ 

2F« = 0,T+- ^ 160 =^0 

:, O K, 

Mb = ■-(5)(^)(4) = ^£6^' 

Me = -(5)(<J)(5) - -9^ ' 

In portion b to c, 


S = 4^.^ - 5x 


When S 
• • Ml max 


= 0 = U8.8 - 5a*, /. X = 9.7' 


_ M. = 

M«„, = M6 + 239M 

m + 239.02 

= +79.02'" 


Diacuflsion : 

Note that the magnitude of the maximum ordinate of the bending-moment curve 
between b and c may easily be computed by adding algebraically the area under the shear 
curve between b and m to the ordinate Mb, In this case^ this is particularly easy because 
the area under the shear curve is one triangle. 
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Example 3*5 


All pulleys have 2' diameter 



XMa = ^, T 

{5){30) - mm - (H.,)(24) = 0 

/. B,y - 

= 0, 7 

KBav)m) ” mm - mi^) - o 

Rav - g^.75* 
2F, = 0, T+, 2S.75 4 7.25 - 30 = 0 

O.K 


Bending moments: 


At b (just io left)j 

= +{2SJ5){6) - 

6 {just to right), 

M6« = (28.7 5) {6) + {30)i,3) 

= -fg6;2.5fc^ 

At c {Just io left), 

Mci^ - 262.5 - {1.25){8) - -{-252.5^' 


At c {just to right). 


3 0^ 


30^ 


J' 




/75q jij/M 


fB 


isolate element of beam 
between two cross 
sections — one just io 
left, one just io right of 
point c. This element 
will have a differential 
length, say, of 0+ ft. 


= 0 , 7 

-{■252.5 - {30) {3) - (/.25)(0+) 

M.* = 252.5 - 90 - 0 = +162.5^' 
At d {just to left), 

- {1.25) {8) + {30) {3) = +100^' 

At d (Just to right), 

= {1.25){8) - -{-m' 


Discussion : 


As is evident in Chap. 2, the computation of the reactions of such structures may be 
carried out without first computing the forces that the individual pulleys apply to the beam. 
However, for the construction of shear and bending-moment curves and the computation of 
internal stresses in the beam, it is necessary to compute the detailed manner in which the 
pulleys apply the loads. reactions from sketch I and the pulley loads having been 

computed, sketch II may be drawn, showing the precise manner in which the structure is 
loaded. 

As explained in the latter part of Art. 3 7, it is unwise to attempt to draw a load curve 
in such problems. Instead, the load carve is replaced by a free-body sketch such as sketch 
IL The student may now proceed io draw the shear and bending-moment curves, using 
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Example 3*7 




SMa = 0 ,^ 

(5) (30) (12) - (/?6v)(24) = 0 

R,, - 7 ^ 

XMt = 0, +* 

-(5)(30)(12) + (Ray)(m = 0 

Ray == 75 * 


Shear and bending moment: 
At a distance x from a, 

-- 60 - Itx 
Mx == 60x — 2ar® 


When X ~ 15', 

- 4(15) = 0 

Mu = (et?)(15) - (2) (15) 2 - 4-450*' 


When inclined beams are axled upon by a uniformly distributed vertical load per unit 
of axial length, such as their own dead weigtd, the load intensity may be resolved into 
components perpendicular and parallel to the axis of the beam. If the load is applied to 
the axis of the beam, only the component perpendicular to the axis contributes to shear 
and bending moment, the component parallel to the axis contributing only to the axial 
force. If the reactions are also resolved into components parallel and perpendicular to 
the axis, the shear and bending-moment curves may easily be constructed in the usual 
manner. These curves may be drawn about axes drawn parallel to the member or, for 
convenience, in the manner illustrated above. The load curve may also be used to advantage 
in such problems. 
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3*9 Illustrative Example — Girders with Floor Beams. In all 

the previous examples, the loads have been applied directly to the beam 
itself. Quite often, liowever, the loads are applied indirectly through a 
floor system that is supported by girders. A typical construction of this 
kind is shown diagrammatically in Fig. 1-7 and also in Fig. 3-6. In 
such a structure, the loads P are applied to the longitudinal members aS, 
which are called stringers. These . are supported by the transverse 




members FB, called 
floor beams. The floor 
beams are in turn sup- 
ported by the girders G. 
Therefore, no matter 
whether the loads are 


applied to the stringers 


as a uniformly distri- 



buted load or as some 
system of concentrated 
loads, their effect on 
the girder is that of 
concentrated loads 


applied by the floor beams at points a, 6, c, etc. 

To illustrate the construction of the shear and bending-moment curves 
for girders loaded in this manner, consider Example 3 • 8. For simplicity, 
it will be assumed in this example that the loads are applied to stringers 
supported on the top flange of the girder as shown. The stringers and 
girder will be assumed to lie in the same plane. It will further be assumed 
that the stringers are supported as simple end supported beams, with a 
hinge support at one end and a roller at the other. As a first step, it is 
necessary to obtain the stringer reactions and from them to determine 
the concentrated forces acting on the girder. From this point on, the 
construction of the shear and bending-moment curves for the girder 
proceed as for any beam acted upon by a system of concentrated 
loads. 

The student should study the following questions concerning this type 
of structure : How do the shear and bending-moment curves differ in the 
two cases, i.e., with and without the stringers? Is there any notable 
similarity? If a, uniformly distributed load is applied to the structure, 
how will the shear and bending-moment curves compare with and with- 
out stringers? If the stringers are not supported as simple end-sup- 
ported beams by the girder, will the answers to the previous questions 
be altered? Problems at the end of the chapter will emphasize some of 
these points. 
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Example 3‘8 



Considering isolated girder acted 
upon hy stringer reactions, 

XMa + 

{80) {IP) - SOP 
{^0){2P) - SOP 

{50) {3P) == i50P 

(40) (4P) = leop 


{5P){Bfy) - ^7 OP 
Net Rfy - ,94* ^ 



XMf = 0, + 

{80) {^P) = 3WP 

{/t0){3P) = nop 

{50) {^P) = iOOP 
{^0){iP) - 40P 


(5P)(/?aJ - 580P 
Net Rav ^ li6^ t 

GrOisS Ray — i36^ 

XFy = 0, t + 

m + 136 ~ {3){/t0) ~ ( 4 )(,? 0 ) 
- 20 - 0 

26*0 - m - 120 -20 = 0 O.K. 


These reactions may also be checked 
hy using the applied loads directly. 
Shoar and bending moment on 
girder: 


Gross Rav — 
*So— 6 — 

«SV_d- 


i.?0* 


-20 

0 =Ma 

116^X6=^ 

+ 090*' 

-SO 

+090*' -Mfr 

36 X0 = 

+ 2/0 

-40 

+9/2 =Mc 

-4 X0 = 

-24 

-50 

+000 «Afd 

-54 X6*- 

-024 

-40 

+504 

-94 X0 = 

-56/* 

-30 

0 --Mf 


Gross Rfy 


-m 

«-fi24 

-IT 
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Discusiftion : 

‘Note the terms gross” and ”nei” reactions. The gross reaction is the total force 
supplied by the support and includes any load applied to the beam immediately over the 
support point. The net reaction is the reaction at a support due to all loads except the 
one applied right at this support. Note that only the net reaction enters the computations 
for shear and bending moment. 


3*10 Illustrative Examples — Statically Indeterminate Beams. 

From the discussion in Chap. 2, it will be recalled that the stress analysis 
of indeterminate structures involves the satisfaction of not only the 
equations of static equilibrium but also certain conditions of distortion. 
The analysis of such structures is discussed in detail later in this book. 
In these later chapters, it will be seen that, after some of the unknown 
stress components (such as reactions, shears, and moments) liave been 
found so as to satisfy the conditions of distortion, the remaining unknowns 
may be found so as to satisfy the equations of static equilibrium. That is, 
the remaining portion of the problem is statically determinate and may 
be handled by means of the techniques explained in Chaps. 2 and 3 for 
statically determinate structures. 

Once the reactions of a statically indeterminate beam have been 
determined, the shear and bending moment may be computed at any 
desired cross section in the same manner as dhat used for statically 
determinate beams. The same principles may also be followed in con- 
structing shear and bending-moment curves. 
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Example 3-9 The following bending moments have been computed by using methods 
discussed later for analysis of statically indeterminate structures; 

Af. = -85.17"' 

Mi = -60.05"’ 

Me = 0 




Sketch I: 

7:Mi = 0 , +*, (,Iley)ilO) +60.05 -85.17 
- (60) (i) = 0 

Sii, = 26.51 - 60 = -33.69" 

Sketch 11; 

SMi, = 0 , +“, 

(5)(10)(5) - 60.05 - (Rcv){10) = 0 
Ttey = 19.00" i- 

Sis = -19.00 + 50 = +31.00" 
Sketch III; 

= 0 , I +, Riy = 33.69 + 31.00 
= 66.69" ^ 

Bendirif^ moments: 

Me = -85.i7 + i26.51){6) 

= + 73 . 89 ^' 

Between h and c, find Mmaz, 

6’x == 31.00 - 5x 
When Sg; =0 == 31 - 5x, 

= -60 05 + (31.00) (~) 
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shear and bending moment 


1^3- 10 



Example 3 • 10 The following bending momenta 
have been computed by methods of analysis of indeter- 
minate structures: 


** Lower fibers” considered us 
being on the side of the member 
by the dashed lines. ( + ) Bend- 
ing moments cause tension in 
lower fibers 


At A end of AB, M ~ —260.9 
At B end of AB, M = - 62.0 
At B end of BD, M ^ - 62.0 
At D end of BD, M - -/430.0 
At D end ofDE, M = -f 7^ 0 
At D end of DG, M == -\-502.7 


Jdso^ e/.so^ f,t lOQf^ 

SJS /^Ab ic jpk sjs/^/ ' eIx t 

Jd.s\ I 




us/!’ (ja) 

(nr) 

G ^3.5!^ 
'38.60^ 


- 0, 260.9 


- 0, iOO Xi6 ^ 



- 6 /. 50 i -22:90 


, \c D 

3860^ 

3850^ ^ 38.60^ 

T A 502J^%33.5jf< 

L y./g 5 

S T260.9t^' « 

ip 38.S0>< >38 60 

< ‘ Co 


too^ 

E 

n2.90>^ 


Sb - 38.5 - 
- 0 , 100 X 16 


Sd = 61.5 

== 0, 100 X 30 


Bsy 122 9 ^ 


1,662 0 

-7,30.0 

1.232.0 
32 

■■ 1,600 
7,30 

2,030 

-62 

1,968 

32 

3.000 
72.6 

JfifTe 

25 
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Problem 3-1 Draw the shear and bending-moment curves for the condi- 
tions of loadiniT of a simple end-supported beam as shown in Fi^f. 3 7. 

Suggestion: What is the maximum bendinj? moment in each case? If, in 
part by k equals 0.5, what is the maximum bending moment? 



Fig. 3 7 

Problem 3*2 Draw the load, shear, and bending-moment curves for the 
beam of Fig. 3 • 8. 



Fig. 3-8 


Problem 3*3 Draw the shear and bending-moment curves for the beam of 
Fig. 3 -9. 



Fig. 3-9 

Problem 3*4 Draw the shear and bending-moment curves for the beams 
shown in Probs. 2 • 2a and b. 

Problem 3*5 Draw the shear and bending-moment curves for beam AB 
of Fig. 3 10. 




Fig. 3 11 


Problem 3*6 Draw the shear and bending-moment curves for the beam of 
Fig. 3 11 
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Problem 3'7 Draw the shear and bending-moment curves for beam ab 
of Prob. 2 ’ 2d and for beams ah and cd of Prob. 2 • 2e. 

Problem 3*8 Draw the shear and bending-moment curves for members 
ab and be of the structure of Fig. 3 • 12. 



Fig. 3 12 


Problem 3*9 Draw the shear and bending-moment curves for girder ab 
of Fig. 3 13. 


Fig. 3 13 


Problem 3*10 Draw the shear and bending-moment curves for girder ab 
of Fig. 3 • 14. 




Fig. 3 14 



CHAPTER 4 


TRUSSES 

4-1 General — Definitions. In this chapter, the general theory 
of the stress analysis of trusses is discussed. Consideration is also given 
to the manner in which the members (bars) of a truss must be arranged 
in order to obtain a stab! i structure. In a subsequent chapter, the stress 
analysis of some of the more important types of bridge and roof trusses 
under design loading conditions is considered in detail. 

A truss may be defined a structure composed of a number of bars, 
all lying in one plane and hinged together at their ends in such a manner 
as to form a rigid framf'work. For the purposes of the discussion in this 
chapter, it will be assumed that the following conditions exist: (1) The 
members are connected together at their ends by frictionless pin joints. 
(2) Loads and reactions are applied to the truss only at the joins. (3) 
The centroidal axis of eacli member is straight, coincides with the line 
connecting the joint centers at each end of the member, and lies in a 
plane that also contains the lines of action of all the loads and reactions. 
Of course, it is physically impossible for all these conditions to be satisfied 
exactly in an actual truss, and therefore a truss in which these idealized 
conditions are assumed to exist is called an ideal truss. 

Any member of an ideal truss may be isolated as a free body by dis- 
connecting it from the joints at each end. Since all external loads and 
reactions are applied to the truss only at the joints and no loads are 
applied between the ends of the members themselves, the isolated member 
would be acted upon by only two forces, one at each end, each force 
representing the action on the member by the joint at that end. Since 
all the pin joints are assumed to be frictionless, each of these two forces 
must be directed through the center of its corresponding pin joint. 
For these two forces to satisfy the three conditions of static equilibrium 
for the isolated member, = 0, XFy = 0, and SM = 0, it is apparent 
that the two forces must both act along the line joining the joint centers 
at each end of the member and must be numerically equal but opposite in 
sense. Since the centroidal axes of the members of an ideal truss are 
straight and coincide with the line connecting the joints at each end of 
the member, every transverse cross section of a member will be subjected 
to the same axial force but to no bending moment or shear force. The 
stress analysis of an ideal truss is completed, therefore, when the axial 
stresses have been determined for all the members of the truss. 
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Three-dimensional structures composed of a number of bars hinged 
together in such a manner as to form a rigid framework are called space 
frameworks. Such structures are discussed in detail in a later chapter. 

4*2 Ideal vs. Actual Trusses. While it is true that the ideal 
truss is hypothetical and can never exist physically, the stress analysis 
of an actual truss based on the assumption that it acts as an ideal truss 
usually furnishes a satisfactory solution for the axial stresses in the mem- 
bers of the actual truss. The axial stresses in the members, or bars, of a 
truss will be referred to as the l>ar stresses. The stress intensities due to 
the bar stresses computed on the basis that the truss acts as an ideal 
truss are referred to as primary stress intensities. 

The pins of an actual pin-jointed truss are never really frictionless; 
moreover, most modern trusses are made with riveted or welded joints 
so that there can be no essential change in the angles between the mem- 
bers meeting at a joint. As a result, even when the external loads are 
applied at the joint centers, the action of the joints on the ends of a 
member may consist of both an axial and transverse force and a couple. 
The transverse cross sections of a member may be subjected, therefore, 
to an axial force, a shear force, and a bending moment. In addition, 
the dead weight of the members themselves must necessarily be dis- 
tributed along the members and therefore contributes to further bending 
of the members. If good detailing practice is followed and care is taken 
to see that the centroidal axes of the members coincide with the lines 
connecting the joint centers, additional bending of the members due to 
possible eccentricities of this type may be eliminated or minimized. 

All these departures from the conditions required for an ideal truss 
not only may develop a bending of the members of an actual truss but 
also may cause bar stresses that are somewhat different from those in an 
ideal truss. The difference between the stress intensities in the members 
of an actual truss and the primary stress intensities computed for the 
corresponding ideal truss are called secondary stress intensities. It may 
be demonstrated, however, that in the case of the usual truss, where it is 
detailed so that the centroidal axes of the members meet at the joint 
centers and where the members are relatively slender, the secondary 
stress intensities are small in comparison with the primary stress intensi- 
ties.^ The primary stress intensities computed on the basis that the 
truss acts as an ideal truss are therefore usually satisfactory for practical 
design purposes. 

In subsequent discussions, the term truss will be used to ^enote a 

1 See Parcel, J. L, and G. A. Maney, “Statically Indeterminate StreBses,’* Ist ed., 
Chap. VII, John Wiley & Sons, Inc., New York, 1926. 
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framework that either is actually an ideal pin-jointed truss or may be 
assumed to act as if it were an ideal truss. 

4*3 Arrangement of Members of a Truss. In Art. 4 1, it is 
stated that the members of a truss must be hinged together in such a 
manner as to form a rigid framework. The term rigid as used in this 
instance has the same significance as when used previously in Art. 2 *3, 
i.e., a framework is said to be rigid if there is no relative movement 
between any of its partkies beyond that caused by the small elastic 
deformations of the members of the framework. In this sense, a rigid 
framework may be obta.|iied by arranging the truss members in many 
different ways. Wh^n tht‘ bars have been satisfactorily arranged in one 
of these ways, the entire truss can be supported in some manner and used 
to carry loads just like a beam. 

Suppose that it is necessary to form a truss 
with pin joints at points a, 6, c, and d. If this is 
attempted by pins connecting four bars together 
as shown in Fig. 4 1a, the resulting framework 
will not be rigid and may collapse in the manner 
shown owing to the loads P, until, in this case, 
joints tt, d, and c, are lying along a straight line. 

After a little thought, it is apparent that any 
attempt such as this to connect four or more 
joints together with a like number of bars hinged 
at their ends will result in a framework which 
will collapse under all but a few special conditions 
of loadings. If, however, points a and b are first 
connected by a bar ab, then two other bars of lengths ad and bd can be 
hinged at a and b, respectively. If the d ends of these bars are then 
hinged together at point d, a rigid triangle will be formed connecting joints 

а, 6, and d. Bars of lengths dc and be can then be connected to the pin 
joints at d and 6, respectively. The c ends of these bars can then be made 
to coincide at point c and pinned together at this point, thus rigidly con- 
necting joint c to the triangle ahd and resulting in a rigid framework of 
five bars with joints at a, 6, c, and d. As alternate arrangements, point c 
can be connected to joints a and b by bars ac and be or to joints a and d 
by bars ac and dc. Several other alternate arrangements can be used by 
first forming a triangle with joints a, 6, and c; pr with a, d, and c; or with 

б, c, and d. Any of these arrangements will result in a rigid framework 
capable of withstanding any system of joint loads without collapsing. 

In this same manner^ any number of pin joints can be connected 
together with bars to form a rigid framework. The procedure is first to 
select three joints that do not lie along a straight line. These three points 


P 
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can then be connected by three bars pinned together to form a triangle. 
Each of the other joints can then be connected in turn, two bars being 
used to connect it to any two suitable joints on the framework already 
constructed. Of course, the new joint and the two joints to which it is 
connected should never lie along the same straight line. Each of the 
trusses shown in Fig. 4 • 2 has been formed in this manner by starting with 
a rigid triangle abc and using two additional bars to connect each of the 
other joints in alphabetical order. 



Trusses the bars of which have been arranged in this manner are 
called simple trusses, for this is the simplest and commonest type of bar 
arrangement encountered in practice. 

In ail truss diagrams such as those shown in Fig. 4 • 2, the members 
will be represented by single lines and the pin joints connecting them by 
small circles. Sometimes bars may cross each other but may be arranged 
in such a manner that they are not connected together by a joint at their 
point of intersection. 

When the members have been arranged to form a simple truss, the 
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entire framework may then be supported in the same manner as a beam. 
In order to approach the conditions of an ideal truss, the supports should 
be detailed so that the reactions are applied at the joints of the truss. 
Upon recalling the discussion in Art. 2 • 5, it is apparent that, if the sup- 
ports of the truss are arranged so that they are equivalent to three-link 
supports neither parallel nor concurrent, then the structure is stable and 
its reactions are statically determinate under a general condition of load- 
ing. Illustrations of a sLiiple truss sup- 
ported in a stable and statically determi- 
nate manner are shown in Fig. 4 • 3. 

Sometimes it is desirable to connect two 
or more simple trusses together to form one 
rigid framework. In such cases, the com- 
posite framework built up in this manner 
is called a compound truss. One simple 
truss can be supported adequately by 
another simple truss if the two trusses are 
connected together at certain points by 
three links neither parallel nor concurrent 
or by the equivalent of this type of con- 
nection. Hence, two trusses connected in 
this manner will form a composite frame- 
work that is completely rigid. Additional 
simple trusses can be connected in a similar 
manner to the framework already assembled 
to form a more elaborate compound truss. 

Several examples of compound trusses 
are shown in Fig. 4 -4. In all these cases 
the simple trusses that have been connected 
together are shown crosshatched. In 
trusses a, c, and /, the simple trusses have 
been connected together by bars 1, 2, and 3. 

In cases b and c, the trusses have been hinged together at one common 
joint, thus requiring only one additional bar to form a rigid composite ^ 
framework. In case d, the additional bar connecting trusses A and B 
together has been replaced by the simple truss C. 

The members having been arranged to form a compound truss, the 
entire framework may be supported in the same manner as a simple truss. 

4*4 Notation and Sign Convention Used in Truss Stress 
Analysis. Before the stress analysis of trusses is discussed, it is neces- 
sary to establish a definite notation and sign convention for designating 
the bar stresses in the members of a truss. 


b d f 


/\ 


7 

K 

1 

Y ^ A ^ 
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The various members of a truss will be designated by the names of 
the joints at each end of the member. The letter F will be used to denote 
the bar stress in a member. Thus, subscripts being used to deimte the 
bar, Fah denotes the bar stress in member ah. The values of the bar 
stresses in the members of a truss are often tabulated or written alongside 
the various members on a line diagram of the truss. For this purpose, 
it is convenient to have a definite (‘oiivention for designating the character 
of stress in a member, i.e., whether the internal stress is tension or com- 
pression. The most convenient convention is to use a plus ( + ) sign to 
designate a tension and a minus ( — ) sign to designate a compression. Thus, 




+ 10 means a tension of 10, and —10 a compression of 10. A plus sign is 
used to designate tension because such a bar stress causes an elongation, 
or an increase in the length, of the bar. Thus, a plus stress causes a plus 
change in length. On the other hand, a compression, or minus, bar 
stress causes a decrease, or minus change, in length of a bar. 

In the stress analysis of trusses, it is often convenient to work with two 
rectangular components of a bar stress rather than the bar stress itself. 
For this purpose, two orthogonal directions x and y are selected (usually 
horizontal and vertical, respectively), and the two corresponding com- 
ponents in bar ah are designated to Xah and Yah> It is particularly 
important for the student to be completely familiar with the various 
relationships between a force and its two rectangular components. 
These relationships are so important in truss analysis that a student must 
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have complete facility with them. For this reason, some of them are 
reviewed at this time. When it is realized that a bar stress acts along 
the axis of a member, the following statements are self-evident: 

1. The horizontal {or vertical) component of a bar stress is equal to the 
bar stress multiplied by the ratio of the horizontal {or vertical) projection of a 
member to its axial length. 

2. The bar stress of a member is equal to its horizontal {or vertical) com- 
ponent multiplied by the ratio the axial length of the member to Us horizontal 
{or vertical) projeclion. 

3. The horizontal comp inenl of n bar stress is equal to the vertical com- 
ponent multiplied by the ratiO of the horizontal to the vertical projection of 
the axial length, and vue versa. 

The following principle is also useful and important in dealing with bar 
stress computations: 

4. Any force may be replaced by its rectangular components as long as 
the components are both assumed to act at some one convenient point along the 
line of action of the force. 

4*5 Theory of Stress Analysis of Trusses. To determine the 
adequacy of a truss to withstand a given condition of loading, it is first 
necessary to compute the bar stresses developed in the members of the 
truss to resist the prescribed loading. The fundamental approach to 
studying the internal forces, or stresses, in any body is the same whether 
it be a beam, a truss, or some other type of structure. In the case of a 
truss, this approach consists in passing an imaginary section that cuts 
through certain of the bars and isolates some convenient portion of the 
truss as a free body. Acting on the internal cross sections exposed by the 
isolating section will be internal forces, or stresses. In the case of a 
member of an ideal truss, the resultant of these stresses is simply an axial 
force referred to as the bar stress in the member. 

If the truss as a whole is in static equilibrium, then any isolated por- 
tion of it must likewise be in equilibrium. Any particular isolated 
portion of a truss will be acted upon by a system of forces which may con- 
sist of certain external forces and the bar stresses acting on the exposed 
faces of those members which have been cut by the isolating section. 
It is often possible to isolate portions of a truss so that each portion is 
acted upon by a limited number of unknown bar stresses, which may then 
be determined so as to satisfy the equations of static equilibrium for that 
portion. 

This procedure may be explained quite easily by considering a specific 
example such as the simple truss shown in Fig. 4 -5. This truss is sup- 
ported in such a manner that the reactions are statically determinate and 
are easily computed as shown in the figure. Proceeding now with the 
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determination of the bar stresses in this truss, suppose an imaginary 
section is passed around joint a, cutting through bars ah and ab and thus 
completely isolating joint a from the rest of the truss as shown in free- 
body sketch A of this figure. 

Such an isolated joint will be a body acted upon by a concurrent 
system of forces since the bar stresses in the cut bars of an ideal truss and 



Fig. 4 *5 
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the external forces are all forces the lines of action of which are directed 
through the center of the isolated joint. The resultant of a concurrent 
system of forces cannot be a couple, and hence the force system will be 
in equilibrium if = 0 and XFy = 0. Therefore, if there are only two 
unknown bar stresses acting on a given isolated joint and these do not 
have the same line of action,^ the two conditions for static equilibrium 
will yield two independent equations that may be solved simultaneously 
for the two unknown stressts. If there are more than two unknown bar 
stresses, the values of all of the unknow ns cannot be determined immedi- 
ately from these two <K{ua Jons alone. 

In this particular cast:, however, the isolated joint a is acted upon by 
the known reaction and only two unknown bar stresses Fah and Fab* 
The slopes of the membt-rs being known, the horizontal and vertical com- 
ponents of the two unknown bar stresses may be expressed in terms of 
the bar stress as shown in sketch A. The two equations of static equilib- 
riuin may then be written, assuming both Fah and Fab as being tensions, 

SF, = 0, +T, 58 + fiFaK = 0 (a) 

2Fj. = 0, 'j^Fah + Fa6 = 0 (6) 

Then, from Eq. (a), 

Fah — ““72.5 kips (compression) 
and hence, from Eq. (6), 

Fa^ = -y^Fah = -(3^)(-72.5) = +43.5 kips (tension) 

Then the components of Fah are 

= (3^) (-72.5) = ^43.5 kips 
Yah - (^g)(-72.5) = ~ 58 kips 

Thus, the minus sign indicates that Fah 1*=^ opposite to the assumed sense 
(a compression), while the plus sign indicates that F^a, is in the assumed 
sense (a tension). The sign of the results, therefore, automatically 
conforms to the sign convention that has been adopted to indicate the 
character of stress. These results may now be recorded on the line 
diagram of the truss as —72.5 and +43.5, the signs indicating the proper 
character of stress. The components of the stress in ah may be recorded 
conveniently as shown on the line diagram. 

Such conformity in the signs of the results will always be obtained if, 
in drawing the free-body sketches and setting up the equations of static® 

1 If the two unknown bar stresses have the same line of action, will the two equa- 
tions be consistent and independent? 
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the sense of the unknown bar stresses is assumed to be tension. If this is 
done, then a plus sign for an answer indicates that the assumed sense is 
correct and therefore tension, while a minus sign indicates that the 
assumed sense is incorrect and therefore compression. Thus the signs 
of the results will automatically conform with the established sign 
convention. 

The procedure just used may be applied in principle to solve for the 
unknown bar stresses at any isolated joint that is acted upon by only two 
unknown bar stresses. In this particular truss, the remaining unknown 
bar stresses could be computed easily by isolating the remaining joints 
one after the other, always selecting the next joint to be isolated so that 
the stresses in all but two (or fewer) of the cut bars have previously been 
computed. Of course, it is also necessary for these two unknown bar 
stresses to have different lines of action. This technique of passing a 
section so as to isolate a single joint of a truss is called the method of joints. 

Sometimes it is more expedient to pass a section that isolates a portion 
containing several joints of a truss. This latter technique of passing the 
cutting section is called the method of sections. An isolated portion con 
sisting of several joints of a truss will be a body that is acted upon by a 
nonconcurrent system of forces that may consist of certain external forces 
and the bar stresses in those bars cut by the isolating section. For equi- 
librium of such a portion, the three equations XFx = 0, XFy == 0, and 
SM = 0 must be satisfied by the forces acting on this part of the truss. 
Therefore, if there are only three unknown bar stresses acting on this part 
and these three bars are neither parallel nor concurrent, the values of 
the three unknown stresses may be obtained from these three equilibrium 
equations. 

A typical application of the method of sections is shown in free-body 
sketch E of Fig. 4 *5. In this case, the cutting section is passed through 
bars hg, he, and be, thus isolating the portion of the truss to the left of 
this section. The unknown stresses in these three cut bars may now be 
determined by solving the three equations of equilibrium for the isolated 
portion. In previous discussions of the computations of reactions, it has 
been demonstrated that it is often possible to expedite the solution in 
such cases of nonconcurrent force systems by using ingenuity in writing 
the equations of statics. For example, to solve for take moments 
about point e, the point of intersection of Fhi, and Fbe, and resolve Fhg into 
its horizontal and vertical components at point g. Then only Xhg enters 
the moment equation, and 

SMo = 0, (A^O(42) + (58) (48) ^ (32) (34) - 0 

whence Xhg = -48 and by proportion Yhg - -’20 find Fhg ^ -52, In 
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a similar manner, 

SM;, = 0, q?, (58) (24) ~ (F.c)(32) - 0 

whence == +43.5, Then either = 0 or 'ZFy = 0 may be used to 
obtain the horizontal or vertical component, respectively, of F^- 

^Fx = 0, Tj?, Xhc + 43.5 — 48 = 0 

whence Xhc = +4.5 and by propoilion Yhg = +6 and Fhg = +7.5. Of 
course, any three independent equations of statics could be written and 
solved for these three uqknown stresses. However, if ingenuity is not 
used, the three equations i iay all contain all three unknowns and have 
to be solved simultaneously, whereas, as just shown, it is possible to 
write three equations, each of which contains only one unknown. 

4*6 Application of Method of Joints and Method of Sections. 
In the previous article, the eejuations involved in applying both the 
method of joints and the method of sections were set up in a rather formal 
manner. However, it is often unnecessary to do this. For example, 
consider joint a, which was used in illustrating the method of joints in 
the previous article. At the present time, (consider this isolated joint as 
shown in free-body sketch B of Fig. 4-5. By inspection, it is obvious 
that, for XFy = 0 to be satisfied, the vertical component in bar ah must 
push downward with a force of 58 kips in order to balance the reaction. 
Then, by proportion, the horizontal component and the bar stress itself 
in this bar are equal to 43.5 and a compression of 72.5, respectively, 
acting in the directions shown. The horizontal component in ah being 
known, it is now apparent that, for XFx == 0 to be satisfied, the stress in 
ab must be a tension of 43.5 acting to the right to balance the horizontal 
component in ah acting to the left. 

Since the bar stress in ab is known, it is a simple matter to find the 
stresses in be and bh by passing a section that isolates joint b as shown in 
free-body sketch C of Fig. 4 • 5. Again, this simple case may be easily 
solved in an informal manner to obtain the two unknown bar stresses 
Fbc and Fbh- To satisfy = 0, it is apparent that Fbc must a tension of 
43.5 and, to satisfy XFy = 0, Fbh must be a tension of 20. 

If joint h is isolated in a similar manner, as shown in free-body sketch 
D, the isolating section will cut through four bars, two in which the bar 
stresses are known and two in which they are unknown. Again these two 
unknowns may be found from the equilibrium conditions SF* = 0 and 
XFy == 0 for the isolated joint. Assuming the unknown stresses to be 
tension, the two equations may be written as follows: 

iFx = 0, 1?, ^HzFhg + Hf'Ha + 43.5 - 0 

SFv - 0, HsFha - HFhc - 12 - 20 + 58 - 0 
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In this case, unfortunately, both equations contain both unknowns, and 
it is necessary to solve the equations simultaneously for these two values. 
Of course, the two unknowns can be obtained quite easily in this manner, 
but consider the advantages of proceeding as follows: 

In the discussion of computation of reactions in Chap. 2, it will be 
recalled that it was often advantageous to replace either or both SF* = 0 
and SFy = 0 by one or two moment equations. A similar technique is 
likewise desirable in the present case of the isolated joint ft. Suppose 
that in free-body sketch D the positions of joints a, c, and g are located in 
space as shown. Then, = 0 could be used ins'.ead of the equation 
SFy = 0 or 2F* = 0. Taking moments about point c not only elimi- 
nates Fhc from the equation but also makes it possible to simplify the 
computation of the moments of the stresses in bars aft and hg. These 
two bar stresses may now be resolved into their vertical and horizontal 
components at joints a and g, respectively, and then only the vertical 
component of Fah and the horizontal component of Fhg will enter the 
moment equation and the lever arms of both these components are easily 
obtained. In this way, 

SMc = 0, ^7, (A.,) (42) + (58) (48) -- (32) (24) = 0 = ~48 

and by proportion Yhg = — 20 and Fhg = —52. 

Fhg and its two components being known, it is an easy matter to use 
either SF* = 0 or SFy = 0 and obtain, respectively, either the horizontal 
or vertical components of the stress in he directly. For example, since 
Xhg = —48, the horizontal component in he must act to the right with 
4.5 kips so as to balance the 43.5 kips in ah and make SFa, = 0. This 
means that this bar is in tension and by proportion the bar stress and 
vertical component are +7.5 and +6.0, respectively. All these computa- 
tions may now be checked by seeing whether the results satisfy ZFy = 0. 

In the following illustrative examples, additional techniques and 
“tricks” will be used to expedite the application of the method of joints 
and the method of sections. In the first few examples, all the free-body 
sketches will be shown in detail. To train the student to visualize free- 
body sketches when possible, such sketches will be omitted in the later 
examples. When desirable, the numerical computations will be carried 
out in an informal manner. If the student finds it difficult to follow these 
short cuts, he should draw the necessary free-body sketches and set up 
the equilibrium equations in a fundamental manner. The student should 
recognize that it is desirable to develop a facility for visualizing free-body 
sketches and solving equilibrium equations in an informal manner; but 
he should also recognize that even the expert has to go back to funda- 
mentals — draw sketches and write equations — whenever he is confused 
or faced with a difficult problem. 
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The student should also note carefully the technique of drawing free- 
body sketches of isolated portions Of a truss. Any bar stress that is 
known in magnitude^ from previous computations should be shown acting 
with this known magnitude on any sketch that is drawn subsequently. 
For example, in drawing free-body sketch D of Fig. 4-5, the stresses in 
bars ah and bh have previously been computed and recorded on the line 
diagram of the truss as —72.5 and +20, respectively. Hence, the bar 
stresses acting on the stub cuds of these two bars should be shown push- 
ing the stub end of ah into joint h and pulling the stub end of hh out of 
this joint. Thus the serse of these known bar stresses having been 
indicated by arrows, the forces should be labeled with their numerical 
value only, uiz., simply by 72.5 and 20, not by —72.5 and +20. As 
suggested in the previous article, the free-body sketch is completed by 
showing the unknown bar stresses as being tensions. 

When the value of a bar stress is recorded on the line diagram of the 
truss, it will be found helpful also to draw anows at each end of the mem- 
ber, indicating the direction in which the force in the member acts on 
the joint. This procedure will be followed in recording the bar stresses 
in the remaining illustrations of this chapter. 

^ Note that magnitude has previously been defined as including the sense in which 
a force acts. 


Example 4* 1 Compute the bar sfresxes in members Cc, CZ), rd. cD^ and DE of this 
truss, due to the loads shown. 



20X1 = 20 

^0X2= 80 

20 X5 = m 
200 

-10 X 1 = -10 


190 

Rfy = ^7.5 t 

2M/ =0, ^ 

^0X2= -80 

20X3 = -60 

iOX5 ^ -50 

-190 

20X1 ^ W 

-170 
Bby = ^ t 
SF, « 0, t + 

47.5 + 42.5 -10-20- W 
- 20 « 0 
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Bar Cc. Secf/’on Q)-Q) 
BarCD 




Bar DE. Gecfion 



iOY.% =» +20 
47.5 X ^ = -i42.5 
- 122.5 

Fc. = + = +50.62 

SM. =0, "+ 

47.5 X ^ = +47.5 
iO X 2 = -20 


XcD 


Fcd 


+27.5 
-{27. 5) {30) 




-( 20 . 02 ) 


- - 20 02 
'31.63\ 

. 30 ) 

- -2^.74 


= 0 , +* 

10 X2 +20 

20 X ^4 -- 00 

+ iOO 

47.5 X 0 = -i42.5 
-42.5^ 

.-. Tcd = - ~i0.02 

= -i0.02X 3^ 

= -12.4 


2 Mi> = 0, 

20X1 ^ -20 
10X3 -- 

-50 

it7.5 X 2 = +05 

+ 45^ 

.-. A’ci = +45 X 3^ = +27 

SM. = 6, 

42.5 X i = -42.5 
20 X 2 - +40. 

— 2.5 

Xz)ir = —2.5 X 

= - 1.00 

/. Fz>if « -1.00 X ~ 

= - 1.00 
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Note that, after the stress in Cc has been found, the vertical component of the stress in cD 
can easily he found by isolating joint c. Note also that, the stress in cD being known, the 
vertical component in CD can be found from XFy = 0 rather than 'LMc ^ 0 for the free- 
body sketch for section 2-2. The stress in CD being known, the stress in cd can be obtained 
from SFjr = 0 applied to this free-body sketch. 

The stress in member DE can be obtained by isolating the portion of the truss to either 
the right or the left of section 3-3. The portion to the right was chosen because it has fewer 
external forces acting on it. 

In all these computations, the moments of the vertical forces are computed in ternhs 
of panel lengths. When necessary, the panel length of 30 ft is substituted at the end of the 
computation. This trick simplifies the numerical work in such computations. 


Example 4*2 Determine the bar stresses in members dg, eg, gh, and hm. 



xMi - 0 , 

{20) (30) - 600 

(30) (HO) - i,200 

1 , 800 ^ 

XM„ = 0 , +• 

(30) (40) - +/.200 
(20) (30) = - 600 
+ 600 

A Riy - 

Check by « 0, -ft* 

-20 - 20 -\-60 - 20 ^ 0 
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SM/ 

(i0){20) = ^200 
(20) (30) = -600 

-© =zim 


Bar eg: Sechon ®-® 



XMk - 0, +* 

(i3.33)(30) - 
(i0)(20) - -\-200 

(i0){^0) = 

-\-1M0 

(20) (30) - -600 

-\-mo^ 

F,„ = +i6.67 


Bar gh: Isolate Joint g. 
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Bar hm: Isolate joint h. Then, consider portion above isolated by section From 



A A 


Discussion: 

If the stresses in all the bars are required, the method of joints can be applied, the joints 
being isolated successively in the following order: a, c, b, d, f, e, g, k, h, I, m. This is 
probably the most efficient method of finding all the bar stresses in thus particular truss. 
If only a few particular bar stresses are required, the computation can be carried out as 
illustrated in this example. 
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Example 4*3 Compute the bar stresses in members bcy BC, aCy and bC, 

10 X Hp = 

20X Ip ^ 20 p 

30 X 2p = 60 p 

40 X 3p = 120 p 

-{-213.3p 

I{,y = 

XM. = 0 , 7 

20 X 3p = -60p 

30 X 2p = -60p 

W X ip — —Wp 

-mp 

iO X %p = +i3.h 

— 1^6.6 p 

liay = 36.6 ^ 

Check: 

XFy = 0, t-f , 36.6 - 20 - 30 

- 40 -i 53.3 = 0 

Bar be; Portion to left of 1-1, XMc = 0, +*, 36.6 X 2p = 73.6p 



20 Xi p ^ 

■■ -20. Op 




53.3p 

Fbe 

Bar BC: Isolate joint A, then B. 

Fbc “ — iO 



Bar aC: Portion to left of 2-2, 

ZFy - 0 Yac 

- -36.6 



:. Fac = (-36.6) = -figj 

Bar bC: Portion to left of /-/, with stress in aC known, then, from XFy — 0, 

.% Ybc - ±20 

or, from joint B, Fbo ~ 0; then, from joint 6, 2)Fy == 0 



/. Yw = +20 
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Example 4*4 Compute the bar stresses in members cd, BC, hm, nf, nF, and md. 
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Bar nf: Isolating joint E shows Fsn = —iO. Hence ^ considering portion isolated by 
section 3-3, 

= 0, 10 X ip -- iOp Ynf = Xn/ = ^7.5, = -9.01 

Bar nF: Portion to right of 4-4, SF*, = 0 YnF — -\-38.3 

Bar md: Portion to right of 1-1, XFy — 0 Ymd ~ -\-6.6 


Example 4*5 Determine the bar stresses in all members of this truss: 








xJO 


Portion to left 1-1 

XMd =<?,'+ 

50 X 3p = 150p 
60 X Ip — —60p 

~~Mp 90 X 30 
50 50 


Xtd = +54 


Discussion : 


In the solution of this problem, it is possible to start out and apply the method of joints 
successfully at joints A, B, G, and F. However, if one attempts to apply this same pro- 
cedure at any one of the remaining joints, he finds it impossible since there are more than 
two unknown bar stresses at each of these joints. It is therefore desirable to resort to 
the method of sections. In this problem, the bar stress in member bd is found by con- 
sidering the portion to the left of section 1-1. The method of joints can then be applied at 
jo ini band then s access ively at each of the remaining jo ints . 

It should be noted that this is a compound truss. In such trusses it is usually impos- 
sible to solve for all the bar stresses by using simply the method of joints. As illustrated in 
this problem, it is usually necessary to make cU least one application of the method of 
sections. 
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Example 4*6 Determine the bar stresses in all the members of this truss. 




Discussion : 

In the solution of this example, it is possible to start at one end of the truss and work 
through to the other end, using only the method of joints to compute the bar stresses. This 
is a simple truss, and it is always possible to find all the bar stresses in such a truss in this 
manner once the reactions have been computed. 

It also should be noted that the vertical components of the bar stresses in the diagonals 
can also be easily obtained by using XFy — 0 on the portions either to the right or to the 
left of the indicated vertical sections through the panels. The stress in the verticals can 
then be obtained from 'LFy — 0 at the joints, and the stress in the chords from 2F* ^ 0 at 
the joints, working across from end to end of the truss. 


4*7 Discussion of Method of Joints and Method of Sections. 
The examples in the previous article illustrate that isolations of portions 
of the truss using both the method of joints and the method of sections 
must be employed in the stress analysis of trusses. Experience in such 
computations will teach the student how to combine these two methods 
most effectively. It is the purpose of this particular article to summarize 
and clarify the important points concerning them. 

In the previous discussion of the method of joints, it is pointed out 
that this procedure enables one to determine immediately all the unknown 
bar stresses acting on an isolated joint, provided that there are not more 
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than two unknown stresses and that these two unknown stresses have 
different lines of action. It sometimes happens that there is only one 
unknown bar stress acting on an isolated joint. In such a case, one of 
the two available equilibrium equations may be used to solve for the one 
unknown stress, and the other may be used as a check that must be 
satisfied by all the forces acting on this joint. If there are more than two 
unknown stresses acting on an isolated joint, it is usually impossible to 
obtain an immediate solution for any of the unknowns from the two equa- 
tions of equilibrium that are available at that joint. In such cases, it is 
necessary to isolate additional joints and write two additional equations 
for each joint. In this manner, it is sometimes possible to obtain n 
independent equations, involving n unknown bar stresses. Then these 
n equations can be solved simultaneously for the n unknowns. 



There is one important case where there are more than two unknown 
bar stresses, acting on an isolated joint but so arranged that it is possible 
to obtain the value of one of them immediately. If all the unknown 
stresses except one liave the same line of action, then the stress in that 
one particular bar may be determined immediately. Such a case is 
shown in sketch A of Fig. 4 -6. If the x axis is taken as being parallel to 
the line bac and the y axis perpendicular to this line, then the y component 
of the unknown stress Fad may be determined immediately from the 
equation iFy = 0. No immediate solution may be obtained from 
= 0 at such a joint since this equation involves both the unknowns 
Fab and Fac- A special case of tliis type is shown in sketch B of Fig. 4 • 6, 
where the joint is acted upon by only the three unknown bar stresses. 
If Fab and Fac have the same hne of action, then* it is apparent that the 
only remaining force at the joint. Fad, must be zero. It is also of interest 
to consider^he case shown in sketch C of Fig. 4 -6. In this case, the joint 
is acted upon by only two forces, which do not have the same line of 
action; therfore, in order to satisfy = 0 and XFy = 0 for such a 
joint, both Fab and Fac must be equal to zero. 

It is also interesting to note that, once the reactions have been deter- 
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mined on a simple truss, then all the bar stresses can be determined by 
using only the method of joints and never resorting to the method of 
sections. It is apparent that this is so, since there are only two unknown 
bar stresses acting on the joint that was located last in arranging the lay- 
out of the bars of the truss. After these two bar stresses have been 
determined by isolating this joint, then it will be found that the joints 
at the far ends of these two members are acted upon by only two unknown 
bar stresses. Thus, by isolating the joints in the reverse order from that 
in which they were established in lading out the truss, the method of 
joints may be used to determine all the bar stresses. This is the explana- 
tion of why it is possible to solve Example 4 6 in this manner. It should 
be noted, however, that in many cases of simple trusses the calculation of 
all the bar stresses may be expedited by combining the use of both the 
method of sections and the method of joints, as is illustrated by some of 
the examples in Art. 4 11. 

When applying the method of sections, if the isolated portion of the 
truss is acted upon by three unknown bar stresvses that are neither parallel 
nor concurrent, then all three unknown stresses may be determined 
from the three equilibrium equations available for the isolated portion. 
It is presumed, of course, that the reactions acting on any such portion 
have been determined previously. Of course, if there are only one or two 
unknown bar stresses, these may be determined by using a like number 
of the available equations. The remainder of the equations that must 
be satisfied by the system of forces acting on the isolated portion may then 
be used simply as a check on the calculations up to this point. 

It is sometimes possible to find some of the unknown stresses by the 
method of sections even when there are more than three unknowns acting 
on the isolated portion. For example, suppose that the lines of action of 
all but one of the unknown stresses intersect at a point a. Then, the 
stress in this one remaining bar can be determined from the equation 
SMff = 0, that is, by summing up the moments of the forces about point 
a. Another similar case would be one where all the unknown bar stresses 
except one are parallel. The stress in this remaining bar can then be 
determined by summing up all the force components that are perpendicu- 
lar to the direction of the other unknown bar stresses. In each of the 
above cases, the remaining two equilibrium equations for the isolated 
portion will involve more unknowns than there are equations, and hence 
no immediate solution for these remaining unknowns is possible. 

In applying either the method of joints or the method of sections, it is 
important to realize that it makes no difference how many bars have been 
cut in which the bar stresses are known. Only the number of unknown 
bar stresses is important. 
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4*8 Statical Stability and Statical Determinancy of Truss 
Structures. Up to this point the emphasis has been placed on the 
methods of computing the bar stresses in trusses. For this purpose, all 
the examples that have been used have been statically determinate and 
stable. With these ideas as a background, it is now possible to discuss 
the question of statical stability and determinancy of trusses from a 
general standpoint. 

In discussing the arrangement of the members of a simple truss, it 
was shown that a rigid truss is formed by using three bars to connect 
three joints together in the form of a friangle and then using two bars to 
connect each additional joinl to the framework already constructed. 
Thus, to form a rigid simple truss of n joints, it is necessaiy to use the 
three bars of the original triangle plus two additional bars for each of the 
remaining (n — 3) joints. If b denotes the total number of bars required, 
then 

6 - 3 + 2{n - 3) = 2n - 3 


This is the minimum number of bars that can be used to form a rigid 
simple truss. To use more is unnecessary and to use fewer results in a 
nonrigid or unstable truss. If a simple truss having ii joints and (2n — 3) 
bars is supported in a manner that is equivalent to three links that are 
neither parallel nor concurrent, then the structure is stable under a 
general condition of loading and the reactions are statically determinate. 
In the previous article, it is pointed out that, once the reactions are found, 
all the bar stresses of a simple truss can be computed by the method of 
joints. 

It may be concluded, therefore, that a stable simple truss having three 
independent reaction elements and (2n — 3) bars is statically determinate 
with respect to both reactions and bar stresses. If there are more than 
three reaction elements, the structure is statically indeterminate with 
respect to its reactions; if there are more than (2n — 3) bars but only 
three reaction elements, it is indeterminate with respect to the bar 
stresses; and if there is an excess of both bars and reaction elements, the 
structure is indeterminate with respect to both reactions and bar stresses. 

The same discussion and conclusions apply equally well to a compound 
truss. Suppose a compound truss is formed by connecting two simple 
trusses together by means of three additional bars that are neither paral- 
lel nor concurrent. If the two simple trusses have Mi and joints, 
respectively, the total number of bars 6 in the compound truss is 

h = (2ni — 3) -f- (2n2 — 3) -f- 3 == 2(ni + / 12 ) — 3 
or if n denotes the total number of joints in the compound truss, i.e., 
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if n == /ii + ^ 2 , then 

b = 2n - 3 

Thus, the minimum number of bars that can be used to form a rigid com- 
pound truss is the same as in the case of a simple truss. If the remainder 
of the discussion were carried out in a similar manner for a compound 
truss, it would be found that the conclusions of the previous paragraph 
apply equally well to both simple and compound trusses. 

It is desirable to discuss this question of determinancy and stability 
from a more general standpoint. Suppose a truss structure has r inde- 
pendent reaction elements, 6 bars, and n joints. If the truss as a whole 
is in equilibrium, then every isolated portion must likewise be in equilib- 
rium. To isolate an entire bar or some portion of it would produce no 
new information since the equilibrium conditions of the bars were con- 
sidered during the establishing of the definition of the term bar stress. 
However, it is possible to isolate each of the n joints in turn and to write 
for each of these joints two new and independent equations of static 
equilibrium, = 0 and 2Fy = 0. In this manner, a total of 2n 
independent equations would be obtained, involving as unknowns the r 
reaction elements and the b bar stresses, a total of (r + b) unknowns. 
These 2n equations must be satisfied simultaneously by the (r + b) 
unknowns. By comparing the number of unknowns with the number of 
independent equations, it is possible to decide whether a truss structure is 
unstable, statically determinate, or indeterminate. The reasoning 
involved is similar to that used in Art. 2 -5. If r + 6 is less than 2n, 
there are not enough unknowns available to satisfy the 2n equations 
simultaneously and therefore the structure is said to be staiically unstable. 
If r + 6 is equal to 2n, the unknowns can then be obtained from the 
simultaneous solution of the 2n equations and therefore the structure is 
said to be statically determinate. If r + 6 is greater than 2n, there are 
too many unknowns to be determined from these 2n equations alone and 
therefore the structure is said to be statically indeterminate. The cri- 
terion establishes the combined degree of indeterminancy with respect 
to both reactions and bar stresses. It is apparent that these conclusions 
agree with the foregoing discussion of simple and compound trusses. 

At first glance, it might seem that the total number of independent equations 
of static equilibrium in a truss structure should include not only the 2n equations 
noted in the previous paragraph but also the three equations 2F* == 0, 2)Fy = 0, 
and 2JM = 0 applied to the entire structure as a free body. However, the follow- 
ing demonstration will prove that this offhand opinion is not so and that there 
are only 2n independent equations: Consider any truss as a free body acted upon 
by its reactions and applied loads such as the truss shown in Fig. 4 • 7A. Suppose 
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the system of forces shown in Fig. 4 • 7B is superimposed on the system in Fig. 
4-7A; the combination of these two loading systems will then be as shown in 
Fig. 4 • 7C. The load system in B is a special system consisting of several pairs of 
equal and opposite forces, one pair for each member of the truss. For any 
particular member, both forces of its pair act along the member, one acting on 
the joint at one end of the member and the other on the joint at the other end. 
Each of the forces is numerically equal to fhe stress in that member produced by 
the forces in system A and arts in a sense that is the same as the action of tliis bar 
stress on the joint. Each pair of forces is in eqiiilibrium, of course, and hence 
all the pairs acting together form a system that is in eciuilibrium. 

Considering now the combined system in C, it is found that the forces acting 
at each joint of the truss are the same forces that would be acting on lliat joint 
if, under the loading of >4, it were isolated by itself {is a free body If, however, 
the applied forces, reactions, and bar stresses satisfy simultaneously the 2n 
equations of statics obtained by isolating the n joints and writing SF, = 0 and 



SFv == 0 for each joint, the forces acting on each joint in C from a concurrent 
system of forces that are in equilibrium. Since at each joint the forces are in 
equilibrium, the combined system in C of all joints is in equilibrium and satisfies 
the equations SF, = 0, XFy = 0, and XM — 0 for the entire truss. Since the 
combined system in C is in equilibrium and the portion of this system shown in 
sketch B is also in equilibrium by itself, then the remaining portion of the system 
as shown in sketch A must be in equilibrium and therefore must satisfy the equa- 
tions XFx = 0, XFy = 0, and SM == 0 for the entire truss. It may be con- 
cluded, therefore, that, if the reactions, bar stresses, and applied loads satisfy 
the 2n equations of equilibrium obtained by isolating the joints of the truss, then 
the reactions and applied loads will automatically satisfy the three equations of 
equilibrium for the truss as a whole and that thus there are only 2n independent 
equations of static equilibrium involved in a truss. 

It should be noted that comparing the count of the unknowns and the 
independent equations establishes a criterion which is necessary but not 
always sufficient to decide whether a truss is stable or not. If 6 + r is 
less than 2n, then this comparison is sufficient for deciding that the truss 
is statically unstable. If, however, 6 + r is equal to or greater than 2n, 
it does not automatically follow that the truss is stable. This statement 
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may be verified by considering the examples shown in Fig. 4 -8. In all 
four of these cases, the structures are unstable, whereas the count by 
itself indicates that A and B are statically determinate and C and D are 
indeterminate to the first degree. A and D are unstable under a general 
condition of loading because in each case the reactions are equivalent to 
parallel links. B and C are unstable, not because of the arrangement of 
the reactions, but because of the arrangement of the bars. In J5, for 
example, the reactions are statically determinate, but the truss is unstable 
and would collapse because there is nothing to carry the shear in the 
second panel from the right end. 

Tiiese and other considerations lead to the conclusion that, even 
tliough the count indicates that the structure is either statically deterrni- 
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na te or indeterminate, for it to be stable also, it is necessary that the follow- 
ing conditions shall likewise be satisfied: (1) The reactions must be 
equivalent to three or more links that are neither parallel nor concurrent. 
(2) The bars of the truss must also be arranged in an adequate manner. 
It is sometimes diflicult to determine whether or not the arrangement of 
the bars is adequate. In such cases, if the arrangement is inadequate it 
will become apparent ; for when a stress analysis is attempted, it will yield 
results that are inconsistent, infinite, or indeterminate. 

4*9 Examples Illustrating the Determination of Stability and 
Determinancy, It is easy to investigate the stability and deter- 
minancy of a truss structure that is formed by supporting in some manner 
a truss that is in itself a rigid body. The truss itself may be merely a 
simple or compound truss or, in some cases, a simple or compound truss 
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modified by adding more than the necessary number of bars. In either 
case, the bars, reactions, and joints can be counted and the criteria of the 
last article applied to decide whether the structure is unstable, statically 
determinate, or statically indeterminate. This count, of course, enables 
one to classify the structure with respect to both bar stresses and reac- 
tions If the count shows that the structure is statically determinate or 
indeterminate, the quesHon of stability must still be decided, for the 
count by itself is not sufficient to prove that the structure is stable. 



(C) 



(E) 

Fig. 4-9 


It is also easy to classify this type of structure with respect to its 
reactions only. If there are less than three independent reaction ele- 
ments, the structure is statically unstable under a general condition of 
loading regardless of how the bars of the truss are arranged. If there are 
three or more independent reaction elements and they are arranged so as 
to be equivalent to three or more links that are neither parallel nor con- 
current, the structure is stable with respect to its reactions. For a 
stable structure, if there are exactly three reaction elements, these ele- 
ments are statically determinate; if there are more than three reaction 
elements, the structure is statically indeterminate with respect to its 
reactions alone to a degree that is equal to the number of reaction ele- 





§4-9] DETERMINATION OF STABILITY 107 

ments in excess of three. Structures in this general category are shown in 
Fig. 4 -9. 

The count of the bars, joints, and reaction elements is shown in each 
of the sketches in Fig. 4 -9. Considering only the reactions, structure 
A is stable and statically indeterminate to the first degree. Since 
6 + 7* = 13 and 2n = 12, it is also indeterminate to the first degree, 
considering both reactions and bar stresses. The count of structure B 
indicates that it* is statically determinate since 6 + r and 2n are both 
equal to 14. A consideration of the reactions, however, discloses that this 
structure is actually unstable. Likewise, the count indicates that 
structure C is statically indeterminate to the first degree, but considera- 
tion of the reactions shows that it is unstable. Both the count and the 
consideration of the reactions indicate that structure D is indeterminate 
to the first degree. With respect to the reactions only, structure E is 
indeterminate to the second degree, but a count of both bars and reactions 
discloses that it is actually indeterminate to the fourth degree. 

There is another important type of truss structure that is built up out 
of more than just one rigid truss. In this type, the structure is composed 
of several rigid trusses connected together in some mariner and then the 
whole assemblage mounted on a certain number of supports. In such 
cases, the supports are usually arranged so as to provide more than three 
independent reaction elements. The connections between the several 
rigid trusses are, however, not completely rigid, so that certain equations 
of condition (or construction) are introduced so as to reduce the degree 
of indeterminancy or perhaps even to make the reactions statically deter- 
minate. This type of stru(;ture is the hardest to analyze from a stability 
or determinancy standpoint. However, some of the most important 
trussed structures — for example, cantilever and three-hinged arch bridges 
— belong in this category, and therefore it is important for the student to 
master the methods of investigating this type. Structure of this general 
type are illustrated in Fig. 4 10. 

The stability and determinancy of structures of the type shown in 
Fig. 4 • 10 may be investigated by comparing the count of the bars and 
reaction elements with the count of the joints. With this criterion, it 
will be concluded that structures A, B, D, E, and F are statically deter- 
minate and structure C is indeterminate to the first degree. In structures 
of this type, it is also important to consider wheth^er or not the structure 
is statically determinate with respect to its reactions alone. This may 
be done by comparing the count of the unknown reaction elements with 
the number of available equations in the same manner as discussed 
previously in Arts. 2 • 5 and 2 -6. In these cases, the available equations 
include the three equations of static equilibrium for the structure as a 
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whole plus any equations of condition which may be introduced by the 
manner in which the several rigid trusses are connected together. 

If two trusses are hinged together at a common joint, such as the 
joints marked a in Figs. 4 ■ 10 A to one equation of condition is intro- 



(D) 



b-34 r^6 n~20 
(E) 



b^3! r-5 n*l8 
(F) 

Fig. 4- 10 


duced, viz,y that the bending moment about that point must be zero since 
the liinge cannot transmit a couple from one truss to the other. If two 
trusses are connected together by a link or roller, such as the link marked I 
in structure D, two equations of condition are introduced since then both 
the direction and point of application of the interacting force are known. 
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This Ineans, therefore, (1) that the bending moment about either end of 
the link must be zero and (2) that the interacting force between the two 
trusses cannot have a component perpendicular to the link. If two 
trusses are connected together by two parallel bars, as is done in panels p 
of structures D and E, one equation of condition is introduced, viz., that 
the interaction between the two trusses cannot involve a force perpendicu- 
lar to tlie two bars. In the case of structures D and E, this means that 
the shear acting on panel p must be zero. 

From this discussion, it is apparent that one equation has been intro- 
duced in structure A, two ir J3, one in C, four in D, and three in E. It 
will be concluded, therefore, that, with respect to reactions only, struc- 
tures A, B, D, and E are statically determinate and structure C is inde- 
terminate to the first degree. Structure F is a special type of structure, 
called a Wichert^ truss in this country, that can be counted only by 
considering the bars, joints, and reactions. 

There is no obvious instability in any of the structures of Fig. 4 10. 
If, however, one attempts to compute the reactions and bar stresses for 
either structures E or F, the results will be inconsistent, infinite, or inde- 
terminate; therefore, these structures are actually unstable. In both 
cases, by changing only the geometry of the structure, it is possible to 
make the structure stable. Structures E and F are therefore said to be 
geometrically unstable. This type of instability may arise whenever 
equations of condition are introduced by the arrangement of the struc- 
ture. Sometimes the instability is obvious, but usually it does not 
become apparent until one attempts to compute the reactions, etc.^ 

4*10 Conventional Types of Bridge and Roof Trusses. The 
members of a truss may be arranged in an almost unlimited number of 
ways, but the vast majority of trusses encountered in bridge or building 
work belong to one of the common types shown in Figs. 4*11 and 4*12. 
Since they arc encountered so frequently, the student should be familiar 
with the names of these conventional types. 

Trusses A, C, D, and E of Fig. 4*11 are simple trusses, while the 
remaining trusses are compound trusses built up out of the simple trusses 
(shaded). In order to achieve economical design of single-span steel- 
truss bridges, it is essential for the ratio of depth of truss to length of 
span to be between H and }{o, for the diagonals to slope at approximately 
45° to the horizontal, and for the panel lengths not to exceed 30 to 40 

^ Steinman, D. B., ‘‘The Wichert Truss/’ D. Van Nostraiid Company, Inc., New 
York, 1932. 

^ For a more complete discussion see W. M. Fife and J. B. Wilbur, “Theory of 
Statically Indeterminate Structures,’^ McGraw-Hill Book Company, Inc., New York, 
1937. 
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ft. Trusses A, B, C, and D can meet these requirements if the span is 
not too long. For long-span bridges, however, it becomes necessary to 
use one of the subdivided types such as F, G, or H. 

All of the roof trusses shown in Fig. 4 12 are simple trusses with the 
exception of the Fink truss. This is a compound truss. 
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Fig. 4 12 

4*11 Illustrative Examples of Stress Analysis of Determinate 
Trusses. The following examples illustrate the application of the 
previous discussions to the stress analysis of several conventional types 
of trusses. The analysis of such trusses is discussed further in Chap. 7. 
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Discussion : 


126.25 X30 ^ 

_-20 

106.25 X 30 
-/i5 

61.25 X 30 ^ 
-50 

11.25 X 30 
-45 

~33 75 X 30 = 
-30 

-63.75 X 30 
-30 

-93.75 X 30 = 
-20 

-113.75 X 30 


0 = Ma 

3,787.5 

3.787.5 = Mu 

3.187.5 

6.975.0 = Me 

1.837.5 

8.812.5 = Md 

337.5 

9.150.0 - Me 

-1.01^ 

8A37.5 = Mf 
-1,912.5 

6.225.0 = M, 
-2,812.5 

3.412.5 = Mh 
-3,412.5 

0 = Mi 


This Pratt truss is a simple truss and ran therefore be analyzed by using simply the 
method of joints. This procedure, hoijuever, Ls not particularly efficient in a case where 
the two chords are not parallel. Probably the best procedure is first to find the horizontal 
components in the members of the curved chord. These may be computed by passing a 
vertical section through a panel and taking moments about the appropriate joint on the 
bottom chord. These computations are facilitated if the bending moments are known at 
the various joints along the bottom chord. 

The bending moments at the bottom-chord joints may be computed very conveniently 
by drawing the shear and bending-moment diagrams as shown. In this case where all 
the loads and rea lions are vertical, the bending moment about any top-chord joint is the 
same as that about the bottom-chord joint directly under it. Of course, if there are hori- 
zontal loads, this relationship is not necessarily true. 

The horizontal components in the lop chord being known, the remainder of the stress 
analysis can be accomplished by the method of joints. If should also be noted that it is 
easy to compute the vertical components in the diagonals once the shears in the panels and 
the vertical components in the top chords are known. 
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Example 4- 8 Determine Ihe bar dresses in all members of this Fink roof truss: 




15.83 22.^7 24 

WB ii-S 


F„: 22.47 X = 44.P4 38.30 38.3 

-(18 X 30 + 3 X 60) ^ ^ -24 O.K. 

Fc, = + WM 

Discussion : 

Although this Fink truss is a compound iruss^ it can he analyzed by using only the 
method of joints. For example t after the reactions have been computed^ the method of 
joints can be applied successively at joints i, /f, and h. Since there are more than two 
unknown bar stresses at each of joints g and G, it is not possible to consider these joints as 
the next step in the analysis. One can^ however ^ determine the stress in bar Ff by isolating 
joint F and the stress in bar fG by isolating joint f. Then the stress analysis can be com- 
pletedy still by means of ihe method of joints. This procedure is possihlcy however, only 
because joints E, F, and G and likewise joints E,f, and g lie on straight lines^ 
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However^ it is usucdfy preferable to proceed as follows: After applying the method of 
joints ai joints i, //, and A, the stress in bar eg can be obtained by isolating the portion to 
the right of section 1-i and taking moments about point E; the rest of the analysis can then 
be completed by the method of joints. 

Note also that the stress analysis can be expedited by finding the sire.sses in bars Cd, 
Cb, Gfi and Gh, using sections similar to section 2-2, and faking moments about points 
such as point E in the cc^se of section 2-2. 

The main point to remember is to consider the application of both the method of joints 
and the method of sections and combine the two approaches in such a way as to expedite 
the calculations. 

Note that the geometry of the truss is rather complicated. This is often true in the 
case of roof trusses. In such cases it is often easier to accomplish the stress analysis of 
the truss by graphical methods. 


Example 4*9 Determine the stresses in all the members of this Howe truss: 
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For verticals, har stress == i X {index stress) 

For diagonals, bar stress = X {index stress) 
For chords, bar stress — ^%o X {index stress) 

Check: Fef == 38 75 X = +U6.25 


Diacussion: 

After the reactions have been computed, it is possible to compute the vertical components 
in all the web members by working from one end of the truss to the other, using either the 
method of joints or the method of sections. Then it is possible to compute the horizontal 
components in the diagonals and apply the method of joints to obtain the chord stresses. 
In this case, however, the computation of the chord stresses depends only on the horizontal 
components in the various diagonals. Since all the diagonals have the same slope, the 
ratio between the vertical and horizontal components is the same for all of them — in this 
case as 40 is to 30. In applying I'F, ^ Oat the various joints to obtain the chord stresses, 
it is therefore permissible to use the values of vertical components temporarily in place of 
the horizontal components in the diagonals. In this manner, the values obtained for the 
chord stresses are not equal to the true bar stresses in the chords, but the ratio between these 
values and the true values is constant and equal to the ratio between the vertical and hori- 
zontal components in the diagonals. 

These values of the chord stresses which must be multiplied by a constant factor to 
obtain the true bar stress are called index stresses for the chords. Likewise, the vertical 
components in the web members may be referred to as index stresses for the webs. These 
index stresses may he written down easily, as shown by the numbers in parentheses in the 
first stress diagram. Then, the true bar stresses may be obtained by multiplying the index 
stresses by certain factors, as indicated in the second stress diagram. 

The use of index stresses is helpful in analyzing parallel-chord trusses that have equal 
panels and are acted upon by transverse loads. In other cases, the index-stress method 
becomes involved and is usually inferior to the other methods already discussed. 


4*12 Exceptional Cases. Occasionally one encounters certain trusses 
that cannot be classified as either simple or compound. Such a truss is shown in 
Fig. 4 • 13a. In these cases, it is usually difficult to tell by inspection whether 
the truss is rigid or not and whether it is statically detei'minate or indeterminate. 
In this particular case, a count of the structure shows that there are nine bars and 
six joints, which indicates that the structure is statically determinate. Whether 
or not the truss is stable is not apparent, but one way of finding out is to attempt 
a stress analysis and discover whether the results are consistent or not. 

After computing the reactions, it is found that th^e is no joint at which there 
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are only 2 unknown bar stresses. Applying the method of joints will therefore 
not yield immediate solutions for the bar stresses as in the case of simple trusses. 
It is also found that the method of sections likewise will not yield an immediate 
solution for any of the bar stresses. Of coiirse, it is possible to set up and solve 
9 simultaneous equations involving the 9 unknown bar stresses by using 9 of the 
12 equations that result from applying the method of joints to the 6 joints of the 
structure. If the 3 reacti(>ns have already been computed, the 3 remaining 



equations may be used for checking the 
results obtained for the 9 bar stresses. 

Setting up nine equations in this 
manner is a p^»or ,way to solve this 
problem, however. Several other 
approaches are much superior, one of 
which is to proceed as follows: After 
computing the reactions, assume that 
the horizontal component of the bar 
stress in member FE is a tension of H. 
Then, from joint F, the horizontal com- 



Fig. 4-13 


obtained involving li as the only 


ponent in FA must also be and 
the bar stress in FC is —0.5//. By 
isolating joint C, it is then found that 
the horizontal and vertical components 
in both bars BC and CD are +0.5// 
and +0.25//, respectively. The 
stresses in these five bars having been 
found in terms of //, it is now possible 
to pass section 1-1 through the truss, 
thus isolating the portion to the right of 
this section. Summing up the 
moments about point a, an equation is 


n 

2 M, = 0, -Ip, 15H - (20)(0.5H) - (15) (20) == 0 


whence // == +60. With // known, all the other bar stresses may be found by 
the method of joints as shown in Fig. 4 13c. Since, in this manner, it is possible 
to make a consistent stress analysis of this truss under any condition of loading, 
it may be concluded that it is statically determinate and stable. 

Trusses of this type, which cannot be classified as either simple or compound, 
may be called complex trusses. Prof. S. Timoshenko uses this terminology.' 
In his excellent discussion of complex trusses, Timoshenko describes a general 
method of analysis of complex trusses called Henneberg’s method. * 

While the student should know how to recognize a complex truss and some- 
'Timoshenko, S., and D. H, Young, “Engineering Mechanics — Statics,** 
McGraw-Hill Book Company, Inc., New York, 1937. 

*This method was developed by L. Henneberg in his “Statik der Starren Sya- 
teine,** Darmstadt, 1886, 
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thing about investigating its stability and stress analysis, he will not encounter 
this type often enough to warrant devoting more space to the subject here. If 
additional information is required, the student is referred to Timoshenko’s book.^ 
Several problems at the end of this chapter emphasize the fact that complex 
trusses may often be arranged so as to be geometrically unstable. Cases of this 
type are not always obvious and may not become apparent until the stress 
analysis is attempted and is found to lead to inconsistent results. 

4-13 Rigid Frames. Before closing this chapter on truss struc- 
tures, it is important to call to the attention of the student the difference 
between an ideal truss and u so-called “rigid frame.” The members of a 
rigid frame are usually connected together by moment-resisting (rigid) 
joints instead of being hinged together as in an ideal truss. Thus, a 
rigid frarlie may be defined as a structure composed of a number of mem- 
bers all lying in one plane and connected together so as to form a rigid 
framework by joints, some or all of which are moment-resisting (rigid) 
instead of hinged. 

A moment-resisting joint is capable of transmitting both a force and 
a couple from one member to the other members connected by the joint. 
Such a joint can be formed by riveting or welding all the members to 
gusset plates. The detail of such joints is such that the angles between 
the ends of the various members at a joint remain essentially unchanged 
as the frame distorts under load. For this reason, moment-resisting 
joints are usually referred to as rigid joints. 

By a strict interpretation of these definitions, a modern truss with 
riveted or welded joints should actually be classified as a rigid frame. 
However, since a satisfactory stress analysis may usually be obtained by 
assuming that such a truss acts as if it were pin-jointed, such structures 
are called trusses. The term rigid frame is reserved to designate struc- 
tures of the type showni in all of Fig. 4 • 14 except sketch b. When rigid 
frames are represented by line diagrams as is done in this figure, moment- 
resisting joints are designated by indicating little fillets between the 
members meeting at a joint. Any pin joints are represented in the usual 
manner. 

The stability and determinancy of rigid frames may be investigated 
by methods similar to those used for trusses. For this purpose, a cri- 
terion may be established comparing the number of unknown stress 
components and reaction elements with the number of independent 
equations of static equilibrium available for their solution. As in the 
case of trusses, the number of unknowns and equations may be expressed 
in terms of the number of members, joints, and reaction elements. 

The total number of independent unknowns is equal to the sum of 

1 Timoshenko S., and D. H. Young, “Engineering Mechanics — Statics,** 
McGraw-Hill Book Company, Inc., New York, 1937. 
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the number of unknown reaction elements plus the number of independent 
unknown stress components in the members. In a frame with rigid 
joints, the action of a joint on a member may consist of a couple as well 
as a force. Likewise, this force may have both axial and transverse com- 
ponents. As a result, the cross sections of a member may be subjected 
to an axial force, shear, and bending moment. However, if the axial 
force, shear, and bending moment are known at one end of a member, 
then similar quantities may be found for any other cross section of the 
member. There are therefore only three independent stress components 



E E 



for each member of the frame. If the number of reaction elements is r 
and the number of members is 6, the total number of independent 
unknowns in a rigid frame is equal to 36 + r. 

If a rigid joint is isolated as a free body, it will be acted upon by a 
system of forces and couples. For equilibrium of such a joint, this 
system, therefore, must satisfy three equations of static equilibrium, 
SF* = 0, 'ZFy = 0, and SM = 0. If the entire frame is in equilibrium, 
then each of its joints must be in equilibrium. If there are n rigid joints 
in the frame, each of these joints can be isolated as a free-body and a total 
of 3n equations of static equilibrium obtained. As in the discussion of 
trusses, it may be shown that the three equations of equilibrium of the 
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entire structure are not independent of these equations, and therefore it 
may be concluded that there are only 3n equations of static equilibrium 
for the entire rigid frame. 

Occasionally hinges or some other special conditions of construction 
are introduced into the structure. If in this manner $ special equations 
of condition are introduced, the total number of equations available for 
the solution of the unknowns will equal 3n + 5 . The criterion for 
stability and determinancy of the rigid frame is obtained by comparing 
the number of unknowns, 36 + r, with the number of independent equa- 
tions, 3n + s. As before, it may, therefore, be concluded that 

If 3n + ,<? > 36 + r, the frame is unstable. 

If 3n + 5 = 36 + r, the frame is statically determinate. 

If 3n + 5 < 36 + r, the frame is statically indeterminate. 

If the criterion indicates that the frame is statically determinate or inde- 
terminate, it should be remembered from the similar discussion in Art. 
4 • 8 that the count alone does not prove absolutely that the structure is 
stable. 

This criterion establishes the combined degree of determinancy with 
respect to both reactions and stress components. The degree of deter- 
minancy with respect to reactions only may be established in the same 
manner as discussed in Art. 4*9 for truss structures and also in Arts. 
2 • 5 and 2 • 9. 

Table 41 shows the application of the above criterion to the frames 
in Fig. 4 * 14: 


Table 4*1 


Frame 

n 

s 

b 

r 

3n + s 

3b + r 

Classification 

a 

8 

0 

10 1 

3 

24 

33 

Indeterminate — 9th degree 

h 

8 

0 

13 

3 

24 

42 

Indeterminate — 18th degree 

c 

4 1 

0 

3 

3 

12 

12 

Determinate 

d 

4 i 

0 

3 

3 

12 

12 

Determinate 

e 

4 

0 

3 

6 

12 

15 

Indeterminate — 3d degree 

f 

9 

0 

10 

9 

1 27 

39 

Indeterminate — 12th degree 

9 

6 

0 

6 

6 

18 

24 

Indeterminate — 6th degree 

h 

6 

0 

5 

9 


24 

Indeterminate — 6th degree 

k 

6 

2 

5 

9 

1 20 

24 

Indeterminate — 4th degree 

m 

4 

1 

3 

6 

! 13 

15 

Indeterminate — 2nd degree 

n 

6 

3 

6 

6 

1 21 

24 

Indeterminate — 3d degree 


In applying this criterion, any extremity of the frame, such as those 
marked E in Fig. 4 • 14, should be counted as a rigid joint even though just 
one member is connected to it. Sometimes the count of the s special 
equations of condition is rather difficult to make. It is quite obvious in 
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structure k of Fig. 4 • 14 that the insertion of the two hinges has introduced 
two equations of condition. The insertion of the hinge joint A in struc- 
ture m introduces one equation of condition, but the insertion of a similar 
joint A as shown in structure n introduces two equations of condition. 
In each case, the validity of these counts is more apparent if one considers 
the auxiliary sketches of the joints shown in each case. The auxiliary 
sketches show the manner in which the same structural action may be 
obtained at these joints by insertion of hing<*^s in the ends of the members 
meeting at the joint. These alternate arrangements require one hinge 
for structme m and two hinges for the joint A in structure ri. To general- 
ize, it may be stated that the number of special condition equations 
introduced by the insertion of a hinge joint in a rigid frame is equal to 
the number of bars meeting at that joint minus one. If the s special 
equations are counted in tliis manner, the criterion yields the correct 
results. 

After reading this last paragraph, the reader will no doubt appreciate 
the truth of the statement that it is almost impossible to count some 
structures properly without first knowing the answer. Because of the 
difficulties encountered in counting some structures, the authors feel 
that, while criteria such as the above are sometimes very useful, the 
stress analyst should rely on a more fundamental approach to determine 
the degree of indetermiiiancy of an indeterminate structure. The most 
fundamental approach is to remove supports and/or to cut members 
until the structure has been reduced to a statically determinate and stable 
structure. The number of restraints that must be removed to accomplish 
this result is equal to the degree of indeterminancy of the actual structure. 


4*14 Problems for Solution. 

Problem 4*1 Classify the trusses of Fig. 4 15 as being simple, compound, 
or complex. 





(dJ 



(c) 


(eJ 
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Problem 4*2 Classify the truss structures of Fig. 4 16 as being statically 
determinate or indeterminate, stable or unstable. If the structure is indeter- 
minate, state the degree of indeterminancy both with respect to reactions and 
bar stresses and with respect to reactions only. If the structure is unstable, 
state the reason for the instability. 




(m) 

Fig. 4-16 
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Problem 4*3 Compute the bar stresses in the lettered bars of the trusses of 
Fig. 4 • 17 due to the loads shown. 



Fig. 4- 17 
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Problem 4*4 Compute all the bar stresses in the trusses of Fig. 4 • 18 due to 
the loads shown. 
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Fig. 4- 19 


Problem 4-5 Compute the bar 
stresses in the structures of Fig. 4 19. 
{Hint: Remember that structures of 
this type may be geometrically 
unstable.) 

Problem 4-6 Compute the bar 
stresses in the structures of Fig. 4 • 20. 
Also draw the shear and bending- 
moment curves for those members in 
which such stress conditions exist. 



4 ^ 30 * 

(b) 

Flo. 4-20 





CHAPTER 5 


GRAPHIC STATICS 

5*1 Introduction, (iraphir statics is that branch of mechanics 
wliich deals with graphical ratlicr than algebraic sohitions of problems of 
statics. In this country, there seems to be an aversion toward graphical 
solutions among students and engineers. There are some problems, how- 
ever, where the graphical solution is distinctly superior to the algebraic 
approach. There are other problems where just the reverse is true. 
In the middle ground between these t^vo extreme situations, which 
method the engineer decides to use usually depends on his personal 
preference and background. 

Among the problems that may be solved advantageously by graphical 
methods are the following: 

1. Determination of the bar stresses in a truss that has a complex 
configuration and that is to be analyzed for a limited number of 
loading conditions, for example, the analysis of a roof truss or the 
determination of erection stresses in certain types of structures, 
such as cantilever trusses 

2. Cases where the true resultant deflection is required for every joint 
of a 1 russ 

The student will find not only that a knowledge of graphical methods 
is useful in the solution of problems such as these but also that there are 
certain educational advantages which result from a study of the basic 
principles of graphical methods. He will find that these ideas aid him in 
visualizing and representing physical phenomena and often assist him 
in thinking about the algebraic solution of certain problems. 

In this book, the discussion of graphic statics will be limited to the 
solution of two-dimensional, or planar, structures. Graphical methods 
can be extended, of course, to the more general three-dimensional prob- 
lems, but in most cases the complexities introduced by the third dimension 
are greater for the graphical methods than for the algebraic methods. 

5*2 Definitions. Before the fundamental principles of graphic 
statics are discussed, it is first necessary to emphasize certain ideas and 
definitions concerning forces and force systems. A force may be defined 
as any action which tends to change the state of motion (or rest) of the 
body to which it is applied. The forces acting on a body may be clas- 
sified as either outer forces or inner forces (stresses). The outer forces 
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may be further subdivided into the loads (active forces) applied to the 
structure from without and the reactions (resisting forces) balancing or 
restraining the effects of the loads. The inner forces, or stresses, are 
usually developed between the particles of the body by the outer forces 
acting on it. 

A force may be completely identified by the following specifications: 
(1) its point of application; (2) its direction; (3) its magnitude. Accord- 
ing to tliis terminology, the ‘‘direction of a force'' is intended to define 
the slope of its line of action while the “magnitude” indicates not only 
its numerical size but also the sense in which the force acts along tliis line 
of action, Le., whether toward or away from a body. A force is there- 
fore a vector quantity since it has both 
magnitude and direction. Hence, a force may 
be represented graphically by a line drawn 
toward or from the point of application and 
having a length that indicates the numerical 
size of the force to a certain scale. The slope ^ 
of this line indicates the direction of the force 
and an arrowhead the sense in which the force 
acts along this line. A 3,000-lb. force is rejiresented in this manner by the 
vector AB in Fig. 5 1. When this vector notation is used, the order of 
the lett(‘rs indicates the sense of the force. Thus, A75 means that the 
force acts from A toward B, 

The use of the term “point of application” of a force implies that it is 
possible to concentrate a force at a point. Physically, of course, this is 
impossible since a finite load applied at a point, i.e., applied to a zero 
area, would develop infinite contact stresses in the material of a body. 
No material can withstand such stresses, since it will deform at the point 
of contact until a small finite contact area is developed over which the 
load is distributed at finite stress intensities. However, as far as the 
equilibrium condition of the body as a whole is concerned, it is legitimate 
to replace the actual load distributed over a small area by the equivalent 
total load concentrated at a point. 

As previously explained in Art. 2 • 3, it is usually permissible to assume 
structures as being rigid (nondeformable) bodies in investigating their 
equilibrium conditions. Thus, in most problems of graphic statics, it 
will be assumed that the structure is a rigid bpdy and hence that the 
geometry after the application of the loads is essentially the same as 
before. 

5*3 Composition and Resolution of Forces. It is sometimes 
desirable to replace two forces by a single force that exerts the same effect. 
This single force that would have the same effect in producing motion is 
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called the resultant of these forces. It may be demonstrated that the 
magnitude and direction of the resultant of two concurrent forces may 
be obtained by drawing the diagonal of a parallelogram which has been 
constructed with the vectors representing these two forces drawn as 
jP sides. Thus, to determine the 

^ magnitude and direction of the 

resultant of the forces Fi and 

/ show 1 in Fig. 5 2a, a parallelogram 

X . / is constructed as shown in Fig. 

-Njj >75 5 26. This p'lrallelogram is con- 

struct ed on the basis of two sides 
OA and OB obtained by drawing 
tlirough point 0 two vectors UA 

^ and TFB representing the forces F\ 

jp ^ respectively. The magni- 

(i^) ^ tude and direction of the resultant 

Q ^ Bi2 is given by the vector UC, 

F2 ^ which is the diagonal of this 

parallelogram. 

^ ^ From Fig. 5 2d, it is apparent 

y ^ same results would be 

obtained from a parallelogram 
construe ted_^by drawing vectors 
n running into 

^ point 0 rather than away from 

Q this point. Likewise, from Fig. 

F2 B 5 2c, it is apparent that the same 

results could also be obtained by 
A Fo O either of the vector 

triangles OAG or OBC instead of 

(dJ the parallelogram. In construct- 

^ these triangles, either force 

^ may be drawn first and then the 

^ other force laid out from the end 

^ ““ of the first vector. The resultant 

is then obtained in magnitude and direction from the closing vector of the 
triangle drawn from the beginning of tlie first vector to the end of the 
second. 

The magnitude and direction of the resultant Rn having been deter- 
mined in one of these ways, its point of application may be considered to 
be located at any point along its line of action. The line of action of the 
resultant must pass through the point of intersection of the two forces 
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F 1 and F 2 , or through point 0' in Fig. 5 • 2a. If this were not so, the resultant 
would not exert the same effect as the two forces that it replaces since 
the moment of the resultant about an axis through any point in the plane 
would not be the same as the sum of the moments of the two forces about 
that axis. For example, the moments of both Fi and F^ about an axis 
through 0' are zero, but the moment of the resultant Hu 'will also be zero 
only if the line of action of Hu also passes through point O'. 





The vahdity of this paralielo^;^aIn construction for determining the magnitude 
and direction of the resultant of two concurrent forces may be demonstrated in 
the following manner* Oon‘i< n* the 
t wo forces F] and aciing at point 
0 on the body shown in Fig. 5 -3. 

The resultant Hu of these forces also 
acts at point 0 alofig rsome line of 
action specified by the unknown 
angle a. The unknown magnitude 
and direction of this resultant may 
be determined in the following 
manner: If this body is moved so that 
point 0 is given some arbitrary move- 
ment 5, the forces Fi and F 2 will per- 
form a certain amount of work. If 
the resultant Hu is to exert the same effect as the two forces Fi and F 2 , then it 
must perform the same amount of work during the movement 5. Suppose the 
body is given an arbitrary translation so that point 0 moves to point O'. Upon 
ecjuating the work done by Fi and F 2 to the work done by /?i 2 , Eq. (a) is obtained, 



TTi 

I 

* 1 

1 1 

;| 1 ^ 
;L| 

J 1 


A 


Fio. 


or 


{Ru cosa)(5i) = (F2)(5 i) + (Fi cos^)(50 


Ru 


F 2 “f~ Fi cos 
cos a 


(a) 


In the same manner, translating the body so that point 0 moves 0", 

[Ru cos - aW 2 ) = (F,)(a 2 ) + (F 2 cos ^)(52) 

D _ Fi -f F 2 cos fi 
cos (jS — a) 


(b) 


These two equations may now be solved for Ru and a. Equating the right-hand 
sides of these equations leads to the following expression for a: 


Therefore, 


tan a — 


Fi sin fi 
Fi -f- F\ cos jS 


F2 “f" F I cos ^ 

\/ {Fi sin fiy + (Fa + f 1 cos (3)^ 


(c) 

(<0 


cos a = 
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Substituting in Eq. (a) from Eq. (d) leads to 

Ri 2 = {R I sin 4- (E 2 + El cos (e) 

By use of Eq. (c), the angle a may be laid off graptiically as indicated in Fig. 5 • 3, 
while the magnitude of the vector R \2 is shown by Eq. (e) to be given by the 
length of the hypotenuse of the right triangle ODC, It is obvious, therefore, 
that the vector OQ representing the resultant is likewise the diagonal of the 
parallelogram of forces OACB, which justifies the parallelogram construction 
described above. 

This process of replacing forces Fi and F2 by a sir.gle resultant force 
Ri2 is known as the composilion of forces Fi and F2. The reverse of this 
process, that of replacing the effect of a single force R by two equivalent 
forces (called two components) Fi and F2, is called the resolution of force R. 
In the latter process, the direction of the two components might be given 
and their magnitude obtained from the force triangle or parallelogram; 
or the direction and magnitude of one componenl might be given and the 
direction and magnitude of the other component determined in a similar 
manner. The magnitude and direction of the two components Fi and 
F2 having been determined, they may both be applied at the point of 
application of the force /?. Of course, it is permissible to apply both the 
components Fi and F2 at any point along the line of action of the force R. 

5*4 Resultant of Several Forces in a Plane — Force Polygon. 
Consider a body subjected to a coplanar system of forces Fi, E2, F3, and 
F4 as shown in Fig. 5 • 4a. Suppose that it is required to find the resultant 
of these forces graphically. As described in the previous article, the 
resultant R12 of the forces Fi and F2 may be obtained in magnitude and 
direction from the force triangle 012. The line of action of this resultant 
is drawn parallel to the vector V2 and through the intersection of the 
lines of action of the forces Fi and F2, In the same manner, the resultant 
Ri23 of the forces Ru and F3 may be obtained; and then the resultant 
Ri 284 of the forces R^ and E4. The last resultant Rusa is of course the 
resultant of all four forces F^ F2, F 3, and F4. 

The figure obtained by combining the force triangles 012, 023, 
and 034 and then omitting the dashed lines 02 and 03 is called the 
force polygon for the forces Fi, F2, F3, and F4. From this force polygon, 
the resultant F1234 of the entire system may be found directly without 
completing the intermediate force triangles. The magnitude and direc- 
tion of this resultant are given by the vector drawn from the initial to the 
final point ot the force polygon — ^in this case by the vector 1^4. To 
establish the line of action of this resultant in the space diagram, the lines 
of action of the intermediate resultants Ru and i?i23 must be established 
as described above. 
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This method of obtaining the magnitude, direction, and line of action 
of the resultant is applicable as long as the lines of action of the forces 
are not parallel and intersect within the limits of the drawing. When 
this method is not applicable, it is necessary to resort to the use of a 
so-called “equilibrium (funicular) polygon,” which will be described in 
Art. 5 7. 

It should be noted that the order of drawing the forces in the force 
polygon is immaterial and that they are usually considered in a clockwise 
order simply as a matter of convenieui.e. 



o 



(b) 

Force Polygon 


5*5 Equilibrium Conditions for Concurrent and Nonconcur- 
rent Coplanar Force Systems. Suppose that the force Fs is added 
to the nonconcurrent force system already shown in Fig. 5 • 4a. The new 
system Fi, F2, Fa, F4, and Fs is shown in Fig. 5 • 5. Let the force Fs have 
the same line of action as the resultant F1234, and further let it be 
numerically equal to this resultant but acting in the opposite sense. 
Then in this case it will be found that the force polygon for all five forces 
will close back on the original starting point 0. Closure of the force 
polygon indicates that the equations = 0 aiid SFj, = 0 are satisfied 
by the five forces themselves and that therefore their resultant effect 
cannot be a resultant force. The fact that, in the space diagram, F^ 
and F1234 have the same lines of action and are also numerically equal, but 
opposite in sense, indicates that F5 in effect holds the other four forces in 



132 


GRAPHIC STATICS 


equilibrium. In such a case, the force is called the equilibrant of the 
other four forces. 

Suppose, however, that force instead of having the same line of 
action as /?i234, is displaced laterally a distance a as indicated by the 
dotted force F\ in Fig. 5 • 5 . Now, although F's closes the force polygon, 
thus satisfying equations = 0 and 2Fy = 0, in the space diagram the 
equal and opposite forces F's and F1234 are parallel, but their lines of 
action are displaced by the distance a. Obviously, therefore, the result- 
ant of the new system Fi, F2, F3, F4, and F\ is a couple equal in magnitude 

to F'sU, and the system is not in equi- 
librium since SM ^ 0. 

In the case of a nonconcurrent force 
system, it is therefore evident that 
closure of the force polygon is a 
necessary but not a sufficient condition 
to show that the system is in equi- 
librium. In addition to this condition, 
it is necessary to show in the space 
diagram that the system is not equiva- 
lent to a couple, i.c., that one force has 
the same line of action but is opposite 
in sense to the resultant of the remaining 
forces of the system. 

Of course, if the force system is a 
concurrent system with the lines of 
action of all the forces intersecting in a 
common point, then it is impossible for 
the resultant effect of the system to be 
a couple. In such a case, closure of the 
force polygon indicating that the resultant effect of the system is not a 
resultant force is then sufficient to prove that this concurrent force system 
is in equilibrium. 

5*6 Determination of Reactions by the Three-force Method. 

If only three nonparallel forces act on a body, it is easy to show that they 
must be concurrent in order to be in equilibrium. Consider any two of 
these three forces. The line of action of the resultant of these two forces 
must pass through their point of intersection. Then, in order for the 
remaining force to be the equilibrant of the other two, the line of action of 
this third force must coincide with that of the resultant of the other two. 
It may therefore be concluded that the lines of action of all three forces 
must intersect in a common point if the system is to be in equilibrium. 
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This conclusion furnishes the basis for the so-called “ three-force method ” 
of determining the reactions of a statically determinate structure. 

Consider, for example, the beam shown in Fig. 5-6. Suppose that 
it is desired to find the reactions which are required to keep this structure 
in static equilibrium. First determine the magnitude and line of action of 
the resultant of the applied loads, using the force polygon and the space 
diagram. Then the structure may be considered to be acted upon by 
three forces— the resultant of the applied loads (/?i 2 in this case) and the 
two reactions (/?o and Rb)- For 
equilibrium of the structure, it is 
necessary for these three forces to 
be concurrent. In this case, the 
magnitude of both reactions and 
the direction of /?« are unkncMii, 
but the point of application of Ra 
and the line of action of Rb are 
both known. The line of action 
of Rb is known to be a vertical line 
passing through point 6. Point o, 
the point of intersection of 7?i2 and 
Rb, must therefore be the point of 
concurrency of the three forces. 

The line of action of Ra must 
therefore be along the line oa. 

Now, the directions of both reac- 
tions being known, their magni- 
tudes may easily be determined 
since it is known that the vectors 
representing these reactions must 
close the force polygon. In this case, upon drawing a line through point 2 
parallel to Ra and through point 0, a line parallel to Rb €istablishes the 
intersection point 3, which determines the length of vectors 23 and 30 
representing the reactions Ra and Rb, respectively. Of course, it is 
immaterial whether the force polygon is closed in this manner or by draw- 
ing the line parallel to Ra through point 0 and the line parallel to Rb 
through point 2. 

It should be noted that this three-force method is not a completely 
general method of deterruining the reactions of a statically determinate 
structure. It may be used only when the line of action of the resultant 
of the applied loads intersects the known line of action of one of the 
reactions. 





Fig. 5-6 
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5*7 Funicular (Equilibrium) Polygon. A method is discussed 
in Art. 5-4 by which the resultant of several coplanar forces may be 
determined. This method fails when any point of intersection on the 
space diagram falls outside of the paper and is not applicable to a system 
of parallel forces. However, a general method using the funicular 
{equilibrium) polygon is applicable to any coplanar force system. 

Suppose that the resultant of the forces Fi, F2, and F3 shown in Fig. 
5 * 7a is required. The magnitude and dirr^ction of the resultant Ruz is 
obtained from vector 0 in the force polygon 0123. The line of action 
of this resultant on the space diagram may be determined as follows: 
Suppose, by using the force triangle OPl, that force Fi is resolved into 
any two components PI and OP at some point on its line of action. 



3 


Fig. 5-7 

Suppose that the line of action of the component PI is extended until it 
intersects the line of action of F2. At this point, resolve F2 into com- 
ponents one of which, IP, is collinear with, but equal and opposite to, 
PI, and the other is equal to P2 as obtained from the force triangle 
1P2. In the same manner, resolve F3 into components 2P and P3 as 
shown. Now the original force system of Fi, F2, and F3 has been replaced 
by six components, OP and PI, IP and P2, and 2P and P3. Of 
these six components, the pairs PI .and IP and P2 and 2P are collinear 
but equal and opposite, and therefore each of these pairs is in equilibrium. 
The resultant of the six components and therefore of the original force 
system is the resultant of the two remaining components OP and P3 and 
acts through their point of intersection. 

The construction thus drawn between the lines of action of the forces 
in the space diagram is called the equilibrium, or funicular, polygon. The 
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sides of this polygon drawn between the forces are called strings. The 
point P on the force polygon through which all the components are 
directed is called tiie pole. The lines drawn from the vertices of the force 
polygon to the pole P are called rays. 

In an actual problem, the line of action of the resultant is located by 
constructing the funicular polygon in a slightly different manner from that 
described above. First a convenient pole P is selected, and rays are 
drawn from this pole to the vertices of the force polygon. Then the 
strings of the funicular polygon are drawn on the space diagram parallel 
to the corresponding rays of the force polygon. Note that a string is 
drawn between the lines of action of two forces which are adjacent to 



each other in the force polygon and further that this string is drawn 
parallel to the ray directed through the intersection of these two adjacent 
force vectors. While it is not necessary to do so, usually the starting point 
for the funicular polygon is selected as some point on the line of action of 
the first force to have been laid out in the force polygon. Then, the 
intersection of the first and last string of the funicular polygon (such as 
the string between Fi and Bus and that between F 3 and Busy respectively) 
is a point on the line of action of the resultant of the system, which has 
been determined previously in magnitude and direction from the force 
polygon. 

Suppose that a fourth force F4 is added to the system in Fig. 5 -7. 
Suppose further that Fa is collinear with, but equal and opposite to, 
/?i 28. The new system will then be as shown in Fig. 5 • 8. 

In such a case, the force polygon will close, indicating that XFx = 0 
and 2Fy = 0. Likewise, when the funicular polygon is drawn, it is 
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found that the first and last strings drawn from forces Fi and F4, respec- 
tively, are actually collinear. Of course, drawing the funicular polygon 
actually is just a means of replacing the four forces by the eight com- 
ponents shown. It is apparent that these eight components may be 
considered as four pairs, each of which is in equilibrium, and therefore 
the original force system must be in equilibrium. 

Suppose that, instead of F4 being collinear with /?i23, its line of action 
is displaced to the dashed- line position, still being parallel and equal and 
opposite to /?i23. Then, the force polygon will still close, but the first 
and last strings will no longer be collinear. They now will be parallel 
but displaced a distance a apart. In this case, the eight components 
represented by the funicular polygon will consist of three equal and 
opposite pairs in equilibrium, but the fourth pair OP and PO will be 
parallel, equal, and opposite and will be equivalent to a couple equal to 
(OP) (a). The original force system will now be equivalent to a couple of 
(OP) (a) and will no longer be in equilibrium. 

It may therefore be concluded that, for a system of nonconcurrent 
forces to be in equilibrium, it is necessary not only for the force polygon 
to be a closed figure but also for the funicular polygon to be a closed 
figure, I.C., the first and last strings of the funicular polygon must be 
coincident. If the force polygon closes but the funicular polygon does 
not, the force system will be equivalent to a couple. 

There is another principle associated with a funicular polygon, which 
may often be used to advantage. The strings of a funicular polygon 
may be considered to represent links connected together at the vertices 
of the polygon by frictionless pins. If one considers the fundamental 
principles involved in the construction of a funicular polygon, it is evident 
that a linkage of this shape will support the system of loads applied to its 
joints. Of course, in cases where the funicular polygon is not a closed 
figure, it is also necessary to provide the proper reactions for the linkage 
acting along the directions of the first and last strings of the polygon. 
The magnitude of these two reactions are given by measuring the length 
of the first and last rays of the force polygon. 

5*8 Use of Funicular Polygon to Determine Reactions. The 
use of the funicular polygon in determining the reactions of a statically 
determinate structure may be explained by considering the beam and 
loading shown in Fig. 5 - 9 . In this case, the point of application and 
direction of the right reaction and the point of application of the left 
reaction are known, leaving as unknowns the magnitude of both reactions 
and the direction of the left one. These three unknowns may be found 
by knowing that both the force and funicular polygons must close if the 
combined system of loads and reactions is to be in equilibrium. 
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A portion of the force polygon may be drawn immediately, viz,, vec- 
tors W. and 12 representing the applied loads. Now select a pole P, 
and draw the rays to points 0, 1, and 2. Draw a string parallel to ray 
PO between the unknown line of action of jRr, and the force Fi. While 
the direction of Rl is unknown, it is known that point a is one point on its 
line of action and therefore this string may be drawn from point a to 
an intersection with Fi. Likewise, draw successively the strings between 
Fi and and then between F 2 and the known line of action of Rr, 
This last string intersects Rr at point 6. The closing string of the 
funicular polygon will be t le string ab. Now the corresponding ray may 
be drawn in the fon^e polygon parallel to this closing string. This ray 
must go through the vertex that is the intersection of the vectors, repre- 
senting Rr and Rl* Since string 3 was drawn between F^ and Rr parallel 




to ray P2, one end of the vector representing Rr must be at point 2 on 
the force polygon. It is known further that this reaction is vertical. 
Through point 2, therefore, draw a vertical vector representing Rr. The 
other end of this vector must lie on the ray parallel to the closing string, 
and thus vertex 3 of the polygon is located. Vector 23 gives the magni- 
tude of Rr, and vector 30, the closing vector of the force polygon, gives 
the direction and magnitude of Rl^ 

This procedure is straightforward, but sometimes students become 
confused as to whether to draw the vector for the reaction with the known 
direction through the first or last vertex of the force, i,e., in this case 
whether tlirough point 0 or 2. Such confusion is not necessary if one 
remembers that a given string drawn between the lines of action of two 
forces is parallel to the ray which passes through the intersection of the 
two vectors representing these forces in the force polygon. In this case, 
string 1 is drawn parallel to ray PO and string 3 parallel to ray P2. 
This Implies that one end of the vector representing Hl is at point 0 on 
the force polygon and one end of the vector for Rr at point 3. 
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This method of determining reactions is general and is not limited to 
special cases as is the three-force method. 

5.9 Funicular Polygons Drawn through One, Two, or Three 
Specified Points. When one reconsiders the procedure for drawing a 
funicular polygon for a given set of forces, it is apparent that it is possible 
to draw an infinite number of funicular polygons for that particular set 
of forces, for any one of an infinite number of points can be selected as 
the pole of the force polygon. Sometimes, however, it is necessary to 
draw the funicular polygon so that it will pass through certain specific 
points in the space diagram. Under such conditions, it becomes neces- 
sary to limit tlie selection of tl»e pole to certain specific points. 

First consider the case where it is necessary to pass the funicular 
polygon through one specific point in the space diagram, such as point a 
in Fig. 5 10. This may be done by drawing between forces F 2 and Fz 



any desired string that also passes through point a. The ray correspond- 
ing to this string may now be drawn parallel to it and passing through the 
intersection of the vectors for F 2 and Fz in the force polygon. The pole 
P may now be selected as any point along this ray and the remainder of 
the corresponding funicular polygon completed as shown. Obviously, 
any one of an infinite number of poles P can be selected in this manner, 
and hence an infinite number of polygons can be drawn passing through 
the single point a. 

When it becomes necessary to pass the funicular polygon through two 
particular points such as a and b in Fig. 5 11, the procedure must be 
altered somewhat. Suppose temporarily that these forces are imagined 
to be applied to a structure supported by a hinge support at point a 
and a roller support supplying a vertical reaction at point b. Then, 
proceeding in the usual manner, these two imaginary reactions can be 
obtained, using the funicular polygon labeled with the strings 1, 2, 3, and 
4 and the closing string ab\ This funicular polygon is drawn using the 
pole P. Of course, the value so determined for the reactions Rr and Rl 
will be the same regardless of what point is chosen for the pole P, and 
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therefore the position of vertex v in the force polygon is unique. If 
the pole P has been selected as desired, the resulting funicular polygon 
will pass through points a and h and the closing string of this polygon 
will be the line ab. The corresponding ray for this string will be parallel 
to ab and will also pass through vertex v of the force polygon. This ray 
has been so drawn and labeled 5'. Any point along this ray may now be 
selected as the pole P', which will result in a funicular polygon with strings 
1', 2', 3', 4', and 5', which pass through the two specified points a and b 
in the space diagram. Again, it is apparent that any one of an infinite 
number of poles P' can be selected In this manner and hence an infinite 


r 



number of funicular polygons can be drawn passing through two specified 
points a and 6. 

Now consider a case where it is necessary to pass the funicular polygon 
through three specified points a, b, and c, as shown in Fig. 5 12. As 
before, assume temporarily that these forces are acting on a structure 
supported by a hinge support at a and a roller support supplying a verti- 
cal reaction at c. Continue as before, and determine these reactions 
Rl and Hr by drawing the funicular polygon with strings 1, 2, 3, 4, and 
5 and thus locating vertex v in the force polygon. As demonstrated in 
the preceding paragraph, the pole of a funicular polygon passing tlu’ough 
points a and c must lie somewhere along the line vx parallel to line ac. 
Now consider only the forces lying between points a and 6, and assume 
these forces to be supported by a hinge support at a and a roller support 
supplying a vertical reaction at point b. These reactions /?'l and 
may be determined by using the funicular polygon with strings 1, 2, 3, 
and 6 and thus locating vertex w in the force polygon. Likewise, the 
pole of a funicular polygon passing through points a and b must lie some- 
where along the line wy parallel to line ab. Hence, for the polygon to 
pass through all three points a, 6, and c, the pole P' must be located at 
the intersection of the lines vx and wy. In this case, only one pole P' may 
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be located in this manner, and hence only one funicular polygon may be 
passed through three specified points. Further, a funicular polygon 
cannot be made to pass through more than three specified points. 




5*10 Graphical Determination of Shear and Bending Mo- 
ment. After finding the reactions of a beam graphically, shear and 
bending moment may also readily be found by graphical methods. 
Shear, being the transverse component of the resultant of the forces 
applied either to the left or to the right of a section, may easily be found 
from the force polygon. (Jraphical determination of bending moment, 
however, requires additional considerations beyond the techniques 
already discussed. 

The bending moment at a section is equal to the moment of the 
resultant of the forces applied either to the left or to the right of the 
section. Of course, the magnitude and direction of such a resultant may 
be determined from the force polygon, while a point on its line of action is 
located by the intersection of the appropriate strings of the funicular 
polygon. By using this information and scaling the lever arm of the 
resultant, it is possible to compute the desired moment. It is simpler, 
however, to compute the moment by using the procedure developed by 
the following considerations: 

Consider the force system Fi, and Fz shown in Fig. 5 • 13, and sup- 
pose that it is desired to compute the sum of the moments of these three 
forces about point a. The sum of the moments of these three forces is 
equal to the moment of their resultant about point a, which will be called 
Ma. Then, 

Ma = (/?i23)(m) = {UT){m) (a) 

where Wt is measured to the force scale and m to the distance scale. If 
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the line de is drawn parallel to OT, then the triangles OPT and Cde are 
similar. Therefore, drawing H perpendicular to OT, 

— = ^ or Hde = OTm (h) 

m ti ^ 

Hence, 

Ma = Hde (c) 

where de is measured to the dlotance scale and H to the force scale. H is 
called the pole distance. 

In general, determining the product of Hde furnishes a convenient 
way of evaluating the moimmt of the resultant (and hence of the three 
forces) about point a. 1 he following procedure summarizes this graph- 



ical method of determining the moment of a system of forces about a 
given point a: 

1. Construct the force polygon for this system. Select a pole P, 
and draw the corresponding funicular polygon. 

2. Draw through point a in the space diagram a line parallel to the 
direction of the resultant of the system as determined in the force polygon. 

3. Measure to the distance scale the intercept of this line between the 
strings of the funicular polygon, the intersection of which determines a 
point on the line of action of the resultant. 

4. Also measure to the force scale the pole distance H that is the per- 
pendicular distance from the pole P to the resultant vector in the force 
polygon. 

5. The moment of the force system about point a is then equal to 
the product of the intercept, from step 3, and the pole distance, from 
step 4. 

The following examples illustrate how conveniently this procedure 
may be applied to the computation of the bending moment at various 
points in a beam. 
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It is often necessary to consider cases where the load is distributed 
instead of concentrated. In such cases, the portion of the beam so loaded 
must be divided into a series of short sections. The total load acting 
on each section is then assumed to be concentrated at the center of 
gravity of the load for that section. The graphical solution for reactions, 
shear, and bending moment is then carried out as usual, considering the 
distributed load to be replaced by this series of concentrated loads. 
The values of the reactions found in this manner are not in error, but the 
values of shear and bending moment are exact only at the ends of 
the various short sections into which the distributed load is divided. 
The ordinates of the shear and bending-moment curves at intermediate 
points are not appreciably in error, however, provided that the lengths 
of the sections are reasonably small. 


Example 5*1 Draw the shear and bending-moment diagrams for this beam: 
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M, « 3iM X ^.30 = 7i.3^' 

Md - 3i,0 X 3.80 = 117.9^' 

Me = 3i.O X i.45 = 44.9*' 

Discussion : 

In this example, all the loads are vertical and develop vertical reactions. As a result, 
at any point along the beam, the resultant of the loads either to the right or to the left of that 
section is a vertical force. The computation of shear and, particularly, bending moment is 
therefore considerably simplified. For example, in computing the bending moments 
at various points, the pole distant^ H will be constant for every point, and the intercepts 
measured in the funicular polygon will all be along vertical lines. 

Example 5*2 Draw the sh&f'r and bending-moment diagrams for this beam: 
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Computed by using forces on 


Left 


Right 

Mb = 39.7 X O.eO * 23.8 

or 

30.0 X 0.90 « 27.0 

Me = 30.0 X 3.i0 - 93.0 

or 

39.2 X 2.40 = 94.0 

Ma = 39.2 X 0.60 - 23.6 

or 

39.7 X 0.60 - 23.8 


Average Mb ~ 25.^*' 
Average Me = 93.5*^' 
Average Md — 2J.7*' 


Discussion : 

In simple problems such as Example 5 • 1, the graphical method may he applied without 
difficulty. As soon as the loads are inclined or the beam is no longer supported in a simple 
end-supported manner j the method becomes considerably more complex. 

In this case, after finding the reactions using force and funicular polygons I, it is 
necessary to redraw the force polygon so that the forces are laid out in the same order as 
they are encountered in traversing the member from one end to the other. After force 
polygon II and its corresponding funicular polygon have been laid out in this manner^ 
it is possible to compute the shear and bending moment at all the various points along the 
beam. Normally, the second funicular polygon may be superimposed on the first. Here, 
however, two separate space diagrams have been drawn to avoid unnecessary confusion. 

Note that the bending moments have been computed from the forces on each side of the 
section to obtain a check. 


5 • 11 Stresses in Trusses — Maxwell Diagram — Bow’s Notation. 
The graphical method of joints is a convenient method for determining 
the bar stresses of certain statically determinate trusses. Assuming 
that the reactions have been determined previously by either graphical or 
algebraic methods, the bar stresses can then be determined by drawing a 
series of force polygons, one for each joint. It will be found convenient, 
however, to combine all these polygons into one composite figure called a 
Maxwell diagram after its originator, Clerk Maxwell. 

At any joint, the bar stresses and external forces form a concurrent 
coplanar force system, which to be in equilibrium must produce a closed 
force polygon. Closure of the force polygon is equivalent to satisfying 
the two algebraic conditions 'ZFx = 0 and 'ZFy = 0. Since the directions 
of all forces acting on a joint are known, the magnitude of two unknown 
bar stresses may be determined, therefore, by making the force polygon 
for the joint close. It is thus possible to determine all the bar stresses 
in a simple truss by starting at a joint where there are only two unknown 
stresses and then considering each of the other joints in turn, always 
working with a joint where there are not more than two unknowns. 

In applying the graphical method of joints, the external and internal 
forces may be identified by using Bow *s notation. To apply this notation, 
the spaces between external forces are designated by Roman numerals 
and those between bars by Arabic nuqierals as illustrated in Fig, 5 • 14. 
Then, an external force may be identified by reading the numbers on each 
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side of it in a clockwise order; for example, the force acting at joint B is 
called force I-IL Likewise, the internal force with which a member 
acts on a joint is identified by reading the numbers on each side of that 
member in a clockwise order about that joint; for example, member Be 
acts on joint B with a force 32. 

After the space diagram has been labeled according to Bow’s notation, 
the reactions of a truss such as the one in Fig. 5 • 14 may be computed by 
either graphical or algebrak methods, whichever is more convenient. 
Then it is possible to isolate joint a where two bar stresses are unknown 
and to determine these unknowns by drawing the force polygon shown 


C IT 



The vectors of this polygon should be laid out in the clockwise order 
of the forces around the joint. The ends of a vector should be identified by 
the same numbers that lie on each side of the corresponding force in the 
space diagi'ara, arranged so that reading the number first at the rear and 
then at the front end of a vector places them in the same order as that in 
which they are encountered in going clockwise around the joint. If 
this procedure is followed, then the numbers of the vertices from start to 
finish of the force polygon read in the same order as that in which the 
numbers are encountered in going clockwise around the joint. In this 
way, it is found from the force polygon for joint a that the forces with 
which bars aB and ah act on joint a arc measured by the vectors FI 
and 1-VI, respectively, which indicate that the character of stress in aB 
is compression and that in ah is tension. 

Having the stress in ah, it is now possible to proceed to joint h and 
construct a force polygon from which the stresses in bars Bh and be may 
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be determined. Then proceeding to joint 5, there are only two unknown 
stresses, in bars Be and BC, which may be determined from the force 
polygon for this joint. Considering the remaining joints in turn enables 
one to complete the stress analysis of the truss. Instead of constructing a 
separate polygon for each joint, however, it is more convenient to draw 
one Maxwell diagram that in effect combines all the separate joint 
polygons. 

To construct a Maxwell diagram, first draw a force polygon for all 
the external forces, laying out the vectors in the same order as the forces 
are encountered in going clockwise around the structure. If the reactions 




have been determined graphically and the resulting force polygon has 
not been laid out in this manner, then a new polygon must be drawn 
with the vectors so arranged. The vertices of this polygon should be 
labeled in the same manner as described above for the joint force polygon. 
The Maxwell diagram for the truss of Fig. 5 14 was started in this manner 
and is shown in Fig. 5 15. Now consider a joint such as a where there 
are only two unknown bar stresses, and note the numbers of the spaces 
surrounding this joint. All but one, 1, have corresponding vertices in 
the part of the Maxwell diagram drawn so far. The missing vertex, 
number 1, may be located by drawing through the two adjacent vertices, 
I and VI, lines parallel to the intervening bars, aB and ab, respectively. 
Now, considering joint b in the same way, vertex 2 is the only one missing 
and is located by drawing through vertices 1 and V lines parallel to bars 
bB and be, respectively* The remaining missing vertices 3, 4, 5, and 6 
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may be located in turn by considering successively joints B, C, c, and d 
(or D), Note that, at the time when each of these joints is considered, 
there is only one missing vertex associated with that joint. 

The construction of the Maxwell diagram having been completed, it is 
a simple matter to determine the magnitude and sense of the force with 
which a bar acts on a given joint. Read the numbers on each side of a 
bar in a clockwise order around a joint. The magnitude and sense with 
which that bar acts on that joint are given by the vector measured from the 
vertex of the first number to the vertex of the second number. The bar 
stresses so determined in th^t^ example are recorded on the line diagram of 
the truss. 

After comparing the Maxwell diagram with the force polygon for 
the separate joints, it is evident that the diagram is simply a composite 
figure in which all the joint polygons have been superimposed. It is also 
evident that the use of the clockwise direction throughout this discussion 
is arbitrary : the whole system would have worked equally well if every- 
thing were reversed and taken in a counterclockwise order throughout. 

5*12 Certain Ambiguous Cases — Fink Roof Truss. The Max- 
well diagram described in the previous article may be drawn without 
difficulty for any simple truss. When the ideas are applied to a compound 
truss, the diagram may be drawn up to a certain point; then one discovers 
that at each of the remaining joints there are more than two unknown bar 
stresses and therefore more than one missing vertex. 

Consider a compound truss such as the Fink roof truss shown in Fig. 
5 • 16. After finding the reactions, a force polygon for the external forces 
may be laid out and the Maxwell diagram started in the conventional 
manner by considering first joint a and then proceeding in turn to joints 
B and b. Considering now either joint C or c, there are three unknown 
bar stresses and therefore two unknown vertices at either of these joints ; 
it is thus impossible to continue with the Maxwell diagram. Of course, 
it is possible to go across to joint i and work back successfully at joints h 
and H, but then the same dilemma is encountered at either of joints G 
or g One of the several alternative methods available to circumvent 
this difficulty is discussed below: 

Suppose temporarily that we replace bars Cd and dD by the bar Dc 
as indicated by the dashed line. We shall call the space enclosed by 
triangle cDE by number 6' and the space enclosed by triangle cCD by 
number 4'. Such a replacement does not alter the stresses in bars 
aB, ab, bB, be, bC, BC, DIE, Ed, or eg of the original truss. This is evident 
when one considers the computation of the stresses in these members 
using the sections indicated. The locations of vertices 1, 2, and 3 of the 
Maxwell diagram, therefore, remain the same for either the original or the 
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altered truss. It is thus possible to locate vertex 4' of the altered truss 
by considering joint C and then to proceed to joint D to locate vertex 6'. 
The location of vertex 6' so determined for the altered truss coincides with 
6 for the original truss, since in either case the stress in bars DE and 
dE is the same. It is now possible to return to the original truss and, 
by considering in turn joints D and C, to locate the correct positions 
of vertices 5 and 4, respectively. Now it is' easy to proceed in the 
conventional manner and locate the remaining vertices 7 to 13. 



Fig. 5*16 


5*13 Reactions and Bar Stresses of Three-hinged Arches. 

Once the reactions of a three-hinged arch have been determined, there 
is no difficulty encountered in drawing a Maxwell diagram to find the 
bar stresses. The reactions may be determined, of course, either ana- 
lytically or graphically. The graphical solution for the reactions of 
three-hinged arches requires some additional considerations, however. 

One graphical method of finding the reactions utilizes an important 
characteristic of a three-hinged arch. Consider the arch shown in Fig. 
5 17. The reactions of the structure may be computed by superimposing 
the separate effects of (1) the loads applied to the left half acting by them- 
selves and (2) those applied to the right half. It is easy to find the 
separate effects, for in each case one half of the arch is not acted upon by 
any external loads. In such cases, the reaction acting on the unloaded 
half must be directed through the center of the crown hinge at point b 
so that the bending moment about the hinge will be zero. In both cases 
I and II, therefore, the graphical solution is the same as the case of an 
end-supported beam where the magnitude of both reactions but the 
direction of only one of them is unknown. The reactions in cases I and II 
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are obtained by selecting the poles Pi and P 2 and drawing the funicular 
polygons shown. If the two force polygons are plotted together as shown, 
it is then a simple matter to superimpose the two cases graphically and 
find the resultant reactions Ra and Rc developed by the combined system 
of loads. 

A second graphical method of finding the reactions involves passing 
the funicular polygon of the external loads through the three hinges 
a, by and c. In Art. 5 • 7, it is pointed out that a system of external forces 
can be supported by a linkage system which has the same shape as the 
funicular polygon for those forces. Considering one half of the arch at a 



Fig. 5 17 


time, the external loads acting on each half can be supported on a linkage 
with end reactions corresponding to a funicular polygon whose end strings 
pass through the hinges at the support and crown. Since the action of 
the left half on the right half must be equal and opposite to the action of 
the right on the left, the end strings at the crown hinge of the funicular 
polygon of each half must ^)e collinear. This means that the two separate 
polygons must be capable of being combined into one continuous polygon 
for the entire arch, which passes through all three hinges a, by and c. 
If a pole is found so that the funicular polygon for all the external loads 
passes through these three points, the end reactions may then be obtained 
by measuring the first and last rays on the force polygon. 
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5' 14 Problems for Solution. 

Problem 5’ 1 Find praphically the resultant of the forces shown in Fig. 5 18. 
Indicate its magnitude. Show its direction by indicating its horizontal and 
vertical components. Use scale 1 in. = 1 ton. 


SOT 



Problem 5«2 Find graphically the forces necessary to hold each of the 
frames of Fig. 5 19 in equilibrium. Indicate the magnitude of both the force 
and its horizontal and vertical components. Locate the line of action of the 
resultant force with reference to horizontal and vertical axes drawn through 
the center of each frame. 



Problem 5*3 Find the resultant of the forces shown in Fig. 5 20 by use 
of the funicular polygon. Indicate its magnitude and direction, and locate 
the intersection of its line of action with the horizontal base line. Scales 
1 in. = 5 ft, and 1 in. = 50 lb. 


SO^ 40* 50^ 50^ jQ0r 
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Fig. 5 -20 


Problem 5*4 Find the horizontal and vertical components of the reactions 
of the structures of Fig. 5 *21, using the three-force method. 
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Fto. 5 -21 


Problem 5* 5 Find the horizontal and vertical components of the reactions 
of the structures of Fig. 5 22, using the funicular polygon. 




Fio. 5 • 2^ 
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Problem 5*7 Find graphically the bar stresses in the members of the Fink 
roof truss of Fig. 5 *24. 


8 m JO* -80’ 
Fig. 5 -24 


2 Qk /\ K j Problem 5*8 Find the bar stresses in 

/ \ \ \ the members of the truss of Fig. 5 -25, using 

; r j / 1 L graphical methods. 

\io>^ 

^ S(mio=so' 

Fig. 5 - 2.'; 

Problem 5*9 Draw the curves of shear and bending moment for the beams 
of Fig. 5 ■ 26, using graphical methods. 

20 ^ / 5 ^ /S^ 



200 its. per ft. 


Fia 5 -26 
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Problem 5*10 Draw the 
funicular polygon for the beam and 
loading of Fig. 5 • 27, so that it passes 
through the points of support and 
also through a point 20 ft below the 
center of the span. 


40 ^ 


60 ^ 





10' 

■*- 
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Fig. ,'5 27 


Problem 5*11 A cable is su‘'pended from two points at the same elevation 
and 20 ft apart. The cable supports nine weights of 100 lb each, spaced 2 ft 
apart, the distance between each support and the nearest weight being 2 ft. The 
lowest point on the cable is 5 ft l>elow the line joining the supports. What is the 
length of the cable, and what is the maximum tension in itP Use graphical 
methods. 

Problem 5-12 Find the reactions and bar stresses of the trusses of Fig. 
5 • 28, using graphical methods. 



Problem 5*13 Using graphical methods, find the reactions and bar stresses 
of the truss shown in Example 4 * 5. 



CHAPTER 6 


INFLUENCE LINES 

6*1 Introduction. Chapters 2 to 5 are devoted to a consideration 
of the basic ideas involved in the c'omputation of reactions, shears, bend- 
ing moments, and bar stresses for statically determinate structures. 
Before any of these functions can be computed, it is of course necessary 
to establish the condition of loading for which the analysis is to be made. 
In Chap. 1, distinction is drawn between dead loads, such as the weight 
of the structure itself, which remain stationary, and live loads, which 
may vary in position on a structure. 

When one is designing any specific part of a structure, it is necessary 
to proportion the part under consideration so that it has sufficient 
strength to withstand the greatest stress to which it may b(i subjected 
during the life of the structure. In order to design such a part, the great- 
est contribution of the live load to the total design stress is one of the 
items that must be determined. The stress produced in a given part by 
the live load varies with the position of the load on the structure. There 
is always one position of the live loads on a structure that will cause the 
maximum live stress in any particular part of the structure. The part 
of the structure and the type of stress involved may be, for example, the 
reaction at a support; the bending moment or shear at a section in a 
beam or girder ; the tension or compression in a truss member ; or the load 
carried by a particular rivet. The proper design of the various parts 
will, in general, depend on different live-load positions. 

It should therefore be clear that it is essential for the structural 
analyst to understand clearly the methods by which the position of live 
load which causes the maximum stress at any point may be determined. 

6*2 Illustration of Variation in Stress with Position of Load. 
Suppose that a downward load of unity be placed at point A on the beam 
AB of Fig. 6 *1. By taking moments about B, the reaction Bav is found 
to act upward and to equal 1. At A' on the base line A'B', A'being direct- 
ly beneath A, let the distance +1 be plotted vertically. Let the applied 
unit load now travel to C ; upon taking moments about J5, Rav is found to 
equal +^o- Plot this ordinate +%o at C' on the base line A'J5', C' 
being directly below the point of application of the unit load. Let the 
unit load now travel to D; Rav becomes plot +^0 vertically at 

D\ which is directly below Z). 

Repeat the procedure for all positions of the unit load between A 
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and B, The resultant reaction values, plotted in each instance from the 
base line A'B\ and directly below the particular load position, all lie 
on a straight line. This might have been foreseen, since, for the unit 
load at any section at distance x from B, equals +x/20. The 
ordinate +x/20 is plotted at distance x from B', and the plot of x/20 
against x is linear. 

Because of the manner of plot- 
ting this curve from the base line 
A'B\ a number of important con- 
clusions can be drawn. 

1. The ordinate at any point on 
this curve equals the value of BAy if 
a unit load is applied at that sec- 
tion. (Note that all ordinates 
refer to the reaction at point A, and 
that it is the position of the unit 
load causing this reaction which 
is the variable in constructing the curve.) 

2. As the unit load travels from B to A, the reaction at A increases 
linearly. The maximum value of Rau is seen to occur when the load is 
applied at A. 

3. Since all the ordinates to this curve are positive, it may be con- 
cluded that a unit load applied at any point along the span AB causes an 
upward reaction at A. Hence, if this structure were to be loaded with a 
uniform live load, the live load should extend over the entire span AB 
in order to give a maximum value to B^y. 

6*3 The Influence Line — Definition. The curve drawn in Fig. 
6 1 is called an influence line because it show^s I he influence on a certain 
function of a unit load as it travels across the structure. In this particu- 
lar case the function under consideration is the vertical reaction at A. 
The function may, however, be anything that varies as the load moves 
across the span, such as moment or shear at a given section in a girder or 
beam, or stress in a particular truss member, or deflection of a given 
point on a structure. 

An influence line may be defined as follows: An influence line is a 
curve the ordinate to which at any point equals the value of some particular 
function due to a unit load acting at that point 

Curve b of Fig. 6*2 shows the influence line for moment at C, the 
center of an end-supported beam. That this curve satisfies the definition 
of an influence line may be verified by checking the ordinate at any point. 
If, for example, a unit load is applied at Z>, the moment at C equals 
34 X 10 = +2.5. This is the ordinate to the influence line at point B. 
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Curve c of this figure shows the influence line for shear at Z), the left 
quarter point. That this curve satisfies the definition of an influence 
line may also be seen by checking the ordinate at any point. If, for 
example, the unit load is applied just to the right of Z), the shear at D 
equals +^. 

By definition, an influence line shows the effect of a unit load as it 
travels across the span. It should be apparent that such a curve is 
closely related to a live load moving across a bridge. The usefulness of 
influence lines is not, howcA^er, limited to bridge structures, since they 


^ fa) 


(b) 


Cc) 



are of importance in the determination of maximum stresses in any 
structure subject to the action of live loads. These live loads may be 
the movable loads in an office building, or the aerodynamic loads on the 
wing of an airplane, or the hydrostatic support caused by the displace- 
ment of waves on the hull of a ship. 

6*4 Construction of Influence Lines for Beams. Consider the 
beam shown in Fig. 6 • 3a. To illustrate the method of constructing influ- 
ence lines, an influence line for the shear just to the left of point A will 
first be constructed, as shown in Fig. 6 • 36. When a unit load is applied 
at any position to the left of this section, the shear just to the left of A 
equals the unit load and is negative. Hence the influence line has the 
ordinate — 1 from C to A. When a unit load is applied in any position 
between A and J5, the shear just to the left of A is zero. Hence the 
ordinate to the influence line is zero in this portion of the beam. 
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The influence line for the shear at D will now be constructed, as shown 
in Fig. 6 3c. If a unit load is applied at C, the shear at D may be com- 
puted from the reaction at B and is seen to equal +3^. As the unit load 
travels from C to A, the reaction at B and hence the shear at D decreases 
to zero. Hence the influence line for the shear at D varies from + 3^ at C 
to zero at A, Actually, this variation between C and A is linear. That 



the influence line between C and A is a straight line may be seen by either 
of the following two methods: 

1, The unit load may be applied at any point between C and A and 
the shear at D computed. When this value is plotted at the point of 
application of the load, it will be found to lie on a straight line. 

2. If the distance from A to the load is denoted by x, the vertical 
reaction at B acts downward and has the value x/lO, The shear at D 
therefore equals +a:/10. The plot of +3^/10 against a: is a straight line. 

As the unit load travels from A to a point just to the left of D, the 
reaction at B increases from zero to Hence the shear at D goes 
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from zero to The ordinate to the influence line at a point just to 

the left of £) is therefore — o* That the influence line is a straight line 
varying from zero at A to — p f o at i) may be seen on the basis of either of 
the arguments which led to the conclusion that it was straight between C 
and A. 

Now consider the unit load placed just to the right of D, If the shear 
at D is computed from the forces to the right of D, as has been done 
previously, it is necessary to consider two forces, the reaction at B and 
the unit load itself. If, on the other hand, the shear at D is computed 
from the forces to the left of Z), it is necessary to consider only the reac- 
tion at A. 

It is often preferable, in computing ordinates to influence lines, to 
work from the forces on the side oi* the section that is away from the 
unit load. For the case under consideration, BAy = +/io, so that the 
shear at D is +Ko- This is the ordinate to the influence line just 
to the right of D. It is to be noted that as the unit load passes D, while 
moving from left to right, the shear at D increases suddenly from 
to + Jio- As the unit load travels from just to the right of D to B, the 
reaction at Ay hence the shear at Z>, decreases linearly from +Ko to 
zero. Hence the influence line is a straight line running from 4-Ko at D 
to zero at A, 

The influence line for the moment at A will now be constructed, as 
shown in Fig. 6 • 3rf. When a unit load is placed at ( 7 , the moment at A 
equals — 5. As the load travels from C to A, the moment at A decreases 
linearly to zero. With the load at any position between A and B, the 
moment at A equals zero, as can be seen from a consideration of the forces 
to the left of A, 

To construct the influence line for the moment at £>, as shown in 
Fig. 6- 3c, one may proceed as follows: Owing to a unit load at C, the 
moment at D equals — as may easily be computed from the reaction 
at B. As the load goes from C to the moment at D decreases linearly 
to zero. Hence the influence line is a straight line from — at Cto 
zero Rt A, As the load goes from A to D, the reaction at B increases 
linearly from zero to +Ko; the moment at Z>, computed from this reac- 
tion, increases linearly from zero to +Mo X 7 = hence the 

influence line is a straight line from zero at A to at Z). As the 

load goes from D to B, the reaction at A decreases linearly from +1^0 to 
zero; the moment at Z), computed from this reaction, decreases linearly 
from +Ko X 3 = to zero at fi. 

6*5 Properties of the Influence Line. Influence lines may be 
used for two very important purposes: (1) to determine what position of 
live loads will lead to a maximum value of the particular function for 
which an influence line has been constructed; (2) to compute the value 
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of that function with the loads so placed or, in fact, for any loading 
condition. 

Since the ordinate to an influence line equals the value of a particular 
function due to a unit load acting at the point where the ordinate is 
measured, the following two theorems hold: 

1. To obtain the maximum value of a function due to a single concen- 
trated live load, the load should be placed at the point where the ordinate to 
the influence line for that function is a maxirniim. It is obvious that if the 
maximum positi\e value of a function is desired, the load should be 
placed at the point where tli^^ ordinate to the influence liii(‘ lias its maxi- 
mum positive value, whi^e, if the maximum negative value is to be 
obtained, the position of the load is determined by the maximum nega- 
tive ordinate, 

2. The value of a function due to the action of a single concentrated live 
load equals the product of the magnitude of the load and the ordinate to the 
influence line for that function, measured at the point of application 
of the load. This follows from the principle of superposition. Further, 
the total value of a function due to more than one concentrated load can 
be obtained by superimposing the separate eflects of each concentrated 
load, as determined by theorem 2. 

To illustrate the appli(‘ation of these two theorems, suppose a con- 
centrated live load of 10,000 lb is applied to the beam of Fig. 6- 3a. If 
the influence line of Fig. 6 3c is used, the maximum positive sliear that 
this load can cause at D occurs with tlie load just to the light of D and 
equals 10,000( + Ko) = +7,000 lb. The maximum negative shear at 
the same section occurs witli the load just to the left of D and equals 
10,000 ( — Ho) = —3,000 lb. From Fig. 6 3e, the maximum positive 
moment at D occurs with the load at D and equals 

10,000(+2Ho) = +21,000 ft-lb 

From the definition of an influence line, the following theorem, deal- 
ing with uniformly distributed live loads, is apparent: 

3. To obtain the maximum value of a function due to a uniformly dis- 
tributed live load, the load should be placed over all those portions of the 
structure for which the ordinates to the influence line for that function have 
the sign of the character of the function desired. 

To compute, from the influence line, the actual value of the function 
due to a uniformly distributed live load, the following theorem should 
be used: 

4. The value of a function due to uniformly distributed live load is equal 
to the product of the intensity of the loading and the net area under that 
portion of the influence line, for the function under consideration, which 
corresponds to the portion of the structure loaded. 
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That the foregoing theorem is correct may be seen from the following: 
Let AB be the influence line for a given function F, for a portion of 
a structure, as shown in Fig. 6-4, that is subjected to a uniformly dis- 
tributed load of w lb per ft, applied continuously to the structure between 
two points M and N. That portion of the uniform load applied in 
distance dx may be treated as a concentrated load equal to w dx- 
By theorem 2, the value of the function F due to this differential load 
is given by dF = w dx y. The total value of Fdue to the load between M 
and N is obtained by integrating dF between x == 0 and x = a, or 

fa fa 

F = I wy dx = w I y dx = w multi- 
plied by the area under that portion of 
the influence line which corresponds to 
the portion of the structure loaded. 

To illustrate the application of 
theorems 3 and 4, suppose a uniform 
live load of 1,000 lb per ft is applied to 
the beam of Fig. 6 - 3a. To obtain the 
maximum positive shear at D (Fig. 
6 * 3c), the uniform load should extend 
from C to A and from D to J5. The 
value of this maximum positive shear at A is given by 

l,000[>^(5)(+3^) + >^2 (7)(+Ko)] = +3,700 lb 

For maximum negative shear at Z), the structure should be loaded from A 
to D, leading to a resultant shear at D equal to 

l,000[M(3)(~Ko)] = -450 lb 

F'or maximum positive moment at D, refer to Fig. 6 - 3c. The structure 
should be loaded from A to B; the resultant moment equals 

1,000(3/2(10) (+2>lo)] = +10,500 ft-lb 

For maximum values of functions due to a concentrated live load 
and uniformly distributed Kve load acting simultaneously, the maximum 
function due to each acting separately should be computed by the 
methods already given and the results superimposed. For example, to 
obtain the maximum negative moment at A, in the beam of Fig. 6 -30, 
due to a uniform load of 1,000 lb per ft and a single concentrated load of 
10,000 lb, it is found by reference to Fig. 6 - 3d that the uniform load 
should extend from C to A, and the concentrated load should be placed 
at G. The maximum negative moment at A is then given by 

1,00013^^(5) (-5)] + 10,000(^5) - -62,500 ft-lb 
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Suppose that a uniform load of 1,000 lb per ft extends over the entire 
length of the beam of Fig. 6 ‘^a. Functions are then computed on the 
basis of the algebraic sum of the component areas that comprise the entire 
influence line. From Fig. 6 36, the resultant moment at D would, for 
example, be given by l,000[3.^(5)(--%) + H(10)(+23^o)] == -3,500 
ft-lb. 

6*6 Influence Lines for Girders with Floor Systems. The 
structural action of floor systems is discussed in Art. 3*9. The con- 
struction of influence lines for girders with floor systems may be illus- 
trated by a consideration ot Fig. 6-5. An influence line for the shear in 
panel BC will first be di awn, as shown in Fig. 6 56. It should be noted 

(«) 

I 

Gy 

(h) 


ic) 


that, since live loads can be applied to the girder only by the floor beams 
which are located at panel points A, B, . . . , G, the live shear has the 
same value at any section in a given panel of the girder. 

When a unit load is placed at A, Roy = 0. The floor-beam reactions 
to the right of panel BC, that is, the forces applied to the girder by the 
floor beams at C, D, E, F, and G, are also zero. Hence, by computing 
the shear in panel BC from the forces acting on the girder to the right of 
the panel, the shear equals zero. When the unit load is placed at B, 
Roy ~ + 34; the floor-beam reactions at C, D, . . . , G stiU equal zero; 
hence the shear in panel BC equals —34. 

As the unit load travels along a stringer from one panel point to 
another, the influence line will be a straight line for the panel under 
consideration, provided that the stringers act as end-supported beams 
spanning the adjacent floor beams. That this is so may be seen from the 
following: As the unit load travels from one panel point to another, the 


A B C D B G 



Moment at E 
Fig. 6 -5 
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reactions on the stringer, which are also the forces applied to the girder 
by the floor beams, vary linearly; hence any stress function for the girder, 
such as shear in a given panel, will also vary linearly. The influence 
line for shear in panel BC is therefore a straight line from zero at A to 
at B. 

When a unit load is placed at C, Bav = +^ 3 , while the floor-beam 
reactions at A and B are zero. Then the shear in panel BC equals 
as is easily computed from the forces to the left of the panel. The 
influence line is a straight line from B to C. 

The ordinates to the influence line at panel plants D, F, and G 
may be computed by a proc'edure similar to that used in determining the 
ordinate at C, and the influence line will in each case be a straight line 
between panel points. It will be found that the influence line is a straight 
line from C to G. These computations can be eliminated by the following 
reasoning: As the load travels from C to G, Rav decreases linearly from 
+^3 to zero, as is easily seen from a consideration of the external forces 
acting on the structure; since the floor-beam reactions at vl and B remain 
zero, the shear in panel BC decreases linearly from +^3 to zero. 

It should be pointed out that an influence line may always be con- 
structed by computing the value of the function under consideration for 
successive positions of the unit load and taking care that one include^.s all 
points where the slope of the influence may change. Panel points con- 
stitute such points; but as will be seen later, it is possible to arrange a 
structure so that other points may also be critical. Experience in con- 
structing influence lines makes it possible for one to recognize the fact 
that certain portions of the line are linear. This leads to a saving in 
computations, but it is not a necessary procedure. 

Consider now the influence line for the moment at panel point E of 
the girder of Fig. 6 • 5a, which is given in Fig. 6 • 5c. As a unit load travels 
from A to E, Roy increases linearly from zero to +^ 3 , as may be seen from 
a consideration of the external forces, while the floor-beam reactions at F 
and G are zero. Hence the moment at panel point E increases linearly 
from zero at A to a value equal to +% X 20 = at E, and the 

influence line is a straight line from zero at A to at As the unit 

load travels from E to G, Rxy decreases linearly from to zero; the 
floor-beam reactions at A, J5, C, and D are zero; hence the influence line 
is a straight line from + 3 3 X 40 = -^^%dXEto zero at G. 

It is not necessary for the stringers in every panel to be simply sup- 
ported by the adjacent floor beams. Figure 6 • 6 a illustrates a case where 
the stringers are cantilevered in panel BE and where the end stringer in 
panel EF cantilevers to point G. The construction of an influence line 
for such a structure will be illustrated by considering the moment at 
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panel point E in the girder, as shown in Fig. 6 • 66. As the unit load goes 
from A to C, consideration of the forces acting on the free body consisting 
of the girder plus stringer AC and the floor beams connecting stringer AC 
to the girder shows that Rpy increases linearly from zero to +H* Since 
the floor-beam reactions at E and F are zero, the moment in the girder at 
E increases linearly from zero at A to X 10 = +5 at C. With the 
unit load at A Rau = +3i* the floor-beam reactions at A and B are 


zero; hence the moment at E equals 
load travels from D to G, Rav 
varies linearly from +32 —3^; 

the floor-beam reactions at A 
and B remain at zero; hence the 
moment at E varies linearly from 
+ 10 at D to X 20 = -3.33 
at G. 

6-7 Interpretation of 
Influence Lines for Girders 
with Floor Systems. The four 
theorems of Art. 6 -5 dealing with 
the use of influence lines are per- 
fectly general and are applicable 
floor systems. Suppose that live 


+ ^2 X Ihe unit 



Momenf pif JS 
Fig. 6-6 


to influence lines for girders with 
loads consisting of a uniform load 
of 1,000 lb per ft and a single concentrated load of 10,000 lb are 
applied to the struQture of Fig. 6- 5a. To obtain the maximum live 
shear in panel BC, refer to the influence line of Fig. 6 -56. It is first 
necessary to locate point a at which this influence line crosses the base 
line. Such a point is called a neutral point, since a load applied at this 
point has no effect on the function under consideration. This point may 
be located by similar triangles; its distance from B will be found to be 
2 ft. The maximum positive live shear in panel BC occurs when the 
uniform load extends from the neutral point to G and when the concen- 
trated load is at G; it is equal to 


im[hK+H)m] + 10,000(+23) = 22,667 lb 

Maximum negative live shear in this panel occurs when the uniform load 
extends from A to the neutral point and the concentrated load is at B; it 
has a value equal to l,000[3^2(”~3l3)(12)] + 10,(K)0( — 3tj) ~ —2,667 lb. 
In Fig. 6 -Sc, the maximum positive live moment at panel point E, due 
to the same live load, occurs with the uniform load extending over the 
entire span and with the concentrated load at E. Its value is equal to 
1 , 000 [>^(+ 4 ^ 3 )( 60 )] = +533,333 ft-lb. 

The foregoing method of computing maximum live shears and 
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moments, based on locating neutral points and using exact areas under 
influence lines, is exact. The following approximate method is of impor- 
tance, since it often involves less computation and is well suited to effi- 
cient organization of computations for complicated structures. In the 
approximate method, it is assumed that for uniform live load there is 
acting at each panel point either a full panel load or no panel load what- 
ever, depending on whether the ordinate to the influence line indicates 
that a load at that panel point increases or decreases the value of the 
function for which a maximum value is desired. 

A full panel load is the maximum possible load that can be applied to 
a girder by a floor beam. It can occur only when the stringers adjacent 
to the panel are fully loaded, and it is equal (for panels oi‘ equal length) 
to wl, where w is the intensity of the uniform load and I is the length of 
the panel. 

Consider again the structure of Fig. 6 • 5a acted upon by live loads con- 
sisting of a uniform load of 1,000 lb per ft and a single concentrated load 
of 10,000 lb. For the uniform live load, the full panel load equals 
(1,000) (10) = 10,000 lb. To compute the maximum positive live shear 
in panel BC by the approximate method, this full panel load is placed 
at C, D, J?, and F, since the influence line of Fig. 6 • 56 has positive ordi- 
nates at these panel points. No panel load will be placed at JS, where 
the ordinate to the influence line is negative. The concentrated load will, 
as in the exact method, be placed at C. The resultant maximum posi- 
tive live shear in panel BC is equal to , 

10,000(^^ +}i + Vs + H) + 10,000(%) = 23,333 lb 

The corresponding value was 22,667 lb by the exact method, so that the 
result by the approximate method is seen to be slightly on the safe side, 
i.e., slightly larger than the exact value. The approximate method 
assumes a full panel load acting at C, which could not occur without com- 
pletely loading stringer BC; loading stringer BC would cause a floor- 
beam reaction at B equal to half a full panel load, which by itself would 
cause negative shear in panel BC, Because the negative shear due to the 
partial panel load applied at B is neglected in the approximate method, 
the resultant positive shear computed is necessarily on the safe side. 
The approximate method of computing maximum values of functions 
never ^ves smaller values than does the exact method. 

To find the maximum positive live moment at E for the same struc- 
ture and loading by the approximate method, refer to the influence line 
of Fig. 6 -Sc. For the uniform load, a full panel load of 10,000 lb is 
applied at all intermediate panel points, since all the corresponding 
ordinates to the influence line are positive. The concentrated load is 
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placed at E. The maximum positive live moment is given by 

10,000(+1% + 2% + + 2%) + 10,000(+4%) 

= +533,333 ft-lb 

This is the same value as that obtained by the exact method. 

6*8 Series of Concentrated Live Loads — Use of Moment 
Diagram. The methods of using the influence line as previously pre- 
sented apply to uniformly distributed live loads and to single concen- 
trated live loads. They cannot, however, be used directly when the live 
load consists of a series ol euncenlrated loads of given magnitude and 
spacing, such as are actually applied by the wheels of a locomotive or of a 
series of trucks. Wlien there is more than one concentrated load, it is 
not possible, in general, to tell by inspection which of the concentrated 



Loads in kips per wheel 


Number of had 
Wheel spacing 
Distance from had 1 


iO 

30 

SO 

70 

90 

400 

1000 

/SOO 

1900 

2/00 

3S0 

650 

/2S0 

tsso 

/650 

300 

WO 

1000 

1200 


200 

400 

SOO 



ISO 

250 




100 






no /JO Sum of loads from left 
2200 Sum of moments about load 7 

Sum of moments about had 6 
Sum of moments about had 5 
Sum of moments about had4' 
Sum of moments about had 3 
Sum of moments about had 2 


Fig. 6 -7 


loads should be placed at the maximum ordinate of the influence line 
in order to make the given function a maximum. 

The method that should be followed for such a live load is essentially 
one of trial. In order to expedite the various trial solutions, it is desirable 
to organize such an analysis carefully, so as to minimize computations. 
For a series of concentrated loads, a moment diagram, such as is shown in 
Fig. 6 -7, can be used to advantage. This particular moment diagram Ls 
computed for the seven concentrated loads spaced as shown. The 
diagram is practically self-explanatory. The numbers in the six bottom 
rows may be explained by a single illustration: The number 1,900 under 
load 4 and in the horizontal line labeled Sum of moments about load 7 
represents the moment about load 7 of loads 1 to 4; thus 

10(40) + 20(30) + 20(25) + 20(20) 1,900 

To illustrate the use of the moment diagram, suppose that it is desired 
to compute the moment at load 3 in the beam of Fig. 6 • 8, due to the 
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loading of Fig. 6 • 7 located as shown in Fig, 6 • 8. The moment about B 
of the applied loads is equal to 1,650 (the moment of loads 1 to 5 about 
load 6) plus 110 (the sum of the loads from 1 to 6), multiplied by 2 (the 
distance from load 6 to point B), whence 1,650 + 110(2) = 1,870 kip-ft. 
Dividing this moment by the span of the beam, Bav is found to equal 
1,870/50 = +37.4 kips. Hence the moment at load 3, working from the 
forces to the left, is given by +37.4(28) — 250 == +798 kip-ft. It is 
to be noted that the moment of 250 kip-ft which was subtracted is the 
moment of loads 1 and 2 about load 3. 


20 ^ 20 ^ 20 ^ 20 ^ 20 ^ 



Fig. 6-8 


As a second example of the use of the moment diagram, the shear in 
panel BC of the girder of Fig. 6 -9 will be computed for the loads shown 
acting, these loads being a part of the loading of Fig. 6 7. For the loads 
so placed, load 1 is not on the span. The girder reaction at A is given by 


/?Aiy = 


(1,650 - 350) + (110 - 10)3 


= +44.5 kips 


The sum of the floor-beam reactions at A and is equal to 

20 + ^^(20) = 31.1 


Hence the shear in panel BC equals +44.5 — 31.1 == +13.4 kips. 


20 ^ 20 ^ 20 ^ 20 ^ 20 ^ 



Fig. 6'9 


In using the moment diagram 
it is usually convenient to repro- 
duce it to scale on cardboard and 
place it in the proper position on 
a drawing of the structure to be 
analyzed, which is drawn to the 
same scale. 

6 • 9 Series of Concen tra ted 
Live Loads — Computation of 


Maximum Moment. The computation of maximum moment at a 


given section in a girder will be illustrated by computing the maximum 


moment at C of the girder of Fig. 6 ♦ 10a, due to the live loading corre- 
sponding to the moment diagram of Fig. 6 • 7. The influence line for the 
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moment at C is first constructed, as shown in Fig. 6 • 106. The maximum 
moment at C will occur when one of the concentrated loads is at C; 
the first part of the problem consists in finding out which load should be 
at C in order to cause this maximum moment. 

Before attempting this trial solution, the slope of each portion of the 
influence line, going from right to left, is first computed. For example, 
the portion of the influence line for the moment at C, which runs from F 
to C, has a slope of +^^30 - 

Using the moment diagram of Fig. b * 7, place load 1 at C, This causes 
a certain moment at C, \iinch, however, will not be (omputed at this 


ABC D E F 



stage of the analysis. Instead, the entire system of loads will be moved 
to the left until load 2 is at C, and computations will be carried out to 
determine whether the moment at C has been increased or decreased 
by this change in the position of the loads. To see whether the moment 
has become larger or smaller, it is convenient to divide the loads under 
consideration into three groups: (1) those loads which were on the 
structure before the loads were moved and which remain on the structure 
after the loads are moved; (2) those loads which were on the structure 
before the loads were moved but which have passed off the structure after 
the loads are moved; (3) those loads which were not on the structure 
before the loads were moved but which are on the structure after the loads 

* The ordinates to an influence line for moment may be interpreted to give the 
moment per pound of applied load and hence are in units of foot-pounds per 
pound « feet.^ The increment in ordinates per ft. are therefore in units of ft. per foot: 
that is, they are nondimensional. ' 
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are moved. For convenience we shall refer to these three load groups as 
load group 1, load group 2, and load group 3, respectively. 

The following computations determine whether this load move has 
increased or decreased the moment at C. It should be noted that, if a 
load P moves a distance d and if the slope of the influence line is m, the 
corresponding change in moment equals Pdm. 


Load 1 at section ; move up load 2 

Increase in moment 

Decrease in moment 

Load group 1 Loads 1 to 5 

Load group 2 None 

Load group .3 Load 6 

All loads combined 

80(10)(+%) = +320 

0 

20(5) (+K) = +40 
+.360 

10(10)(-%) - -60 

0 

0 

-60 



The net change in moment is +360 — 60 — +300 kip-ft, so that a 
larger moment at C occurs with load 2 at the section (i.e., at C) than with 
load 1. However, it may be that a still larger moment occurs with load 
3 at the section. The loads will now be moved to the left until load 3 
is at C, and computations will be made to determine whether this new 
movement of loads has increased or decreased the moment at C. 


Load 2 at section; move up load 3 

Increase in moment 

Decrease in moment 

Load group 1 All loads 

Load group 2 None 

Load group 3 None 

All loads combined 

100(5)(+%) = +200 

0 

0 

+200 

30(5) (-^50 = -90 

0 

0 

-90 



Since 200 is greater than 90, the moment has again increased. We 
shall now find out whether there will be still a further increase if load 4 is 
moved to the section. 


Load 3 at section ; 

move up load 4 

Increase in mopient 

Decrease in moment 

Load group 1 


80(5)(+?i) = +160 

50(5) = -150 

Load group 2 

None 

0 

0 

Load group 3 


0 

0 

All loads combined . . 


+160 

-150 


Again, the moment has increased. We shall now move up load 5. 


Load 4 at section; move up load 5 

Increase in moment 

Decrease in moment 

Load group 1 

. Loads 2 to 7 

60(10)( + %) = +240 

60(10)(-^) = -360 

Load group 2 

. .Load 1 

0 

0 

Load group 3 

. .None 

0 

0 

All loads combined . . 


+240 

-360 
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Note that, although load 1 was considered as on the structure with 
load 4 at the section, it caused no moment at C, so that no change occurred 
when it passed off the structure. Since 240 is less than- 360, moving up 
load 5 caused a decrease in the moment at C. Hence the maximum 
moment at C occurs with load 4 at C. With some experience in moving 
up loads, one might have foreseen that the maximum moment at C 
would not occur with load 1 at the section and that it probably would not 
occur with load 2 at the secUon. This would have eliminated a portion 
of the foregoing computations. 

With the position of loa^ls causing maximum moment at C known, the 
value of this moment may now be computed, either from the ordinates 
of the influence line directly or by using the moment diagram. By the 
latter procedure, 

Rau - ^ ^ - +70 kips 

The moment of the floor-beam reactions at + and B about C is equal 
to the moment of loads 1, 2, and 3 about load 4, which is 500 kip-ft. 
Hence the maximum positive live moment at C equals 

+ 70(20) - 500 = +900 kip-ft 

6*10 Series of Concenlraled Live Loads — Computation of 
Maximum Shear. The foregoing method of moving up loads, based on 
the use of the influence line, is perfectly general and may be used for any 
influence line. As a second illustration of its application, the maximum 
positive shear in panel BC of the structure of Fig. 6 - 10a, due to the live 
loading of Fig. 6 • 7, will be computed. The solution might start by plac- 
ing load 1 at C (the maximum positive ordinate to the influence line) 
and moving up load 2 to find out whether the shear in panel BC increases 
or decreases. This step is scarcely necessary, however, since an examina- 
tion of the loading and the influence line of Fig. 6 - 10c will lead to the 
conclusion, without computations, that this movement will increase the 
shear in panel BC, 


Load 2 at section; move up load 3 

Increase in shear 

Decrease in shear 

Load group 1 

! 

, . All loads 

100(5)(-f Ho) + 10*(5)(-f Ho) - 

+ 11.0 

20(5)(-Ho) 8.0 

Load group 2 

. .None 


0 

0 

Load group 3 

, . . None j 


0 

0 

A.11 loads combined . . 



+ 11.0 

-8.0 




* This term is for load 1. The negative shear due to this loud iSe decreased, leading to au increaee 
in the positive shear in panel BC, 





170 


INFLUENCE LINES 


This shows an increase in the positive shear in panel BC, Hence we 
shall move load 4 up to the section. 


Load 3 at section; move up load 4 

Increase in shear 

Decrease in shear 

Load group 1 

Load group 2 

Load group 3 

. . . . All loads 
, . . . None 
. . . None 

1 

80(5)(-f;>^o) + 10(5) ( + Ho) 

= +9 0 
0 

0 

mS){-Ho) » -16.0 

0 

0 

All loads combined . 



+ 9.0 

-16.0 




This shows a decrease in the positive shear in panel BC. Hence the 
maximum shear in panel BC occurs when load 3 is at C. The value of 
this maximum shear may be obtained as follows, using the moment 
diagram of Fig. 6 • 7 : 

2,200 + 130(5) 


- 


50 


— +57.0 kips 


The sum of the floor-beam reactions at + and B equals 10 + = 20 

kips; hence the maximum positive live shear in panel BC equals 

+ 57.0 - 20.0 - +37.0 kips 

6*11 Absolute Maximum Live Shear. The methods which 
have been given for the computation of maximum shear due to live loads 
assume that the section or panel in which the shear is to be computed is 
known. It is often desirable to compute the absolute maximum live 
shear in a member, i.e., the maximum live shear that can occur at any 
section in the member. For a simple end-supported beam or girder, 
absolute maximum live shear will occur at a section immediately adjacent 
to one of the end reactions. If the beam or girder is not a simple end- 
supported member, the absolute maximum live shear will occur on one 
side of one of the reactions. The true value of absolute maximum live 
shear can be determined only by computing the maximum live shear at 
each such section. 

6*12 Absolute Maximum Live Moment. Similarly, the methods 
which have been given for the computation of maximum moment due to 
live loads assume that the section at which maximum live moment is to 
be computed is known. It is often necessary to compute the absolute 
maximum live moment for a beam or girder. For a simple end-supported 
beam, this occurs at mid-span for either a uniform live load or a single con- 
centrated live load. For a simple end-supported girder with a floor 
system, absolute maximum live moment occurs at the panel point nearest 
the center of the span. For a girder wholly or partly cantilevered, abso- 
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lute maximum live moment is likely to occur at a reaction. If the section 
where absolute maximum live moment occurs cannot be definitely 
identified by inspection, it is necessary to compare maximum moments 
computed for various sections where absolute maximum live moment is 
likely to occur. 

A special case of importance consists in determining the absolute 
maximum live moment due to the action of a series of concentrated live 
loads on an end-supported beam, as shown in Fig. 6 - 11. The moment 
curve for a series of concentrated loads 
is a series of straight lines intersecting 
at the positions of the loads, so that 
absolute maximum live moment must 
occur directly beneath one of the loads. 

Two questions must be answered: (1) 

Under which load does absolute maxi- 
mum live moment occur P (2) What is 
the position of this load when absolute maximum live moment occurs? 

The answer to the first question must often be determined by trial, 
but the second question is subject to direct analysis. Assume that in 
Fig. 6 11 the absolute ’maximum live moment will occur under load B. 
Let the distance from the center of tlie span to load B be denoted by x 
and the distance from load B to the resultant R of all the loads A, B, 
C, and D be denoted by d We wish to determine the value of x that will 
make the moment at load B a maximum. The value of Rmv may be 
determined by taking moments about N and considering the resultant 
force R rather than the actual loads A, B,C, and Z). Thus 



Denoting by Mb the moment under load B, 

Ms = (f - = (f + X ~ t) 

BL Rd Rx^ , Rdx . 

For a maximum value of Mb, 

dMa _ _ 2Rx . Bd _ ^ 

“ L L ^ 



Fig. 6 11 


whence x — Jill, 
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We may therefore conclude that the maximum moment directly beneath 
one of a series of concentrated live loads that are applied to a simple end- 
supported beam occurs when the center of the span is halfway between that 
particular load and the resultant of all the loads on the span. 

If there are only two concentrated loads to consider, the absolute 
maximum live moment will occur under the heavier of the two loads. 
Such a case is illustrated in Fig. 6 12, where the distance from the 10-kip 

load to the resultant R of the two 
loads equals (5 X 12)/15 = 4 ft. 
For absolute maximum moment, 
the 10-kip load is placed 2 ft from 
the center of the span, and thus the 
resultant /? is 2 ft on the other side 
of the span center. At this point 
one should check to see whether 
or not both loads are on the span. 
If not, the absolute maximum 
moment occurs at mid-span when 
the heavy load is at the center of the span. For this case, both loads 
are on the span. The absolute maximum live moment occurs directly 
beneath the 10-kip load and is given by 


/?' 


12 


10^ 




R=IS^ 



3 

r 


12 ' . 1 


24 ' 


y^/ 


Fjg 6 12 


1502 ^* 

24 


+62.5 kip-ft 


If there are more than two concentrated loads, it may not be possible 
to tell by inspection under which load the absolute maximum live moment 
will occur. It will usually occur under a large load near the center of 
the group of loads. The maximum moment that can occur under each 
of the loads may be determined by the foregoing method, and the largest 
of these moments will be the absolute maximum live moment. 

6*13 Influence Lines for Trusses — General. Influence lines 
may be constructed for the stresses in truss members and are important 
in determining the location of live loads leading to maximum stresses in 
truss members, as well as for computing the actual values of these maxi- 
mum stresses. The same general procedure as that used for constructing 
influence lines for beams and girders is applicable to trusses. It is always 
possible to compute the ordinate to the influence line for a unit load at 
each panel point of the truss. Usually the stringers act as end-supported 
beams between the floor beams, so that the influence line is a straight 
line between panel points. As was the case with beams and girders, 
it is often possible to reduce the amount of computation by recognizing 
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the fact that the influence line is a straight line for several successive 
panels. 

Once the influence line has been construcjted for the stress in a given 
truss member, the interpretation of the curve with respect to loading 
criteria and stress analysis is identical with that for beams and girders. 

Influence lines for trusses are drawn to correspond to a unit load 
traveling across the loaded chords i.e., the chord containing the panel 
points at which the live load is applied. 

6-14 Influence Lines for a Pratt Truss. The construction and 
use of influence lines for tr usses will be illustrated by a consideration of 



Fig. 6 13 

the Pratt truss of Fig. 6 • 13a. To construct the influence line for a chord 
member, such as bar LJLz, take moments about ?72 of the forces acting on 
one side of section A-A. With the unit load to the left of the section, the 
tension in LzLz equals multiplied by 120 and divided by the truss 
height of 40 ft and hence is directly proportional to Since R^ varies 
linearly as a unit load travels from Lq to L 2 , the influence line is a straight 
line from zero at Lo to = +1 at Lj. Had this linearity not 

been recognized, the value of the ordinate to the influence line at Li 
might have been computed independently and would have been found to 
equal = +3'^* With the unit load at L 2 or at any point to 

the right of section A -A, the tension in LJijz equals R^y multiplied by 




174 


INFLUENCE LINES 


[§615 


60 and divided by 40. Since Roy varies linearly as a unit load travels 
from L2 to Le, the influence line is a straight line from = +1 

at L2 to zero at Lq, This influence line is shown in Fig. 6 • 136, where 
tension is plotted above the base line. 

The construction of an influence line for stress in a web member will 
be illustrated by Fig. 6 - 13c, where the vertical bar U 2 L 2 is considered. 
Wlien a unit load is to the left of section B-B, the tension in this member 
equals the reaction B^, Hence the influence line is a straight line from 
zero to Lo to 4-/^ at L2. When the unit load is to the right of section 
B-B, the compression in U 2 L 2 equals the reaction Boy. Hence the influ- 
ence line is a straight line from —3^ at L3 to zero at Le, negative stress 
values being plotted below the base line and indicating compression. 
Between panel points L 2 and L3, the influence line is a straight line, assum- 
ing that the stringers are constructed so that they act as end-supported 
beams between the panel points L2 and L3. 

For both the bars that have been considered, the influence lines 
extend over the entire length of the truss. Such bars are called primary 
truss members. Consider now the vertical member t/iLi, the influence 
line for which is shown in Fig. 6- 13d. Upon applying the method of 
joints to Li, it is seen that the stress in this bar is zero if the unit load is 
applied to any panel point other than Li, in which case it equals +1. 
Such a member of the unit load, which is stressed for certain positions 
only, is called a secondary truss member. 

To obtain maximum live stresses in truss members by use of the 
influence line, no new principles are involved. For example, suppose 
that it is desired to determine the maximum compression in the vertical 
U 2 L 2 due to a uniform live load of 2,000 lb per ft and a single concentrated 
live load of 15,000 lb. 

By the exact method, the neutral point of the influence line of Fig. 
6 130 is determined by similar triangles as being located 12 ft to the 
right of L2. For maximum compression in U 2 B 2 , the uniform load should 
extend from the neutral point to Le, while the concentrated load should 
be placed at L3. The value of this maximum compression is given by 

2,000U^)(108)(-3^) + 15,000(-K) = -61,500 1b 

By the approximate method, the panel loads for the uniform load 
equal 2,000 X 30 == 60,000 lb and are placed at L3, L4, and L5. The con- 
centrated load is placed at Ls. The maximum live compression is given 
by 

60,000(-i^^ - M - H) + 15,000(-1^) = -67,500 lb 

6*15 Influence Lines for Truss with K Diagonals. For simple 
cases, such as that of the Pratt truss of Art. 6 * 14, it is relatively simple to 
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eliminate as many computations as possible in the construction of influ- 
ence lines by recognizing the fact that certain portions of the influence 
line are linear over several successive panels. For .more complicated 
trusses, it is often necessary either (1) to compute ordinates for each 
successive panel point or (2) first to construct influence lines for members 
other than that under consideration and use the data thus obtained in 
constructing the influence line actually desired. This latter procedure 
may be illustrated by considering the diagonal of the truss of 
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Fig. 6 * 140 , which has K-type diagonals and for which the top-chord 
panel points lie on a parabola. 

A consideration of joint Ms shows that the horizontal components of 
the stresses in bars and L2M3 are always equal in magnitude but 

opposite in character. Since the slopes of these two bars are the same, 
the vertical components of these stresses are likewise equal in magnitude 
and opposite in character: thus they act in the same direction when 
holding in equilibrium the vertical forces applied to that portion of the 
structure on one side of section A-A. The top chord U^U% has a vertical 
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component of stress that must also be considered in the foregoing condi- 
tion of equilibrium. 

The influence line for the total shear in panel 2-3 is first drawn, as 
shown in Fig. 6 - 14i. Next, the influence line for the vertical component 
of the stress in bar is constructed, with stresses in that member 

determined by taking moments about Ls of the forces acting on one side 
of section B-B. This influence line is found to be a triangle with its apex 
at panel points, where the ordinate is equal to 

Upon applying SFy = 0 to that portion of the truss to the left of 
section A- A, the tensile vertical component of the stress in [/2M8 equals 
half the sum of the positive shear in panel 2-3 and the tensile vertical 
component in U 2 UZ, Thus each ordinate to the influence line for the 
vertical component of stress in UiMz equals half the algebraic sum of the 
ordinates, at the same section, to the influence lines of Figs. 6 • 14& and 
c. Since these two influence lines change directions at L 2 and L3 only, 
the influence line for the vertical component of stress in U 2 MZ will 
change direction at those panel points only. The critical ordinates, 
i.e., the ordinates where the direction of the resultant influence line 
changes, will be as follows: 

Atu [-H + i-}i)]y 2 = AtLs, - +M 

The resultant influence line for the vertical component of the stress in 
bar U 2 M 3 is shown in Fig. 6 - 14d. 

6* 16 Maximum Stress in Truss Member Due to Series of Con- 
centrated Live Loads. Once the influence line has been constructed 


y-/ 


^ — 1 

y.. 

J 

1 


'^/20 JfT " ^ 



Lj L2 L3 


Fig. 6 15 


for stress in a truss member, the position in which a series of concentrated 
live loads should be placed, in order to make a given character of stress 
in that member have a maximum value, may be determined by moving 
up loads in the manner already described for girders. To illustrate, the 
position of the loads of Fig. 6-7 that gives maximum tension in bar 
LiLz of the truss of Fig. 6 • 13a will be determined. The necessary por- 
tion of the influence line for this member (see Fig. 6 • 136 for the complete 
influence line) is reproduced in Fig. 6 15. 

The computations are as follows (load 1 at L2 does not gives ma^dmum, 
by inspection) : 
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Increase in tension Decrease in tension 

Load 2 at L 2 ; move up load 3 

Load group 1— All loads 100 ( 5 )(+>f 2 o) = +^9^2 >30(5)(- l^o)= 
Load 3 at L 2 ; move up load 4 

Load group 1— All loads 80(5)(+M2o) = + ^^3 < 50(5)(~ J^o) = - 

Maximum tension in L 2 L 8 occurs with load 3 at L 2 

To compute the value of this maximum tension, two different pro- 
cedures are suggested. 

Method 1 (based on momeiit diagram of Fig. 6 • 7) : 


R 


% 


2,200 -f 130(95) 
180 


80.8 kips 


Hence the stress in L 2 L 3 is given by 


+80.8(60) - 250 
40 


115.0 kips 


Method 2 (based on computing ordinates to the influence line at each 
panel point) : 


Panel 

point 

Floor-beam reaction 

Influence-line 

ordinate 

Increment of 
stress in LiLi 

1 

lOiH) + 20(H) « + 8 3 

+.H 

+ 42 

2 

10(H) + 20(H + H + H + H + H + H) - +78 3 

+ 1 

+ 78 3 

3 

20(H + H + ^^ + H) *= +43 3 

+H 

+ 32 5 


Total Btreas in £ 

^ 1 

+115 0 kips 


6*17 Influence Tables. It is often advantageous to express 
influence data in the form of influence tables rather than in the form of 
curves. The influence table (Table 6 1 ) refers to the truss pf Fig. 
6 • 13a. It gives the stress in each bar of the truss due to a unit load at 
each panel point. Stresses in b^s LJLz, U 2 L 2 , and UiLi were taken 
directly from Figs. 6 136, c, and d, respectively. Stresses for other bars 
may be checked by the student. 

In utilizing an influence table to compute maximum live stresses by 
the approximate method, it is convenient to prepare a second table that 
is a summary of the influence table, as illustrated by Table 6 • 2 . 

In the summary of the influence table, the sum of the positive ordi- 
nates for a member is obtained by adding up, for that member, all the 
positive values from the influence table. The product of this sum and 
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the panel load for uniform live load equals the maximum tension in that 
member due to uniform live load. 

Table 6*1 Influence Table for Truss of Fig. 6 *130 


Stress due to unit load at 


oar 

Lo 

Li 

L 2 

L.3 

L, 

U 

Le 

LqLi 

0.000 

+0.625 

+0.500 

+0.375 

+0.250 

+0.125 

0.000 

L 1 L 2 

0.000 

-fO.625 

+0.500 

+0.375 

+0.250 

+0.125 

0.000 

L 2 LZ 

0.000 

+0.500 

+ 1.000 

+0.750 

+0.500 

+0.250 

0.000 

LoLi 

0.000 

-1.041 

-0.833 

-0.625 

-0.417 

-0.208 

0.000 

U 1 U 2 

0.000 

-0.500 

-1.000 

-0.750 

-0.500 

-0.250 

0.000 

U^Uz 

0.000 

-0.375 

-0.750 

-1.125 

-0.750 

-0.375 

0.000 

UlU 

0.000 

-0.208 

+0.833 

+0.625 

+0.417 

+0.208 

0.000 

U^Lz 

0.000 

-0.208 

-0.417 

+0.625 

+0.417 

+0.208 

0.000 

u,u 

0.000 

+ 1.000 

0.000 

0.000 

0.000 

0.000 

0.000 

U 2 L 2 

0.000 

+0.167 

+0.333 

-0.500 

-0.333 

-0.167 

0.000 

UzLz 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 


The sum of the negative ordinates for a member is obtained by adding 
up, for that member, all the negative ordinates from the influence table. 
The product of this sum and the panel load for uniform live load equals 
the maximum compression in that member due to uniform live load. 

The sum of all the ordinates for a member is obtained by adding alge- 
braically, for that member, the sum of the positive ordinates and the sum 
of the negative ordinates. If the dead panel loads are equal, the product 


Table 6*2 Summary of Influence Table for Truss of Fig. 6* 13a 


Bar 

Sum of ordinates 

1 

Max. ordinates 

Loaded length for 

Positive 

Negative 

All 

Positive 

Negative 

Tension 

Compres- 

sion 

LoLi 

+1.875 

0.000 

+1.875 

+0.625 

0.000 

180 

0 

L1L12 

+ 1.875 

0.000 

+1.875 

+0.625 

0.000 

180 

0 

L 2 L 3 

+3.000 

0.000 

+3.000 

+ 1.000 

0.000 

180 

0 

LoUr 

0.000 

-3.124 

-3.124 

0.000 

-1.041 

0 

180 

U1U2 

0.000 

-3.000 

-3.000 

0.000 

- 1.000 

0 

180 

UzUz 

0.000 

-3.375 

-3.375 

0.000 

-1.125 

0 

180 

UIL2 

+2.083 

-0.208 

+1.875 

+0.833 

-0.208 

144 

36 

IJ2U 

+ 1.250 

-0.625 

+0.625 

+0.625 

-0.417 

108 

72 

UiLi 

+ 1.000 

0.000 

+ 1.000 

+ 1.000 

0.000 

60 

0 

U2L2 

+0.500 

- 1.000 

-0.500 

+0.333 

-0.500 

72 

108 

UzU 

o.ooe 

0.000 

0.000 

0.000 

0.000 

0 

0 
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of this sum and the dead panel load equals the dead stress for any mem- 
ber except the verticals. For verticals, this product must be corrected 
for that portion of the dead load applied at the top-chord panel point. 

The maximum positive ordinate for a member is obtained by choosing, 
for that member, the maximum positive value from the influence table. 
The product of this value and the concentrated live load equals the 
maximum tension in that member due to the concentrated live load. 

The maximum negative oi din ate for a member is obtained by choos- 
ing, for that member, the maximum negative value from the influence 
table. The product of thii value and the concentrated live load equals 
the maximum compressiofi in that member due to the concentrated live 
load. 

The procedure for determining the total dead plus live stress in any 
member from the summary of the influence table will be illustrated by 
considering bar UJuz and the following loads: 

Dead load = 2,000 lb per ft Uniform live load = 1,000 lb per ft 
Concentrated live load = 10,000 lb 



Max. tension, kips 

Max. compression, kips 

Dead 

60( +0.625) = +37.5 

+37.5 

Live: 

Uniform 

Concentrated 

30(4-1.250) = +37.5 
10( +0.625) = + 6 3 

30(-0.625) - -18.8 
10(-0.417) - - 4.2 

Total dead plus live stress 

TsO 

+14.5 


Hence there is no stress reversal in this case. 

6*18 Loaded Length. The loaded length is the length of that 
portion of a structure loaded with uniform live load to produce maximum 
live stress of a given character. This loaded length may be determined 
from the influence line for the member under consideration. For exam- 
ple, consider the girder of Fig. 6-5. The loaded length for positive 
moment at E is 60 ft. The loaded length for positive shear in panel BC 
is 48 ft; for negative shear in the same panel it is 12 ft. Loaded length is 
the controlling parameter in many formulas for impact. 

When equivalent live loads are used in place of a series of concen- 
trated live loads, the concentrated live load is not physically dissociated 
from the uniform live load. Hence it is correct to use the same loaded 
length for the concentrated live load that is used for the uniform live 
load, i.e., the impact factor for both components of the equivalent live 
load is based on the loaded length corresponding to the uniform load. 
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In computing loaded lengths, it is often permissible to estimate the 
location of the neutral point to the nearest half panel. This saves com- 
putations and does not introduce important errors into total computed 
stresses (dead + live + impact). 

If desired, two columns may be added to the influence-table summary 
(Table 6-2) in which loaded lengths for tension and compression are 
given. The inclusion of these data in the summary of the influence 
table is helpful for computing impact stresses in the various members. 

6*19 Alternate Approach for Determination of Influence 
Lines. An alternate approach to the construction of influence lines may 
be made by introducing an imaginary distortion into the truss member or 
girder section under consideration. This method is of more interest than 
use in connection with statically determinate structures, but it is of 

Dtsforfed position of truss after turnbuckte ts turned 



importance in constructing influence lines for statically indeterminate 
structures, by both analytical and structural-model procedures. 

The method will be illustrated by a consideration of the truss of Fig. 
6 •16a, in which it is desired to construct the influence line for member 
L2L8. Suppose a turnbuckle is imagined as inserted in member L2L3. 
If this turnbuckle were turned so that bar hjbz were shortened by a small 
amount A, the structure would take the shape indicated by the dotted 
position of the truss. Since the truss is statically determinate, no elastic 
restraint would be encountered as the turnbuckle is turned; and if there 
were no loads on the structure, there would be no stress in any of the 
members. Suppose, however, that a unit load is imagined as being 
applied at any particular panel point such as Li. Let F be the tension in 
LJLz due to this unit load. Then, when the turnbuckle is taken up, it 
would be necessary to do work on the structure, to an amount equal to 
+i^(A), since the turnbuckle would exert a tensile force equal to +F on 
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bar L2lts at each end of the Lurnbuckle, and the total distance traveled by 
the two forces F, as shown in Fig. 6 * 166 , would equal A. The unit load 
at Li would move vertically through a distance 6 i and while so moving 
would do work on the structure equal to (-~l)( 6 i). The negative sign 
is introduced because the movement 5 1 is in a direction opposite to that 
of the unit load. 

The. stresses in the structure will not change during this distortion, 
so that the elastic strain energy stored in the members of the truss due to 
the fact that they are stressed will remain constant. Since the strain 
energy remains constant, tbjrc has been no net work done on the truss 
during the distortion, when all tlie forces are considered. Expressed in 
symbols, 

+F(A) - (l)( 5 i) - 0 

where 



Had the unit load been placed at any other panel point L^, similar con- 
siderations would lead to the conclusion that 



But F is the stress in bar L2L3 due to a unit load at Ln\ hence it is the 
ordinate at panel point Ln to the influence line for the stress in bar L2L8. 
The value of A is independent of the panel point considered. We may 
therefore conclude that the bottom chord of the truss as shown by the 
dotted lines of Fig. 6 - 16 a has the shape of the influence line for tension in 
L2L8. The scale of the influence line is determined by dividing the deflec- 
tions 6 n by the imposed distortion A. If A is made equal to unity, the 
values 6 n are themselves numerically equal to the ordinates to the influ- 
ence line. 

To use fully this method of constructing influence lines requii»es either 
a model of the structure or a knowledge of the methods for computing 
deflections. However, even without computing deflections, it is often 
possible to visualize the shape that a structure would take and thus arrive 
at the shape of the influence line. In this manner, the critical points at 
which influence-line ordinates must be computed may be located. The 
position of live loads to cause maximum live stresses can often be told 
from the shape of the influence line, without actually computing the 
values of the critical ordinates. 

For example, the dotted lines in Fig. 6 - 17 show the position the truss 
would take if the diagonal U2Li were shortened. Since the bottom chord 
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would change slope only at L2 and La, ordinates to the influence line for 
stress in need be computed at these two panel points only. It may 
be concluded, moreover, without actually computing these ordinates, 

that by the approximate method 
the maximum live tension in U^Lz 
will occur with panel loads for uiii- 
form live load at Ls, L4, and L5 
and with the concentrated live 
load at L3. The actual value of 
this maximum live stress can be computed by the equations of statics, 
with the loads in the foregoing positions. 



L3 ^ L4 Ls 
Fig. 6 17 


6*20 Problems for Solution. 


Problem 6»1 Referring to Fig. 6 18, construct the influence lines for 
(a) shear at a; (b) moment at a; (c) reaction 
at 6. 

Problem 6*2 Referring to Fig. 6 18 and 
using a live load consisting of a uniform load 
of 500 lb per ft and a concentrated load of 
5,000 lb, compute (a) the maximum upward 
reaction at b; (b) the maximum positive and 
negative moments at a; (c) the maximum posi- 
tive and negative shears at a section just to the right of the support at b. (d) If 
the dead load is 1,000 lb per ft, compute, from the influence line, the maximum 
moment at a due to dead plus live load. 

Problem 6*3 For the structure of Fig. 6 19, construct influence lines for 

(a) shear in panel AB\ (fe) moment at 
panel point C. 

Problem 6-4 Compute, by both 
the exact and the approximate 
methods, the maximum live shear in 
panel AB and the maximum live 
moment at panel point C of the struc- 
ture of Fig. 6 19, due to a uniform 
live load of 1,200 lb per ft and a single 


A B C D E F 



1 

/O^ 

a 

b 


hi 77 ^ 

20' 

10 ^ 

>] 




Fig. 6 18 


concentrated live load of 18,000 lb. 

Problem 6*5 For the structure 
of Fig. 6 • 20, construct influence lines 
for (a) shear in panel DE\ (6) moment 
at panel point E. 

Problem 6*6 Compute, by the 
approximate method, the maximum 
live shear in panel DE and the maximum live moment at panel pioint E of Fig. 
6-20, due to the live load of Prob. 6-4. 
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Fig. 6 *20 
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Problem 6*7 Construct a moment diagram for the loading of Fig. 6 '21. 

Problem 6*8 Using the moment diagram for the loading of Fig. 6 21 and 
the structure of Fig. 6 • 19, determine (a) the left girder reaction when load 3 is 
at C; (b) the left girder reaction when load 5 is at C; (c) the shear in panel AB 
when load 3 is at E; (d) the moment at 


panel point D when load 2 is at D. 

Problem 6*9 For the loading of 
Fig. 6 21, compute the maximum*, live 
moment at panel point B of the girder 
of Fig. 6 10a. 

Problem 6*10 For the l<*ading 
of Fig. 6 21, compute the maximum 


(AH loads are in kips) 


IS 


30 30 30 30 


25 25 25 
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Fig. 6 -21 


positive shear in panel CD of the girder of Fig. 6 10a. 

Problem 6*11 Compute the absolute maximum shear in the beam of Fig. 
6* 3a, due to a live load of 1,000 lb per ft, plus a single concentrated live load of 
5,000 lb. 


Problem 6*12 Compute the absolute maximum moment due to two con- 
centrated live loads of 10 kips each, spaced at 10 ft and acting on an end-sup- 
ported beam with a span of 20 ft. 

Problem 6*13 * Compute the absolute maximum moment due to four con- 
centrated live loads of 12 kips each, spaced at 6 ft each and acting on an end 

supported beam with a span of 25 ft. 

Problem 6*14 Compute the 
maximum live stress in bars a and 6 of 
the truss of Fig. 6 • 22, due to a uniform 
live load of 750 lb per ft. Consider 
both tension and compression. 

Problem 6 -IS The top-chord panel points of the truss of Fig. 6 23 lie on a 
parabola. Draw influence lines for (a) horizontal component of the stress in bar 
a; (6) stress in bar 6; (c) stress in bar 
c; (d) stress in bar d. 

Problem 6* 16 Construct an in- 
fluence line for the stress in bar U 2 M 2 
of the truss of Fig. 6 • 14a, 

Problem 6*17 Compute the 
maximum tension in bar a of the truss 
in Fig. 6 • 23, due to the loading of Fig. 

6 21 . 



a 



6 pa nels @ 25 = 2 0 0 ' 


Fig. 6-22 


Problem 6*18 Prepare an influence-table summary of bars a, 6, c, and d of 
the truss of Fig. 6 • 23. Include loaded lengths in the summary. 



CHAPTER 7 

BRIDGE AND ROOF TRUSSES 

7-1 Introduction. Loadings for trusses are discussed in Chap. 1; 
stress analysis for trusses is treated in Chaps. 4 and 5, mathematical 
and graphical procedures, respectively; influence lines for trusses and 
the determination of maximum live stresses are considered in Chap. 6 . 
In this chapter, we shall bring together the ideas contained in the earlier 
chapters and apply these concepts to the broader aspects of truss analysis. 
In addition to considering the general analysis of a typical roof truss and 
a typical bridge truss, we shall consider some further specific matters of 
importance, such as stress reversal and the effect of counters. Attention 
will then be given to the effect of skewing a bridge with respect to its 



abutments. Finally, a brief consideration will be given to movable 
bridges. 

The trusses considered will be analyzed as planar structures, but it 
should be understood that actually they are portions of three-dimensional 
frameworks. To sec why this procedure is permissible, refer to the deck 
bridge of Fig. 7 1 , in which only the lateral loads Pi, P 2 , . . . , P 5 will 
be assumed as acting, these loads lying in the plane of the top-chord 
lateral system. Suppose that a horizontal plane is passed through the 
structure at some elevation between the top and bottom chords. Con- 
sidering the isolated part of the structure above this plane, it will be 
seen that the horizontal components of the stresses in the sway-bracing 
diagonals at the ends of the structure must hold the top-chord lateral 
system, acted upon by the lateral loads, in equilibrium.^ These horizontal 
components provide the end reactions on the top-chord lateral system, 

1 This statement is not completely correct, because under an unsymraetrical sys- 
tem of lateral loads, the horizontal components of the stresses in the diagonals of 
the main trusses would likewise assist in furnishing the reactions to the top-chord 
lateral system. 
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which may therefore be analyzed as a planar truss. The vertical com- 
ponents of the stresses in the sway-bracing diagonals must be held in 
equilibrium by the stresses in the end verticals of the main vertical trusses. 
Thus the sway bracing in each end acts as a planar truss that transfers a 
reaction on the top-chord lateral system to the foundation. 

Next, consider the same structure, with only the vertical loads 
P'u P' 2 , • • • , P'h assumed to be acting, these loads lying in the plane of 
the rear vertical truss. Suppose that a vertical plane, parallel to the 
main vertical trusses, is passed through tlie structure between these 
trusses. The sway-bracing diagonals at each end will be the only mem- 
bers cut that are capable of carrying vertical components of stress. If 
the diagonals a are capable of carrying compression, they will be stressed 
and this will affect the stresses in the end verticals of the rear vertical 
truss. This effect is of sc^condary importance, however, so that it is per- 
missible and on the safe side to analyze the rear vertical truss as a planar 
truss acted upon by the loads P'l. P'2, ...» P'5. 

If additional sway bracing is introduced at intermediate panel points, 
the situation becomes more complicated. As the panel points of the 
loaded vertical truss deflect vertically, the sway bracing at each inter- 
mediate panel point acts in a manner such that the corresponding panel 
point on the unloaded vertical truss must also undergo a certain amount 
of vertical movement. This produces what are called participating 
stresses in the unloaded vertical truss. However, if both vertical trusses 
have the same loading, there would, because of symmetry, be no partici- 
pating stresses of this type. In an actual bridge, the vertical loads on 
the two main vertical trusses will not always be the same, but they are 
usually so nearly the same that the stresses in the diagonals of sway 
bracing at intermediate panel points may be assumed as zero. Each 
main vertical truss can then be analyzed separately as a planar structure. 

7*2 General Analysis of a Roof Truss. The general analysis of 
a roof truss includes, not only the computation of stresses in each mem- 
ber due to the various types of load that must be supported by the truss, 
but the combination, for each truss member, of the stresses due to each 
type of loading, in a maimer such that the maximum stress that can 
result from the combined effects of the different types of loading is 
obtained. To illustrate this procedure, consider the wall-supported roof 
truss of Fig. 7 *2, which will be taken as an intermediate truss of a 
series of trusses spaced at 20 ft center to center. It will be assumed 
that the framing of the roof is such that loads from the roof are applied 
to the truss at the top-chord panel points only. The roofing, includ- 
ing the purlins that support the roofing between trusses, will be 
assumed to weigh 6 lb per sq ft of roof area; the truss itself will be assumed 
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to weigh 75 lb per horizontal foot, with the weight equally divided 
between the top- and bottom-chord pane] points. The snow load will 
be taken as 20 lb per sq ft projected horizontal area of the roof. The 
ice load will be taken as 10 lb per sq ft projected horizontal area of the 
roof. Wind loads shall be in accordance with the recommendations of 
the ASCE report^ discussed in Art. 1 • 11 and shall be based on a maximum 
. , , ^ , * wind velocity of 100 mph. The 

( I nttrmed late trusses , . f p n 

analysis will be limited to the lollow- 
ing combinations of loads: (1) dead 
plus snow over the entire roof; (2) 
dead plus wind plus snow on leeward 
side;^ (3) dead plus ice over the 
entire roof plus wind. It is to be 
noted that the wind can blow from 
either the right or the left. 

The dead stresses will first be computed. For the bottom chord, 
the dead panel loads are given by '^^(lO) = 375 lb; for the top chord, 
the dead panel loads are given by 375 + 6(11.2) (20) = 1,345 lb. These 
panel loads, together with the dead stresses they produce, are shown in 
Fig. 7 *3. Since the dead stresses are symmetrical about the center line 
of the truss, only half the truss is shown. The computations leading to 
the determination of the dead stresses are omitted, since they involve no 
new procedures. 

Loading condition 1 calls for snow over the entire roof ; loading condi- 
tion 2 calls for snow on the leeward side only. We shall first compute 
the truss stresses for snow on the leeward side only; because the truss is 
symmetrical, we may then determine the stresses due to snow over the 
entire roof by the principle of superposition, thus avoiding a complete 
second stress analysis. The snow panel load is given by 

20 X 10 X 20 = 4,000 lb 

^ Wind Bracing in Steel Buildings, Proc. ASCEy March, 1936, p. 397. 

* This combination of loads is considered in the present discuvssion because it is 
one frequently investigated. It corresponds to a reasonable condition if wind loads 
are computed by a formula such as that by Duchemin (see footnote, Art. I ll), since 
the snow might be likely to be blown from the roof by the pressure on the windward 
slope but remain on the leeward slope where there is neither pressure nor suction. 
When the recommendations of the ASCE report are followed, however, this particular 
load combination does not appear to be so likely to occur, since one may encounter, 
as in this particular problem, suction on both slopes, with the greater suction on the 
leeward slope. With this condition of wind load, the snow, if it remained on the roof 
at all, would appear more likely to remain on the windward side. However, it is 
always possible that snow, having fallen previous to the action of the wind, would 
have crusted over in a manner such as to act as assumed for loading condition 2. 




§7-2] GENERAL ANALYSIS OF A ROOF TRUSS 187 

With the wind on the leeward side only, the snow panel load at Uz equals 
only half this value. These panel loads, together with the stresses they 
produce, are shown in Fig. 7 -4. Since this is an unsyrnmetrical loading 
condition, stresses will be computed for the entire truss. 


1345 ^ 



STRESSES DUE TO DEAD LOAD 
Fig. 7 3 

To obtain the stresses due to full snow load, we may use the principle 
of superposition, as indicated by Fig. 7 5, since the stresses due to loading 
a (as already computed in Fig. 7-4), superimposed upon the stresses due 
to loading h (which can be obtained from Fig. 7-4 by symmetry), equal 

2000 ^ 



STRESSES DUE TO SNOW ON LEEWARD SIDE 

Fig. 7-4 


the stresses due to loading c, which corresponds to full snow load. For 
example, the stress in bar Lo U i due to full snow load equals 

-6,720 - 15,680 = -22,400 

for bar U 2 LZ, it equals 0 — 5,660 == —5,660; etc. Since this is a sym- 
metrical loading condition, only half tlie truss is shown. The stresses in 
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Fig. 7 6 could, of course, have been obtained by a separate stress analysis 
for the full snow*load condition. 

Loading condition 3 calls for ice over the entire roof. Since the inten- 
sity of the ice load is half the intensity of the snow load, the stresses due 
to full ice load may be obtained from Fig. 7 6 by direct proportion, 
equaling half the stresses due to full snow load. Stresses due to full ice 
load are shown in Fig. 7 7. 



Fig. 7 6 Fig. 7-7 

For a wind velocity of 100 mph, by Eq. (1 3), 

q = 0.002558(100)^ = 25.6 lb per sq ft 

For the roof, tan a = 1^30 = 0.5; a = 26.6°, whence, by Eq. 1 4, the 
windward slope is subjected to a suction of 

p = [0.07(26.6) - 2.10](25.6) = 6.4 lb per sq ft 

The suction on the leeward slope equals 0.6(25.6) = 15.4 lb per sq ft. 
Thus, for the windward side, the wind panel load equals 

6.4(11.2) (20) = 1,4351b 

For purposes of analysis it is more convenient to treat the vertical and 
horizontal components of the wind panel load, wliich equal 1,280 lb 
upward and 640 lb upwind, respectively. For the leeward side, the 
wind panel load equals 15.4(11.2) (20) = 3,450 lb. This panel load has 
an upward vertical component of 3,080 lb and a down-wind horizontal 
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component of 1,540 lb. Figure 7*8 shows the truss acted upon by the 
vertical and horizontal components of the wind panel loads and the 
stresses for that condition of loading. The half panel loads at Lo and 
Le were included in the analysis since the horizontal component of load 
applied at Lo causes stresses in the truss. Since the wind loading is 
unsymmetrical, stresses are computed for the entire truss. 


Table 7«1 Stress Table for Roof Truss of Fig. 7 -2 
(All stresses in lb) 


Bar 

D 

S 

Sl 

! 

/ 

W 

( 1 ) 

n + 5 

( 2 ) 

n + w 
+ Sl 

( 3 ) 

/) + W 
+ / 

Max. 

stress 

Load 

com- 

bina- 

tions 

LoZ .1 

4 - 8,600 

+ 20,000 

+ 6,000 
+ 14,000 

+ 10,000 

- 9,460 
- 13,950 

+ 28,600 

+ 5,140 
+ 8,650 

+ 9,140 
+ 4,650 

28,600 

1 

LxL 2 

4 - 8,600 

+ 20,000 

+ 6,000 
+ 14,000 

+ 10,000 

- 9,460 
- 13,950 

+ 28,600 

+ 5,140 
+ 8,650 

+ 9,140 
+ 4,650 

+ 28,600 

1 

LJ.t 

+ 6,880 

+ 16,000 

+ 6,000 
+ 10,000 

+ 8,000 

- 7,860 
- 10,100 

+ 22,880 

+ 5,020 
+ 6,780 

+ 7,020 
+ 4,780 

+ 22,880 

1 

LoUi 

- 9,650 

- 22,400 

- 6,720 
- 15,680 

- 11,200 

+ 10,950 
+ 13,470 

- 32,050 

- 5,420 
- 11,860 

- 9,900 

- 7,380 

- 32,050 

1 

1 

1 

IhUi 

- 7,710 

- 17,920 

- 6,720 
- 11,200 

- 8,960 

+ 9.880 
+ 10,880 

- 25,630 

- 4,550 

- 8,030 

- 6,790 

- 5,790 

- 25,630 

ViUz 

- 5,780 

- 13,440 

- 6,720 

- 6,720 

- 6,720 

+ 8,800 
+ 8,300 

- 19,220 

- 3,700 

- 4,200 

- 3,700 

- 4,200 

- 19,220 

UxLi 

- 1,930 

- 4,480 

0 

- 4,480 

- 2,240 

+ 1,790 
+ 4,320 

- 6,410 

- 140 

- 2,090 

- 2,380 
+ 150 

+ 150 

- 6,410 

3 

1 

UiLt 

- 2,430 

- 5,660 

0 

- 5,660 

- 2,830 

+ 2,260 
+ 5,450 

- 8,090 

- 170 

- 2,640 

- 3,000 
+ 190 

+ 190 

- 8,090 

3 

IhLi 

+ 375 

0 

0 

0 

0 

0 

0 

+ 375 

+ 375 

+ 375 

+ 375 

1 . 2 , 1 

UiLi 

+ 1,235 

+ 2,000 

0 

+ 2,000 

+ 1,000 

- 800 
- 1,925 

+ 3,235 

+ 435 

+' 1,310 

+ 1,435 
+ 310 

+ 3,235 

1 

UzLt 

+ 3,815 

+ 8,000 

+ 4,000 

+ 4,000 

- 5,450 

+ 11,815 

+ 2,365 

+ 2,365 

+ 11,815 

1 


In Table 7 1, we shall list the stresses as given in Figs. 7 -3, 7 *4, and 
7 • 6 to 7 • 8. Then we shall combine these stresses to give the total stress 
in each member corresponding to the three specified loading combina- 
tions. Finally we shall choose, for each member, the maximum stress of 
each character which occurs in any of the three loading combinations, 
these maximum stresses being those which would control the design of 
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the members. The abbreviations used in the column headings are as 
follows: D = dead stress; S' = stress due to snow load on both sides; 
Sl = stress due to snow on the leeward side only; I = stress due to ice 
on both sides; W == stress due to wind. We shall list in the table only 
the bars in half the truss; but, in entering stresses for the columns headed 
Sl and W, we shall enter first the stress in the member itself, due to the 
loading under consideration and second the stress in the symmetrically 
placed member, due to the same loading. This second entry covers the 
case which would exist were the direction of the wind to reverse, a condi- 
tion for which the design must, of course, provide. In carrying forward 
the totals that include either Sl or W, the sums corresponding to both 
entries are computed. 



7 • 3 Permissible Fiber Stresses for Members Stressed by Wind. 
When members carry stresses due to wind loads, it is usual to permit 
somewhat higher fiber stresses in design than would otherwise be the 
case. For example, the specifications of the AISC state that members 
subject to stresses produced by a combination of wind and other loads 
may be proportioned for unit stresses 33^^ per cent greater than those 
specified in Art. 1 • 22, provided that the section thus required is not less 
than that required for the combination of other loads, without including 
wind. They state further that this increase of 333^^ per cent is also per- 
missible for members subject only to stresses produced by wind loads. 

Instead of designing members carrying wind loads on the basis of 
increased fiber stresses equal to % of the usual permissible fiber stresses, 
it is obvious that the same results will be obtained by designing on the 
basis of the usual permissible fiber stresses, but allowing for only % of 
computed total stresses in such members, since F/%f = %F/f, Hence, 
in preparing a stress table such as Table 7 1, one might proceed by enter- 
ing in the column headed Max. stress the largest of the following: D + S\ 
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+ W + Sl); + W + 1). The member would then be 

designed for this maximum stress, with the usual permissible fiber stresses. 

7*4 General Analysis of a Bridge Truss. The general analysis 
of a bridge truss consists in computing the stress in each member, due to 
each type of loading, atid the combination, for eacli truss member, of 
these stresses into the maximum total stress that will control design. 



To illustrate this procedure, we shall consider the Warren type of high- 
way truss of Fig. 7 9, which will be analyzed for dead, live, and impact 
loads. It will be assumed that the truss, including details and secondary 
bracing, weighs 0.500 kip per ft, with this dead weight divided equally 

Tabic 7*2 Influence Table for Truss of Fig. 7*9 


Stress due to unit load at 


r>ar 

Lo 1 

Li 

Lz 

L, 

La 

Lh 


Lt 

L% 

L/ 1)1^2 

0 

+ 0.875 

+ 0.750 

+ 0.625 

+ 0.500 

+ 0.375 

+ 0.250 

+ 0.125 

0 

L2L4 

0 

+ 0.625 

+ 1.250 

+ 1.875 

+ 1.500 

+ 1.125 

+ 0 . 750 i 

+ 0.375 

0 

LoU, 

0 

- 1.238 

- 1.060 

- 0.885 

- 0.708 

- 0.530 

- 0.364 

- 0.177 

0 


0 

- 0.750 

- 1.500 

- 1.250 

- 1.000 

- 0.750 

- 0.500 

- 0.250 

0 


0 

- 0.500 

- 1.000 

- 1.500 

- 2.000 

- 1.500 

- 1.000 

- 0.500 

0 

u.u 

0 

- 0.177 

+ 1.060 

+ 0.885 

+ 0.708 

+ 0.530 

+ 0.364 

+ 0.177 

0 

UUz 

0 

+ 0.177 

+ 0.364 

- 0.885 

- 0.708 

- 0.530 

- 0.364 

- 0.177 

0 

UzU 

i 0 

- 0,177 

1 - 0.364 

- 0,530 

+ 0.708 

+ 0.530 

+ 0.364 

+ 0.177 

0 

UiL, .. 

0 

+ 1.000 

0 

0 

0 

0 

0 

0 

0 

U 2 L 2 

0 

0 

1 ^ 

0 

0 

0 

0 

0 

0 

u,u 

0 

0 

0 

+ 1.000 

0 

0 

0 

0 

1 ^ 

UJL, 

0 

0 

0 

0 

0 

0 

0 

0 

0 


* By the method of joints, the stress in LoLi is equal to the stress in L1L2 as long as only vertical loads 
are applied at joint Lu Uenoe to save space in this and tne following tables, these two members will be 
treated as a single member. 

between the top- and bottom-chord panel points. The weight per foot 
of that portion of the floor system carried by the truss will be taken as 
0.800 kip, acting at the bottom-chord panel points. For live load, an 
equivalent live-load system will be used, consisting of a uniform load of 
0.650 kip per ft and a single concentrated load of 20.0 kips. Impact will 
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be computed in accordance with Eq. (11). Maximum live stresses are 
to be computed by the approximate method. For each member of the 
left half of the truss, the maximum total stress of each character is to 
be obtained. 

We shall first compute the ordinates to the influence line for eacli 
member of the left half of the truss, considering the effect of a unit load 
at each bottom-chord panel point of the entire truss. These ordinates 
are summarized in the influence table (Table 7-2). Since no unusual 
conditions are encountered in the computations of these values, the details 
of the computations will be omitted. 

A summary of the influence table (Table 7 • 2) will next be prepared 
(Table 7-3). 

Preparatory to the construction of a stress table for the members 
under consideration, we shall compute the panel loads for dead and live 


Table 7*3 Summary of Influence Table for Truss of Fig. 7*9 



Sum of ordinates 

Maximum ordinates 

Loaded length ft, for 

Bar 

Positive 

Negative 

All 

Positive 

Negative 

Tension 

Compres- 

sion 

Z/oZ^2 

1 

+3.500 

0 

+ 3.500 

+0.875 

0 

240 

0 


+7.500 

0 

+7.500 

+1 875 

0 

240 

0 

Lot/i 

0 

-4,962 

-4.962 

1 0 

-1.238 

0 

1 240 

UvU, 

0 

-6.000 

-6.000 

0 

-1.500 

0 

240 


0 

-8.000 

-8 000 

0 

-2.000 

0 

240 

UJ.2 

+3.724 

-0.177 

+3.547 

+ 1.060 

-0.177 

260 

34 . 

LiU, 

+0.541 

-2.664 

-2.123 

+0.361 

-0.885 

69 

171 


+ 1.779 

-1.071 

+0.708 

+0.708 

-0.530 

137 

103 


+ 1.000 

0 

+ 1.000 

+1.000 

0 

60 

0 

U 2 L 2 

0 

0 

0 

0 

0 

0 

0 


+ 1.000 

0 

+ 1.000 

+1.000 

0 

60 

0 

UiL, 

0 

0 

0 

0 

0 

0 

0 


load. For dead load, the top-chord panel load equals 30(0.250) = 7.5 
kips; the bottom-chord panel load equals 7.5 + 30(0.800) = 31.5 kips. 
For uniform live load, the panel load equals 30(0.650) = 19.5 kips; the 
concentrated live load, which is already expressed as a panel load, equals 
20.0 kips. 

In the stress table (Table 7-4), the dead stresses are computed by the 
principle of superposition, as shown in Fig. 7 • 10. The stresses due to 
the loading of Fig. 7 • 10a are first computed. This loading assumes that 
the total dead load is applied at the bottom chord, so that the dead panel 
load for bottom-chord panel points equals 31.5 -f 7.5 — 39.0. Since 
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Table 7*4 Stress Table for Truss of Fig. 7*9 
(All stresses in kips) 


Bar 

D = 
dead 

stress 

L — live stress 

Impact 

fraction 

I - 

impact 

stress 

L + I 

Total 
= D 

L -{■ I 

Uniform 

Con- 

cen- 

Irated 

Total 

L0L2 

+ 136.5 

+ 68.3 

+ 1V.5 

+ 85,8 

0.137 

+ 11.8 

+ 97.6 

+ 234.1 





! 




+292.5 

+U0.2 

+37.5' 

+ 183.7 

0.137 

+25.2 

+208.9 

+501.4 









UU, 









-193.5 

- 96.8 

-24.7! 

-121 5 

0.137 

-16.7 

-138.2 

-331.7 

uah ) 





0.137 




-234.0 

-117.0 

-30.0 

-117 0 

-20.2 

-167.2 

-401.2 

UzUi 









-312.0 

-156.0 

-10.0 

-196.0 

0.137 

-26.8 

-222.8 

-534.8 

ViU 

+ 138.5 

+ 72.7 
- 3.5 

+21.2 
- 3.5 

+ 93.9 
- 7.0 

0.151 

0 . 300 

+ 14.2 
- 2.1 

+ 108.1 
- 9.1 

+ 246 . 6 



UUs 


+ 10.6 
- 52.0 

+ 7.3 
-17.7 

+ 17.9 
- 69.7 

0.258 

0.169 

+ 4.6 
-11.8 

+22.5 
- 81.5 


- 83 0 

-164.5 


+ 27.6 

+ 34.6 
- 20.9 

+ 11.2 
-10.6 

+ 48.8 
- 31.5 

0 191 
0.219 

+ 93 
- 6 9 

+ 58.1 
- 38.4 

+ 85.7 
- 10.8 


u,u 

+ 31.5 

+ 19.5 

+20.0 

+ 39.5 

0.270 

+ 10.7 

+ 50.2 

+ 81.7 









U 2 L 2 









- 7.5 







- 7.5 







UzLz 

+ 31.5 

+ 19.5 

+20.0 

+ 39.5 

0.270 

+ 10.7 

+ 50.2 

+ 81.7 


















- 7.5 







- 7.5 




S 1 



the influence table is based on the application of loads to the bottom- 
chord panel points, the stresses for this condition of loading are obtained 
by multiplying, for each member, the sum of all the ordinates to the 
influence line by the total dead panel load of 39.0. The stresses due to 
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the loading of Fig. 7 • 106 are next computed, the value 7.5 being that of 
the top-chord dead panel load. This stress analysis is exceedingly simple, 
and results, as shown in the figure, in a stress of —7.5 in all verticals and 
zero stress in all other members. If the loadings of Figs. 7 • 10a and 6 
are superimposed, the loading of Fig. 7- 10c, which corresponds to tlie 
actual dead loading, is obtained, lienee the dead stresses may be 
obtained by superimposing the stresses computed for the loadings of 
Figs. 7* 10a and 6. To summarize, the dead stresses for a given member 
may be computed as follows: (1) Multiply the total dead panel load by 
the sum of all the ordinates to the influence line. (2) To the stress from 

7S 15 7.5 75 75 7$ 75 7.5 



(a) (b) (c) 

Fig. 7 10 

step 1, subtract, /or the verticals only, the magnitude of the top-chord dead 
panel load. 

Had the dead load not been uniformly distributed, the stresses cor- 
responding to the loading of Fig. 7 * 10a would require recourse to the 
influence table, with stresses obtained by summing the cross products of 
the individual panel loads and corresponding ordinates from the influence 
table. It is, of course, possible, and sometimes desirable, to obtain dead 
stresses by a separate analysis for dead loads, without making use of 
influence data. 

Maximum tension and compression due to uniform live load are 
entered in the next column. These values are obtained by multiplying 
the uniform live panel load (19.5) by the sum of the positive and negative 
ordinates, respectively, to the influence line. Maximum tension and 
compression due to concentrated live load are entered in the following 
column. These values are obtained by multiplying the concentrated 
live panel load (20.0) by the maximum positive and negative ordinates, 
respectively, to the influence line. Total live stress of each character is 
then obtained by summing the effects of the uniform and concentrated 
live loads. 

Impact fractions, computed in accordance with Eq. (11), are then 
entered; these impact fractions multiplied by the total live stresses give 
the impact stresses, which are then added to the total live stresses, lead- 
ing to the total stresses due to live load and impact. Total stresses due 
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to dead load plus live load plus impact are entered in the final column. 
It is to be noted that live and impact stresses of both characters are 
carried forward in the stress table, until it is definitely ascertained that 
no stress reversal (see Art. 7-5) can occur. In the actual design of a 
truss, stresses due to other causes, such as wind loads, would be con- 
sidered, such stresses being combined with dead, live, and impact stresses 
in additional columns in the stress table. In this example, stresses due 
to wind have been omitted because the analysis of lateral systems and 
portals has been reserved for discussion in a later chapter. 

7*5 Stress Reversal- In the highway truss analyzed in Art. 7-4, 
all tlie members were assumed lo be capable of carrying either tension or 
compression, and the maximum stress of each character was obtained. 
In preparing the stress table of Table 7 4, the total stress due to dead 
plus live plus impact was obtained by simply adding the L + I stresses 
algebraically to the dead stresses. In the case of only one member, 
UzLa, did the live plus impact total exceed the dead stress, when the live 
plus impact total was of opposite character from the dead stress. 

For UiLi, the interpretation of this condition is as follows: Depending 
upon the position of the live load on the structure, the total stress due to 
dead + live + impact may .be either tension or compression. This 
alternation of stresses as live load travels across the span is called stress 
reversal. When members are subjected to stress reversal, it is usual to 
follow a more conservative design procedure than would result if the usual 
permissible fiber stresses were used in conjunction with the D + L + I 
totals of Table 7 • 4. For example, the specifications of the AASHO state 
that “if the alternate stresses (stress reversals) occur in succession during 
one passage of the live load, each shall be increased by 50 per cent of the 
smaller. ... If the live-load and dead-load stresses are of opposite sign, 
only 70 per cent of the dead-load stress shall be considered as effective 
in counteracting the live-load stress.” The following of such a specifica- 
tion results in a build-up of total stress for which a member subject to 
stress reversal shall be designed. Since the usual fiber stresses are used 
in conjunction with this increased total, a more conservative design results 
than would otherwise be the case. 

To illustrate the application of the foregoing specification, consider 

Dead +27.6 0.7(+27.6) 

Live + impact +58.1 

+ 85.7 

+ 9.6 == 19.1(0.50) 

+95.3 kips 

The member should be designed to withstand both these stresses. 


= +19.3 
-38.4 
-19.1 

-9.6 = 19.1(0.50) 
— 28.7 kips 
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7*6 Counters. A member with a large slenderness ratio (length 
divided by radius of gyration) will buckle when subjected to relatively 
small compressive forces. Such a member can carry tension satisfactorily 
but can carry only a negligible amount of compression. The diagonals of 
a truss may be designed so that they act in such a manner, in which case 
they are called tension diagonals. If a truss were to carry dead loads 
only, as shown in Fig. 7 - 11a, single tension diagonals in each panel would 
be satisfactory, since their slopes could be cliosen in a manner such that 
the dead shear in each panel would produce tension in the diagonals. 
When live loads are considered, it is always possible that, for some posi- 
tion of the live loads, the maximum shear in a given panel due to live loads 
plus impact, of a character opposite to that of the dead shear, may exceed 
the dead-load shear. This would tend to produce compression in the 



tension diagonal, a condition that must be avoided, unless a second 
tension diagonal, called a counter, is added to the panel, the counter hav- 
ing a slope opposite to that of the main tension diagonal. The counter 
will have no stress due to dead loads only, since it buckles slightly under 
the action of the dead shear. When the shear in the panel changes sign 
owing to live loads and impact, however, the main tension diagonal 
buckles and has zero stress and the counter comes into action, carrying 
the resultant shear due to dead plus live plus impact as a tension member. 

In designing a truss with tension diagonals, one should first determine 
the panels where counters are required. Counters are most likely to be 
necessary in the panels nearest the center of the truss, since the dead shear 
in such panels is smaller than in the end panels, while the live shear of 
opposite character to that of the dead shear is larger than in the end 
panels and hence more likely to exceed the dead shear. A typical truss 
with counters is shown in Fig. 7 • 116, in which the counters are indicated 
by the dotted diagonals of the four panels nearest the center of the truss. 

To illustrate the determination of maximum stresses in a member of 
a truss with counters, consider the computation of the maximum com- 
pression in member UzLz of the structure of Fig. 7 •12a, An influence 
line can be constructed that will show how the stress in UzLz will vary as a 
unit load moved across the span. Such an influence line cannot be used 
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to determine how to place live loads for maximum compression in UJLzy 
however, for the following reason: The computation of each ordinate will 
depend on whether the main diagonal or the counter is in action in each 
of the two center panels. This condition will vary for different positions 
of the unit load. For example, with the unit load at L2, L^lh and 
will be in action and U%Lz and U3L4 will have zero stress, while, with the 



U2 Vs Vi Us 



^ 25.0 

Fig. 7 12 


unit load at L3, UJ^z and LzU4. will be in action and L^Uz and UJ^i will 
have zero stress. Hence, in effect, the different ordinates to the influence 
line will correspond to the action of different structures, and under such cir- 
cumstances the principle of superposition does not hold. The maximum 
compression in UzLz due to dead plus live plus impact loads depends on 
which diagonals are in action under the total loading leading to that 
maximum compression. 
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To simplify this illustration, let us assume that the dead panel loads 
are applied to the bottom chord only and equal 30.0 kips ; that the uniform 
live panel is 20.0 kips and the concentrated live load is 25.0 kips; and that 
impact is to be neglected. 

The four possible ways in which the diagonals of the two center panels 
can act are shown in Figs. 7 126 to e. If they act as shown in Fig. 
7 • 126, UzLs cannot be stressed, as may be seen by applying the method 
of joints to joint Uz. If they act as shown in Fig. 7- 12c, the live load 
cannot be placed so as to produce compression in [/3L3, as may be seen 
by applying the method of joints to L3. Even under dead loads this 
represents an impossible condition, since it is necessary for L 2 UZ and 
UzL\ to carry compression. If the diagonals act as shown in Fig. 7 • 12rf, 
the live loads will be placed as shown to produce maximum compression 
in UzLz. This is a possible condition since U^Lz and UzL^ are both in 
tension and leads to a resultant compression of —3.3 kips in UzLz. If 
the diagonals act as shown in Fig. 7 • 12e, there results the same compres- 
sion of —3.3 kips in UzLz, this also being a possible condition, since L^Uz 
and LzUi are both in tension. 

Hence we may conclude that the maximum compression which can 
occur in UzLz is —3.3 kips. 

When a truss has counters, the determination of maximum stresses in 
members influenced by the action of the counters must be approached by 
trial. Each position of live load that may reasonably lead to the maxi- 
mum stress desired must be investigated. If diagonals capable of 
carrying tension only have been assumed to be in action, the results of 
any investigation are invalidated unless the computed stresses in such 
members indicate that they actually carry tensile stresses. 

7 • 7 Movable Bridges — General. When the topography of a 
bridge site is such that it is desirable to have the roadway close to the 
surface of the body of water crossed by the bridge, the vertical under- 
clearance requirements of the navigation passing benea-th the bridge may 
require a movable bridge. A movable bridge is one that may be moved 
to permit the passage of navigation. The three most important types of 
movable bridges are (1) bascule bridges, (2) vertical-lift bridges, and 
(3) horizontal-swing bridges. The type to be used depends largely upon 
the horizontal and vertical clearance requirements of the navigation. 
Whether a low-level movable bridge or a high-level fixed bridge should be 
used in a given site can usually be determined only by a careful economic 
study. 

7*8 Bascule Bridges. A bascule bridge may prove economical 
where horizontal navigation requirements do not necessitate too long a 
span and where a high vertical clearance is required. A typical bascule 
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bridge is shown in Fig. 7 • 13.. Motive power drives a pinion at D, which 
engages the rack E, thus opening or closing the span. The required 
motive power is reduced by the action of the counterweight C, 

The dead-load stresses in a bascule span change as the bridge is 
opened or closed, and it is possible that the dead stresses in certain mem- 
bers during such an operation may exceed the total stresses with the 
bridge closed and subjected to traffic. 

To find the maximum dead stresses that occur while the span is being 
raised or lowered,^ let Fh be the dead stress in any member, with the span 



horizontal, and Fv be the dead stress in the same member after the span 
is vertical (i.e., after having rotated through 90® from its closed position), 
both these values being easily computed by the usual methods of analysis. 
With the bridge partly opened and the bottom chord making an angle 
a with the horizontal, as sliown in Fig. 7 • 14, each dead panel load may 
be resolved into two components, one perpendicular and one parallel to 
the bottom chord. The components of dead load that are perpendicular 
to the bottom chord will cause stresses equal to Fh cos a, while the com- 
ponents of dead load that are parallel to the bottom chord will cause 
stresses equal to Fv sin a. Hence, for any angle a, the total dead stress 
Fd in any member is given by 

Fd — Fv sin a + Fh cos a (a) 


Placing the derivative of Fd with respect to a equal to zero, 
cIFd 


da 


= Fv cos a — Fjj sin a = 0 


whence tan a == Fv/Fh» Substituting this value of a into Eq. a, 

Fv , r, Fh 


Max Fd == Fv 


+ Fh 


VFf+F% (7-1) 


VF? + FI vF^v + n 

^ See Hovey, O. E., “Movable Bridges,** Vol. I, p. 219, John Wiley & Sons, Inc., 
New York, 1926. 


200 BRIDGE AND ROOF TRUSSES [57-9 

With the bridge closed, tlie dead-load reaction at the free end will be 
zero, since the counterweight holds the dead loads in equilibrium, but 
live loads produce reactions at each end, in the same manner as for an 
end-supported span. 



Fig. 7 H 

7 • 9 Vertical-lift Bridges. When the horizontal-clearance require- 
ment is greater than the vertical-clearance requirement for navigation, 
a vertical-lift bridge is likely to prove economical. A typical vertical - 
lift bridge is shown in Fig. 7 15. The span AB is raised or lowered 
vertically by cables running over sheaves at D that are supported 
at the tower tops. The motive power required for this motion is reduced 
by the counterweights C, These counterweights are usually designed to 
balance the entire dead load of the movable span, so that the dead-load 





reactions are taken by the cables. Live loads on the movable span pro- 
duce reactions on the piers at A and B, however. 

7*10 Horizontal-swing Bridges. Horizontal-swing bridges give 
unlimited vertical clearance, but the center pier constitutes an obstruc- 
tion to traffic. A large horizontal area is required for this type of movable 
bridge. Horizontal-swing bridges may be of either the center-bearing 
type, as shown in Fig. 7 • 16a, or the rim-bearing type, as shown in Fig. 
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7 • 166. In either case, the bridge is opened by swinging it horizontally 
about the vertical center line. Wlien the bridge is open, the two spans 
cantilever from the center pier and are statically determinate. When 
the bridge is closed, the trusses are continuous and hence statically inde- 
terminate. Stress analysis for the closed condition depends on principles 
discussed in the portion of this book dealing vnth statically indeterminate 
structures. 

When a swing bridge is closed, the dead reactions developed at the 
outer ends of the structure depend on the design. If these ends just 



Fig. 7 16 


touched their supports, any live load on one span would cause uplift at 
the far end of the other span. This condition is usually avoided by lifting, 
the ends a slight amount when they are closed. The desired dead-load 
reaction can be computed so that it will exceed the maximum live-load 
reaction of opposite character. 

7* 11 Skew Bridges. If the abutments are not perpendicular to 
the longitudinal axis of a bridge, the bridge is said to be skewed. Figure 
7 • 176 shows the plan view of such a 
structure. In order to keep the con- 
nections from becoming complicated, 
the floor beams are usually kept per- 
pendicular to the main trusses. This 
is likely to make the main trusses 
unsymmetrical. The two end posts 
of a truss should have the same slope 
so that the end portals will lie in a 
plane. This may lead to an inclined hanger as shown by bar a, Fig. 7 • 17a. 

When analyzing stresses in the members of a truss of a skewed bridge, 
one may proceed by the same general approach followed for a bridge that 
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is perpendicular to the abutments. However, in dealing with live loads, 
one should take into consideration the irregularity of the floor system. 
This will alter the details of the computation of live panel loads, which 
may not be the same for all panel points. 

7 • 12 Problems for Solution 

Problem 7 • 1 For the roof truss and loadings of Art. 7 -2: 
cu Compute the maximum stress of each character for each member of the 
left half of the truss, due to dead plus wind loads combined. 

h. Comparing the stresses computed in part a to the maximum stresses given 
in the stress table of Table 7 T, for what members if any would the loading 
(condition of part a control design? (Note: In part 6 do not cf-nsider permis- 
sible increases in fiber stresses for members stressed by wind.) 

c. Is it necessary for Ibis truss to be anchored at its supports to prevent 

uplift ? If so, determine the uplift force 
for which each anchorage should be 
designed, allowing a factor of safety of 
50 per cent in this force. 

Problem 7*2 The roof truss of 
Fig. 7 18 is an intermediate truss of a 
series of trusses spaced on 15-ft centers. 
The dead loads acting on this truss are 
as shown in the figure. The snow load 
is 20 lb per sq ft horizontal projected 
area. Wind loads are to be computed 
by the Duchemin formula and based 
on a wind-pressure intensity of 20 lb 
per sq ft on a vertical surface. Com- 
pute the maximum stress of each character in each member due to each of the 
following load combinations: (1^ dead plus snow; (2) dead plus wind (note that 
wind may blow from either direction). What stress will control the design of 
each member? 

Problem 7 • 3 The dead panel loads in kips are shown on the bridge truss 
of Fig. 7 • 19, The truss is subjected 
to a uniform live load of 1.0 kip per 
ft and a concentrated live load of 15.0 
kips. Impact is to be computed in 
Accordance with Eq. (11). Prepare 
a stress table for the members of the 
left half of this truss, in which the 
following columns are included: dead; 
uniform live; concentrated live; total 
live; impact; live plus impact; total 
dead plus live plus impact. For live stresses, use the approximate method of 
analysis. Give stresses of both characters where they exist. Combine dead 
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stresses with live plus impact stresses, (a) by algebraic addition; (6) in accordance 
with the specifications of the AASHO for members subject to stress reversal. 

Problem 7*4 Assuming that the 
diagonals of the truss of Fig. 7 19 can 
carry tension only, at what panels are 
counters necessary? 

Problem 7 • 5 The loads shown act- 
ing on the truss of Fig. 7 -20 “^re the 
dead panel loads in kips. The diagonals 
of this truss can carry tension only. The 
truss is acted on by the foljwing live 
load: uniform, 0.700 kip per ft; con- 
centrated, 20,0 kips. Impact is to be 
computed in accordance with Eq. (11). Compute the maximum stress due to 
dead plus live plus impact in (a) L 3 I/ 4 ; (h) UsU^. 

Problem 7*6 Figure 7 21 shows a bascule span acted upon by its dead 

panel loads in kips. 

a. Compute the dead stresses, includ- 
ing the tension in the link to the coun- 
ter-weight, with the span in the closed 
position as shown. 

b. Compute the maximum dead stress 
that will occur as the span is raised 
through an angle of 90°, for all members 
except Lof/j. 

c. Is the method of analysis used in 
part 6 applicable to the determination of 
the maximum dead stress in Lof/i? 

Problem 7*7 Figure 7 • 22 shows a horizontal-swing bridge truss acted upon 
by its dead panel loads in kips. Dashed line members carry tension only. 
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а. Compute the dead stresses when the bridge is swung into its open position. 

б . When the bridge is closed, each end of the structure is raised 1 in. above the 
elevation it has when the bridge is open. If a force of 10 kips applied upward 
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at Lo when the bridge is open would raise Lo by 1 in. and lower Lg by M in., com- 
pute the dead reaction at Lo and Lg with the bridge in the closed position. 

c. Compute the dead stresses in the truss with the bridge in the closed posi- 
tion, based on the dead reactions corresponding to part h. 

Problem 7*8 For the single-track railroad skew bridge for which the plan 
view is shown in Fig. 7 • 23, the weight of the track and ties is 500 lb per ft of 



Fig. 7 -23 


track; the weight of each stringer, including details, is 125 lb per ft; the weight of 
each floor beam, including details, is 175 lb per ft. 

a. Compute those portions of the dead panel loads acting on girder AB that 
are applied by the floor beams to the girder at panel points C, D, E, and F. 

b. If the track is subjected to a uniform live load of 5,000 lb per ft, extending 
over the entire structure, what are the live panel loads acting on the girder AB 
that are applied by the floor beams to the girder at panel points C, D, F, and F? 



CHAPTER 8 


LONG-SPAN STRUCTURES 

8*1 Introduction. Af* the span of a structure becomes larger, 
the bending moments to which the structure is subjected increase rapidly 
If simple end-supported structures are used. Even if the load per foot 
to be carried by the struct^ir did not increase with the span, the moment 
due to distributed loads would vary with the square of the span. Actu- 
ally, the dead weight increases with the span, so that bending moment 
increases at a rate greater than the square of the span. Since the chord 
stresses in trusses deptmd on bending moments to be carried by the truss, 
these considerations are of importance in the design of trusses as well as 
in the design of beams and girders. 

For an economical structure, it is desirable, for the case of long 
spans, to adopt some means of construction that will reduce the bending 
moments to values less than would occur for simple end-supported struc- 
tures. There are a number of methods by which this can be accomplished. 
In this chapter, some of these methods will be illustrated by considering 
the analysis of several types of 
long-span structures. 

8*2 Cantilever Structures 
— General . I n a cantile v er struc- 
ture, bending moments are reduced 
by shortening the span in which 
positive bending occurs, by sup- 
porting an end-supported beam, 
of a length shorter than the total 
span, on cantilevered arms that 
act in negative bending. The structure of Fig. 81 shows cantilever 
construction and is statically determinate. The maximum moment in 
beam BC equals 



The maximum moment in the cantilever arm Ah occurs at A and equals 

" 1 (t) (0 “ ^ © (S) = ^ 

L been used, the maximum moment would have been +wL^/S» Hence, 
in this particular case, the reduction in maximum moment resulting from 
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cantilever construction is from to or about 45 per cent. 

It should be pointed out that maximum moment is not the only criterion 
by which the relative merit of alternate types of construction should be 
judged, but it is an important factor in determining the desirability of 
using a particular type of structure for a given span. Moments and 
shears along the entire length of the structure, computed for all types of 
loads including live loads, must be considered in the actual design. 

To obtain the fixity of supports at A and D for the cantilevers AB 
and CD of Fig. 8 1 would be difficult under many conditions. The 
same principle of cantilever construction is present, however, in 
the structure of Fig. 8 *2, where this difficulty has been eliminated. The 
moments in this structure, between A and D, are identical with the 


w^/ff 
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Fig. 8-2 

moments in the structure of Fig. 8 1. The moments at A and D how- 
ever, are resisted by the flanking spans AE and DF. The moment at A, 
for example, is held in equilibrium by the reaction at E and the load 
applied between E and A. 

8*3 Statical Condition of Cantilever Structures. For a canti- 
lever structure to be statically determinate with respect to its outer 
forces, there must be as many independent equations available for the 
determination of these outer forces as there are independent reactions for 
the structure. Except for a simple cantilever beam, there are always 
more than three independent reactions for a cantilever structure, but 
there are only three independent equations of statics that can be applied 
to the entire structure. To make a cantilever structure statically deter- 
minate, it is therefore necessary to introduce certain construction features 
that make it possible to apply the equations of statics to certain portions 
of the structure, thus obtaining additional independent equations of 
condition. Some of these construction features are inherent to cantilever 
construction; others must be specially provided. 

Such construction features are illustrated by the structure of Fig. 
8*3. The hinge at a constitutes one such construction feature, since 
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hMa = 0 may be applied to those forces acting on that portion of the 
structure lying on either side of joint a. The hinge at b is similar in its 
effect, since it permits one to apply SMb = 0 to those forces acting on 
that portion of the structure lying on either side of joint 6. 

The hinge at c permits the application of ^Mc = 0 to those forces 
acting on that portion of the structure lying on either side of joint c. 
Instead of utilizing the hinge at c in this manner, the following alternate 
interpretation is usually advantageous: Because there are hinges at both 
b and c, the hanger be carries direct stress only and hence has no com- 
ponent of stress perpendicular to 6c, that is, be is a link. One may there- 
fore conclude that, if a section is taken through 6c, the sum of the forces 
perpendicular to 6c which act on either side of the section equals zero. 
For the case under consideration, this means that the equation = 0 
may be applied to those forces acting on that portion of the structure 
lying on one side of section A- A, 


B 



Fig. 8-3 


The omission of the diagonal in panel defg constitutes another con- 
struction feature that permits an additional independent equation of 
statics with respect to external forces, since, as a result, no shear can be 
carried by this panel. Hence the equation XFy = 0 may be applied to 
the forces acting on one side of section B-B, 

There are, therefore, the following seven independent equations avail- 
able for determining the reactions of this structure: 

(1) SM =0 for all forces acting on the structure 

(2) SF* = 0 for all forces acting on the structure 

(3) 'EFy = 0 for all forces acting on the structure 

(4) SMa == 0 for all forces acting on one side of hinge a 

(5) XMb = 0 for all forces acting on one side of hinge 6 

(6) SFa = 0 for all forces acting on one side of section A-A 

(7) SFy = 0 for all forces acting on one side of section B-B 

There are also seven independent reactions, Rhy, Riy, /?«, R/y, R/x, 
Rgy, and Rjy. Therefore this structure is statically determinate with 
respect to its outer forces. That the structure is also statically determi- 
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nate with respect to both outer and inner forces may be verified from the 
fact that the total number of bars (75) plus the total number of reactions 
(7) equals twice the number of joints (2 X 41) = 82. 

8*4 Stress Analysis for Cantilever Trusses. To determine the 
reactions for the structure of Fig. 8 • 3 due to the load acting as shown, one 
may proceed as follows: Assume all reactions to act in the directions 
shown in the figure. Apply the equation = 0 to that portion of the 
structure to the left of section A- A ; this shows that Rtx == 0. 

Apply iFx = 0 to the entire structure; this shows tliat R/x = 0. 

Apply 2Mb = 0 to that portion of the structure to the left of hinge b: 

+ /?.«(6)(30) + R.,(2)(30) - 0; R,y = -3/?,, 
Apply 2Ma = 0 to that portion of the structure to the left of hinge a: 

+ RHy{\2)m + (-3R,,)(8)(30) = 0; /?,, = -25; 

= -3(-25) = +75 

Apply 2Fy = 0 to that portion of the structure to the left of section B-B: 

-25 + 75 - 100 + Rfy - 0; Rfy = +50 
Apply 2Fy = 0 to that portion of the structure to the right of section B-B : 

+ Rgy + Rjv — 0 ; ^gy ^ 

Finally, applying 2Ma — 0 to that portion of the structure to the right 
of hinge a: 

-50(3) (30) - (-/?J(4)(30) - R;,(9)(30) = 0; R,y = -30; 

f^gy = +30 

The available equations can often be applied in different sequences; 
but if the structure is stable, the same results will be obtained, regardless 
of the sequence followed. 

Once the reactions are known, the bar stresses can be computed by 
the usual methods of analysis for statically determinate trusses. Since 
the analysis can be carried out for a unit load at any panel point, the con- 
struction of influence lines for reactions or bar stresses involves no special 
difficulties, although it is often advantageous first to construct influence 
lines for reactions or bar stresses other than the one under consideration 
and use the data thus obtained in constructing the influence line actually 
desired. 

The foregoing procedure is iflustrated by constructing the influence 
line for bar a of the structure of Fig. 8 - 4a. The influence line for the 
stress in bar FE will first be constructed, with stress computed by taking 
moments about D of the forces acting on that part of the structure 
between D and section M-M. The influence line for the stress in bar a 
is then drawn, with stresses computed by taking moments about G of 
the forces acting on that part of the structure between sections M-M 
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and N-N. The forces entering into the resultant equations consist of 
the stress in the hanger FE^ tiie applied unit load, and the stress in bar a 
itself. 



8*5 Continuous Structures. The reduction in maximum 
moment that results from the shortening of the span effective in produc- 
ing positive bending in cantilever construction may be obtained in a 
somewhat similar manner by conlinuity in a structure, although continu- 
ous structures are usually statically indeterminate. The fixed end beam 
shown in Fig. 8- 5a will deflect under a uniformly distributed load as 
shown by the dotted line A BCD. At points B and C, the bending 
changes from one character to another, so that the curvature of the 
deflected beam reverses. At such points (called points of inflection) the 
bending moment is zero, so that the curve of moments for the beam AD 
is just as it would be if there were hinges at these inflection points. 
Because of construction difficulties in developing the fixed end moments 
at A and D for long-span structures, partial restraint against changes of 
slope at these points may be obtained by the addition of flanking spans, 
as shown in Fig. 8 56. The location of the points of inflection B' and 
C' will depend on the span ratio a. The continuous truss shown in Fig. 
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8 • 5c derives the same advantages from continuity as does the continuous 
beam of Fig. 8-56. With five independent reactions, this continuous 
truss is statically indeterminate to the second degree, and its analysis 






Fig. 8-6 

depends on methods that take into consideration the elastic properties 
of the structure. 

It is possible, however, by omitting certain bars, to make a continuous 
truss statically determinate. This is accomplished in the Wichert^ 

* See Steinman, D. B,, “The Wichert Truss," D, Van Nostrand Company, Inc., 
New York, 1932. 
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truss, invented and patented by E. M. Wichert of Pittsburgh, Pa., by 
omitting the vertical members over intermediate points of support. 
Such a structure is shown in Fig. 8 • 6. This structure has 40 bars and 4 
reactions, or a total of 44 unknowns; there are 22 joints, hence 44 equa- 
tions of statics available for the determination of inner and outer forces; 
the structure therefore has the correct count for statical determination 
and is actually statically determinate unless certain slopes arc given to 
bars a and 6, in which case it is possible for the structure to become 
geometrically unstable, a condition that can be recognized by inconsistent 
results from the applicatior of the equations of statics. 

For the structure of Fig. 8-6, acted upon by the load shown, the 
application of SF* = 0 to the entire structure shows that Rbx = 0. To 
determine the vertical reactions, one may proceed as follows: Taking 
moments about D of the forces to the right of section N-N and assuming 
all vertical reactions to act upward, 

-f?c.(5)(30) + =0; = +3/?c.; 

n = = +2Rcy 

Taking moments about D of the forces to the left of section M-M, 

+RAy{S)m) - 100(3)(30) - Xa(50) =0; = +3 /?a, - 180 

Ya = +y3Xa = +2RAy - 120 

Applying = 0 at joint B, 

'i'Rsv “f" 2Rcy + 2RAy — 120 = 0 

whence 

Rny = 120 - 2RAy - 2Rcy 

Since the foregoing equation expresses the center reaction in tejms of 
the two end reactions, these end reactions may now be determined by 
applying XM = 0 and SF*, = 0 to the entire structure. For = 0, 

+ 100(2) (30) - (120 - 2RAy - 2/?ci,)(5)(30) - Rcy{l0)(Z0) = 0 

For XFy = 0, 

Rau - 100 + (120 ~ 2RAy - 2Rcy) + Rcy = 0 

The solution of these two equations leads to Rav = +40 and Rcy = —20, 
whence Rsy = 120 - 2(+40) - 2(-20) - +80. 

With the reactions known, the bar stress analysis presents no further 
difficulty. Since an analysis can be carried out in the foregoing manner 
for a unit load at any panel point, influence lines for reactions and bar 
stresses can be constructed. 
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8*6 Arches — General. Another method of reducing maximum 
moments in long-span structures consists in adopting a structural layout 
in which applied vertical loads produce horizontal reactions that act in a 
manner such that the moments due to these horizontal reactions tend to 
reduce the moments that would otherwise exist. Figure 8 -7 shows an 
arch, which is a structure that develops horizontal thrust reactions under 
the action of vertical loads. This particular arch is of the two-hinged 
type. The vertical reactions on this structure may be determined by 



statics by taking moments about an end hinge of all the forces acting on 
the arch; for the load P acting as shown, they have the values given on 
the figure. The relation between the horizontal reactions Rax and Rbx 
can be determined by statics (SFa, = 0), but the actual values of these 
reactions can be obtained only on the basis of an elastic analysis, since 

with four independent reactions 
this two-hinged arch is statically 
indeterminate to the first degree. 

If the hinge at one end were 
replaced with a roller, as shown 
in Fig. 8 -8, the structure would 
be, not an arch, but a statically 
determinate curved beam, and the 
moment at the point of applica- 
tion of the load would equal P(1 — k)kL. For the two-hinged arch of 
Fig. 8 • 7, however, this moment is reduced by the moment RAxh. 

An arch may be made statically determinate by building in a third 
hinge at some internal point, such as at the crown, in addition to the end 
hinges. Such a structure is shown in Fig. 8 -9 and is called a three- 
hinged arch. This structure has four independent reactions; three 
equations of statics can be applied to the structure as a whole, and one 
equation of condition can be obtained by taking moments about the 
hinge at C of the forces acting on either side of the hinge. Thus, taldng 
moments about A of all the forces acting on the structure leads to 
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Ray = +100(2%Oo) = +20 


similarly, taking moments about hinge jB, Rau = +100(8!>foo) == 

Now, taking moments about the hinge C, of the forces acting on that por- 
tion of the structure to the right of the hinge, 

+RB.{iO) ~ 20(50) = 0; Rb. = +33.3 

Applying SF* = to the entire structure, Rax = +33.3. 

The moment at the point of application of the load is given by 


Mjj +80<20j - 33.3(25) = +767 kip-ft 


For a simple end-supported beam of the same span and loading, 
the moment at the load would equal +80(20) = +1,600 kip-ft. Hence 
the arch construction has reduced 
this moment by 52 per cent. The 
arch ribs must, however, carry 
compression that is not present in 
the end-supported beam. For 
example, the compression at the 
crown C in the arch of Fig. 8 • 9, 
where the rib is horizontal, equals 
the horizontal reaction and there- 
fore has a value of —33.3 kips 
for the load considered. It is, however, usually more economical to 
carry loads in direct stress than in bending, although, if the direct 
stress is compression, one must provide stability against elastic', 
buckling. 



8*7 Analysis of Three-hinged Trussed Arch. The arch ribs A(' 
and BC of the structure of Fig. 8-9 may be replaced by trusses as shown 
in Fig. 8 • 10. Since there are four reactions on this structure, it would be 
statically indeterminate were it not for the hinge at e, which is effective 
since the bar EF, shown dotted, is connected at its ends in such a manner 
that it can carry no direct stress. 

The reactions for this structure may be computed as follows: Taking 
moments about a, of all the forces acting on the structure. 


+ 100(30) + 200(2)(30) + 300(6)(30) - /?.,(8)(30) = 0; 

Riy = +287.5 kips 

Taking SFy =* 0, for all forces acting on the structure. 


+Ray - 100 - 200 - 300 + 287.5 0; Ray == +312.5 kips 
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To obtain apply SM = 0 about the hinge at e, considering the forces 
acting on the part of the structure to the right of the hinge. 

+ 300(2)(30) ^ /?.,(48) - 287.r>(4)(30) - 0; Ri, = +344 kips 

Since SFx = 0 for the entire structure. Rax also equals +344 kips. Rax 
might have been computed by taking moments about the hinge at e 


This bar 



of the forces to llie left of the hinge, leading to 

+ 312.rD(4)(30) - /?ax(48) ~ 100(3) (30) - 200(2) (30) = 0; 

Rax = +344 kips 

In computing bar stresses, the effect of the horizontal reactions must 
not be overlooked. To compute the stress in FG, for example, taking 
moments about/ of the forces to the right of section Af-M, 

+ 300(30) + 344(45) - 287.5(90) - F,.„/15) = 0; Fra = -93 kips 

If there is no load between the center hinge and one end of the truss, 
the resultant reaction at that end of the truss must have a direction such 
that it passes through the center hinge, because the moment about the 
hinge of the forces acting on that side of the hinge must equal zero. 
Thus, if we consider the action of a unit vertical load at B on the structure 
of Fig. 8 10, Riy = +M; since the resultant reaction at i lies along the 
dotted line drawn through i and e, we conclude immediately that 

Rix = +M(1%> = +.H6 

This fact is often convenient in analysis, particularly in constructing 
influence lines. 

If the three-hinged arch of Fig, 8 - 10 were subjected to equal vertical 
panel loads at each top-chord panel point (or at each bottom-chord 
panel point), the following stress condition would result: (1) The stress 
in each top chord would be zero. (2) The stress in each diagonal would 
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be zero. (3) The stress in each vertical would equal the top-chord panel 
load. (4) The horizontal component of stress in each bottom chord 
would be the same and equal to the horizontal reactions. These facts 
may be verified by the student and would be useful, for example, in com- 
puting dead stresses for a uniformly distributed dead load. Such 
conditions exist because the bottom-chord panel points of this structure 
lie on a parabola. If a funicular polygon were drawn for the loads under 
consideration, so that it passtni through the three hinges, the polygon 
would coincide with the location of tlie bottom chords. 

8-8 Influence Lines for Three-hinged Trussed Arch. Influ- 
ence lines for a tbree-hiiiged trussed arch may be constructed by consider- 
ing successive positions of the unit ABCDEFOHI 
load, but a method similar to the 
following will often pnive advan- 
tageous: We shall construct the 
influence line for bar FG of the 
structure of Fig. 8 10. We shall 
first construct the influence line 
for that portion of the stress in 
bar FG due to the unit load and 
the vertical reactions only. Since 
these reactions have the same 
values they would have for an 
end-supported beam, the influence 
line for this portion of the stress is 
a triangle with its maximum value 
occurring when the load is directly 
over the center of moments /, 
where the ordinate equals = —3.75, as shown in Fig. 8* 11a. 

We shall next construct an influence line for Bax = Bix. As the unit load 
travels from A to E, Biy, hence Bix (which equals HBiy) increases linearly. 
With the load at /?, /?« equals = +1.25. Hence the influence 

line for Bix is a straight line from zero at A to +1.25 bIE, By similar 
reasoning, considering the reactions at a, the influence line for Bax = Rix is 
a straight line from +1.25 at E to zero at /. TIk'. influence line for the 
magnitude of this horizontal reaction is shown in Fig. 8 life. The 
stress in bar FG due to the horizontal reactions equals 

- +3ftx 

hence, the influence line for this portion of the stress in bar FG is a tri- 
angle with its apex at E, where the ordinate equals +3(+1.25) = +3.75, 
as shown in Fig. 8 * 11c. The influence line for the total stress in bar FG 
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is now obtained by superimposing the influence lines of Figs. 8 - 11a and 
c, leading to the influence line of Fig. 8 - lid. 

It will be noted that the net area under this influence line is zero, as 
should be the case, since a uniform load extending over the entire struc- 
ture would cause no stress in the top chords. 

8*9 Three-hinged Trussed Arches with Supports at Different 
Elevations. The points of support of a three-hinged trussed arch may 
be at different elevations, as shown in Fig. 8 12. The vertical reactions 
will then differ from the values they would have for an end-supported 



truss, since, when moments are taken about one point of support, the 
horizontal reaction at the far end enters into the equation. The reactions 
can, however, be obtained by statics. Referring to Fig. 8 • 12a and tak- 
ing moments about a of all the forces acting on the structure, 

-f- 100(60) - RU20) - Riy{2M) = 0 


whence = +300 — 12Riy, Now, taking moments about the hinge 
at e of the forces acting to the right of the hinge. 


+Ri,{ZS) - RiyiUO) = 0 ; 
whence 


Riy = +^^ 20 ^ 1 ® 

= +3K2o(+300 - 12Riy) 


Riv = +19.8 kips and Rix = +300 — 12(19,8) = +62.5 kips 

The foregoing solution required the solution of two simultaneous 
equations, which might have been avoided by taking the reactions as 
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shown in Fig. 8 • 126, where is taken as acting along a line passing 
through the two points of support and /?'*„, while a vertical reaction, 
differs from i?iy, since R'ix has a vertical component. Taking moments 
about a, 

+ 100(60) - fi',y(240) - 0; RUy = +25.0 
Taking moments about e and considering R\x to act at point o, 

+ ^ fl'.. (48) - 25.0(120) = 0 

whence « +62,7 kips. Hence the actual horizontal reaction at i is 
given by 

Ri, = +62.7 = +62.5 kips 

while the actual vertical reaction at i is given by 

Riu = +25.0 - (62.7) = +19.8 kips 

For the particular case under consideration, since there are no loads 
applied to the right of the hinge at e, we might have concluded immedi- 
ately that the resultant reaction at i passed through e, whence 

Rix = = +3.16/?»y 

Then, taking moments about a, 

+ 100(60) - 3.16/?,y(20) ~ /?iy(240) = 0 

whence 

Riv = +19.8 kips and ft, = + 3.1 6(+ 19.8) = +62.5 kips 

8*10 Suspension Bridges. An important method of reducing 
bending moments in long-span structures consists in providing partial 
support at points along the span by means of a system of cables, as in a 
suspension bridge. Referring to Fig. 8 13, a suspension bridge is usually 
erected in a manner such that all the dead load is carried by the cable. 
When live load is applied to such a structure, tension in the hangers 
transfers a large portion of the live load to the cable. Hence, the stiffen- 
ing truss AB is subjected to no dead moments, and the live moments it 
must carry are substantially reduced. For long-span structures, this is 
of particular importance, since so much of the loa<j is carried by the cable 
in tension, which is a highly efficient manner of carrying loads. 

A suspension bridge such as that of Fig. 8 • 13 is statically indetermi- 
nate. By the introduction of certain features of construction, it may, 
however, be made statically determinate. The analysis of statically 
determinate suspension bridges is treated in Art, 11 • 10, 
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8*11 Problems for Solution. 

Problem 8*1 a. Construct an influence line for the vertical reaction at A 
of the structure of Fif?. 8 2, taking? a = L/2. 

h. How does the maximum reaction at A due to a uniform live load of 1,000 lb 
per ft compare with the maximum pier lojad that would result at A if EAy AD, 
and DF were simple end-supported spans? 

Problem 8*2 Referring to the cantilever bridge of Fig. 8 3, construct an 
influence line for (a) the stress in the hanger be; (b) the vertical reaction at i; 
(c) the stress in the top chord de. (d) Compute the maximum stress in bar de 
due to the following loading: dead load, 2,000 lb per ft; uniform live load, 1,000 lb 
per ft; concentrated live load, 10,000 lb. 

Problem 8*3 Determine the stresses in all the bars of the Wichert truss of 
Fig. 8 *6 due to a load of 100 kips acting at D. 

Problem 8 • 4 Construct an influence line for the reaction at A of the Wichert 
truss of Fig. 8 6. 

Problem 8*5 A three-span Wichert truss is the same on each side of an 
axis of symmetry as that portion of Fig. 8 6 to the left of l/sLg, except for the 
fact that the pier symmetrical to B has a roller support. Compute all the reac- 
tions on this structure due to a uniform load of w lb per ft extending over the 
entire structure, applied to the top-chord panel points. 

Problem 8 • 6 Compute the sliear and direct stress at point D of the struc- 
ture of Fig. 8 • 9 due to the load shown, assuming that the slope of the arch rib 
at D is 30° from the horizontal. 

Problem 8*7 Compute the stresses in all the members of the three-hinged 
arch of Fig. 8 10 due to a uniform load of 1,000 lb per ft applied along the entire 
length of the structure. Panel loads are to be applied at the top-chord panel 
points. 

Problem 8*8 Construct an influence line for the stress in bar be of the 
structure of Fig. 8 • 10. 

Problem 8*9 What is the maximum stress in bar Be of the structure of 
Fig. 8 10 due to the following loading: Dead load, 1,000 lb per ft; uniform live 
load, 500 lb per ft; concentrated live load, 5,000 lb? 

Problem 8* 10 Solve Prob. 8 • 8, using Fig. 8 • 12a. 

Problem 8*11 Solve Prob. 8 *9, using Fig. 8 * 12a. 


CHAPTER 9 


THREE-DIMENSIONAL FRAMEWORKS 

9*1 Introduction. Although most engineering structures are 
three-dimensional, it is ofte^« permissible to break a three-dimensional 
structure down into component planar structures and to analyze each 
planar structure for loads lying in its plane. Consider, for example, a 
typical through-parallel-chord truss highway bridge. Such a structure 
is three-dimensional, but it can be broken down into six component struc- 
tures, each of which is planar^ the two main vertical trusses, the top-chord 
lateral system, the bottom-choid lateral system, and the two end portals. 
Often a given member must be considered as part of more than one com- 
ponent planar structure; a bottom chord of a vertical truss, for example, 
is also likely to be a chord of the bottom chord lateral system. This 
introduces no difficulty, since for such members the stresses can be com- 
puted for each component planar structure in which it participates and 
the resultant stresses superimposed to give the total stress in the member. 

In some three-dimensional structures, however, the stresses are inter- 
related between members not lying in a plane, in a manner such that the 
analysis cannot be carried out on the basis of component planar struc- 
tures. For such structures, a special consideration of the analysis of 
three-dimensional structures is necessary. 

Structures that may fall into this latter classification include towers, 
guyed masts, derricks, framing for domes, and framing for aircraft, 
to mention only a few. Such structures may be either statically deter- 
minate or statically indeterminate. In this chapter, consideration will 
be given to statically determinate three-dimensional structures, but the 
methods for analyzing statically indeterminate structures, given else- 
where in this book, are applicable in principle to statically indeterminate 
three-dimension al structures. 

In this treatment of three-dimensional structures, analysis will be 
made with reference to three coordinate axes. OX and OY will be used 
as in the case of planar structures, i.e., with OX horizontal and OY ver- 
tical; the third axis OZ is horizontal and perpendicular to the plane 
XOY. 

It should be pointed out that the basic approach to the analysis of 
three-dimensional structures is the same as for planar structures. Any 
equation of statics may be applied to the structure as a whole or to any 
portion of the structure. There are, however, more equations of statics 

219 
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available, since forces may be summed up along a new coordinate axis 
and moments may be taken about two new coordinate axes. 

9*2 Statical Condition. It is usually assumed that the members 
of a three-dimensional framework are pin-connected in a manner such 
that the members carry axial stress only. Hence there is only one 
independent component of stress for each member of the framework. 
Although each member can have three components of stress, one parallel 
to each of the three coordinate axes, the relations between these three 
components can be computed from the projections of the member. 
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At a point of support of a space framework, it is possible to have three 
independent components of force reactions, although the structure may 
be designed at a point of support so that one or more of these reaction 
components equals zero. In Fig. 9 la, the hinge support shown, which 
is actually a universal joint, can develop three independent reactions, 
fiox, and Roz> Suppose that the hinge is replaced with a roller, as 
shown in Fig. 9*16. Since this resists horizontal movement in the Z 
direction only, the reactions JRoy and Rot can be developed but Rox equals 
zero. If the roller is replaced by a spherical ball, there can be no hori- 
zontal reaction whatever and only the vertical reaction Roy can be 
developed. This condition is shown in Fig. 9 * Ic. 

To represent these three types of support in plan view, heavy dotted 
lines will be drawn along the lines of action where horizontal reactions 
can exist. This is illustrated in Fig. 9-2, where a represents a hinge- 
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type support in which horizontal reactions can be developed in both the 
X and Z direction ; 6 represents a roller-type support, with the roller so 
placed that a horizontal reaction can be developed in the Z direction 
only; c represents a roller-type support, with the roller so placed that a 
horizontal reaction can be developed in the X direction only; and d 
represents a ball-type support, in which there can be no horizontal 
reaction. 

Thus the total number of independent unknown stress elements 
present in the analysis of a three-dimensional framework equals the 
number of bars plus the number of independent reaction components, 
there being one, two, or three of the latter at each point of support, 
depending on the type of construction used at the reaction point. 

For a three-dimensiona! framework, six independent equations of 
statics may be written regarding the equilibrium of the external loads 
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Fig. 9-2 


and reactions acting on the entire structure. If OX, OY, and OZ repre- 
sent the three coordinate axes, these equations are = 0, = 0, 

SF, = 0, SMa; = 0, SMy = 0, and SM* = 0. SMx denotes the sum of 
the moments about the OX axis of all the forces acting on the structure, 
etc. 

It may therefore be concluded that a necessary {although not sufficiertt) 
condition for statical determination of a three-dimensional framework with 
respect to its outer forces is that the total number of independent reactions 
shall equal six. 

If we now consider both the internal and the external forces, three 
independent equations of statics can be written for each joint, viu, 
SFx = 0, 2Fy == 0, and 'EFg = 0. Equations of statics applied to the 
structure as a whole will not furnish further independent equations. 
It may therefore be concluded that a necessary {although not sufficient) 
condition for statical determination of a three dimensional framework with 
respect to both inner and outer forces is that the total number of bars plus 
the total number of independent reactions shall equal three times the number 
of joints. 

The application of these principles may be illustrated by considering 
Fig. 9 * 3a, Considering first only the external forces, if the horizontal 
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reactions are arranged as shown in the plan view, there is a total of 9 
independent reactions, so that the structure is statically indeterminate 
to the 9 — 6 = third degree. If rollers are substituted for hinges, so 
that the horizontal reactions act as shown in Fig. 9 -36, the number of 
independent reactions is six and the structure is statically determinate. 
Suppose, however, that the rollers are placed so that the horizontal 
reactions have the directions indicated in Fig. 9* 3c. Then, while the 
numerical count indicates that this structure is statically determinate 
with respect to its outer forces, it is actually unstable. The Z reaction 
at h for example, will, apparently have two values, depending on whether 

it is determined by applying 
SF* = 0 to the entire structure 
(in which case it equals zero) or 
whether it is computed by apply- 
ing the equation SMy = 0 about 
a vertical axis through a (in which 
case it must have a value) . This 
shows that the numerical count, 
while a necessary condition for 
statical determination, is not a 
sufficient criterion. The reactions 
must be placed so that they can 
resist translation along and rota- 
tion about each of the three coor- 
dinate axes, if a three-dimensional 
structure is to be stable. The reactions shown in Fig. 9- 3c all pass 
through point o; they cannot resist rotation about a vertical axis passing 
through that point. 

Considering now both internal and external forces, in Fig. 9 3a, 
there are present 15 independent stress unknowns: 6 bar stresses and 9 
reactions. There are 4 joints and hence 4X3 = 12 independent equa- 
tions of statics. Therefore the structure is statically indeterminate to 
the 15 — 12 = third degree. With the horizontal reactions arranged 
as shown in Fig. 9-36, there are only 12 independent stress unknowns: 
6 bar stresses and 6 reactions. There are still 12 independent equations 
of statics. Hence the structure is statically determinate with respect 
to both inner and outer forces. 

9*3 Determination of Reactions. If a three-dimensional frame- 
work is statically determinate with respect to its outer forces and if it is 
supported at only three points, its reactions can be readily determined by 
applying the equations of statics to the structure as a whole. When there 
are more than three points of support, it is usually necessary to determine 
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some or all of the bar stresses before the reactions can be evaluated. In 
this article, consideration will be given to structures where the reactions 
can be determined directly. 

In Fig. 9 • 4, the vertical reactions will first be determined. If mo- 
ments are taken about a horizontal axis passing through any two points 
of support, the vertical reaction at the third point of support will be the 
only unknown occurring in the resulting equation. Upon applying 
SMx = 0 about ac as an axis, Rhy is the only external force that could have 
a moment; hence, R^y = 0. Upon 
applying SMj, = 0 about the line of 
action of /?«*, 

+ 10,000(20) - /?.,(20) = 0 

from which JRci/ = +10,000 lb. Apply- 
ing ^Fy = 0 to the entire structure, 

Ray + 10,000 = 0 

from which Ray = — 10,000 lb. 

To determine the horizontal reac- 
tions, if SWy = 0 is applied about a 
vertical axis passing through the inter- 
section of the lines of action of any two 
horizontal reactions, the third hori- 
zontal reaction will be the only 
unknown occurring in the resulting 
equation. Taking moments, for ex- 
ample, about a vertical axis through 
point 0 and assdming Rcz to aCif toward the rear of the structure, 

-10,000(5) - /?+20) = 0: Rcz == -2,500 lb 

Now, applying SF* = 0 to the entire structure and assuming to act 
toward the rear of the structure, 

Raz - 2,500 = 0; Raz = +2,500 lb 

Finally, applying = 0 to the entire structure and assuming Ri^ to act 
to the left, 

f 10,000 - = 0; /ffc* = +10,000 lb 

As was the case with planar structures, the particular equations of 
statics used and the order in which they are applied may be varied in 
accordance with the ingenuity of the analyst. 
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9*4 Determination of Bar Stresses. A bar of a three-dimen- 
sional framework may have projections on each of three coordinate axes. 
This is illustrated in Fig. 9 • 5, where the bar ab has the projections ax, 
ay, and az in the directions of the OX, OY, and OZ axes, respectively. 
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In terms of these projected lengths, the length of the 
bar ah is given by ab = [{axy + (ay)^ + {azY^f^, 
Since the stress Fab is axial, the components of Fab 
parallel to the coordinate axes are 


^ab ^ ab 


^ab — /» 


By combining these relations, it is easy to express one 
component of stress in terms of either of the other 
stress components. For example, Xab = Yab(ax/ay), 
etc. 


At any joint where the converging bars do not lie in a plane, three 
equations of statics are available for bar stress determination. Hence, 
if not more than three bars with unknown stresses me(it at such a joint, 
these stresses may be determined. This general method of procedure, 
which is the method of joints expanded to three dimensions, may be 
illustrated by its application to joint d of the structure of Fig. 9-4.^ The 
following table of dimensions will first be prepared : 


Table 91 


Member 

Length 

Projections 

X 

Y 

z 

ad 

22.9 

10 

20 

5 

hd 

20.6 

0 

20 

5 

cd 

22.9 

10 

20 

5 

ah 

34.14 

10 

0 

10 

be 

14.14 

10 

0 

10 

ac 

20 0 

20 

0 

0 


At joint d, assuming all bars to be in tension, the following equations 
may be written : 


SF, = 0, 

+ 10,000 — Xad + Xcd 

= 0 

SF, = 0, 

1 

1 

1 

= 0 

SF. = 0, 

+Zo<i — Zbd + Zed 

= 0 


* The student should note that this particular application is given solely for the 
purpose of illustrating a procedure of genereJ importance. The solution of this joint 
qoul4 be {substantially simplified by the application of theorem I, Art, 9*6, 
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The nine components of stress involved in these three equations may be 
expressed in terms of the three independent bar stresses Fad. Fm. and 
Fed as follows: 


+ 10,000 - ^ 

20 
' 22.9 
5 


Fad ~~ 


22.9 


20 

20.6' 

5 

20.6 ' 


+ 

22.9 


20 


22.9 


5 

+ 

oo n 


= 0 
Fed = 0 
Fed = 0 


The simultaneous solutioh of these three equations leads to 

Fad == +11,450 lb; Fm - 0; Fed = -11,450 Ib 

In this particular structure, the vertical reactions can first be deter- 
mined, as is shown in Art, 9 3, and the stresses in bars ad, hd, and cd can 
be computed more easily by taking advantage of tliat fact. At joint a, 
for example, the vertical reaction acts downward and equals 10,000 lb. 
Applying l,Fy = 0 at joint a, 

-10,000 + Tad « 0; Tad = +10,000; 

= +10,000^^) = +11, 450* 

Fbd and Fed can be similarly obtained from XFy = 0 at joints b and c, 
respectively. However, it is im- 
portant for the general approach 
based on writing three simultane- 
ous equations at joint d to be 
understood, since in more com- 
plicated three-dimensional struc- 
tures it may be the only 
procedure that can be used. 

The analysis of the bars con- 
necting the points of support of 
Fig. 9 4 will now be carried out, 
advantage being taken of the fact 
that the horizontal reactions are determined in Art. 9 • 3. The values of 
these reactions are shown in Fig. 9-6. As an illustration, joint a 
will be, considered and the equation 2F* = 0 written. Noting that 
Zad = +11,450(5/22.9), 

* Note that this equation may be written directly as 

-10,000 + ^ F.4 - +11,450 



Fig. 9-6 
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+2,500 + 11,450 (iJ^) = 0; = -"^-O^O lb 

The stress in bar ac can now be found by a similar procedure, by applying 
SFx = 0 to joint a. Fbc can be obtained by applying = 0 at joint c. 

9*5 Case Where Reactions Cannot Be Computed without 
Considering Bar Stresses. The structure of Fig. 9-7 is statically 

determinate with respect to its 
inner and outer forces combined. 
Since there are only three hori- 
zontal reactions, these may be 
determined by a consideration of 
the external forces only but the 
vertical reactions cannot be com- 
puted without taking the bar 
stresses into consideration. If 
the stresses in a6, ac, ad, and ae 
can be computed, then the vertical 
reactions may be obtained from 
the vertical components of these 
bar stresses. 

At joint a, 4 unknown bar 
stresses are present, so that, with 
only 3 equations of statics availa- 
ble, a direct solution for these bar 
stresses cannot be made. A stress 
analysis of this structure, on the 
basis of statics only, should be possible, however, since with 5 joints there 
are 15 independent equations of statics, and there are only 15 independent 
unknown stresses -8 bars, 4 vertical reactions, and 3 horizontal reactions. 

Table 9-2 


Bar 

Projection 

length 

A" 

Y 

z 

ab 

1 ^ 

20 

5 

21 . 2 

ac 

1 15 

20 

5 

25.5 

ad 

15 

20 

10 

26.9 

ae 

5 

20 

10 

22.9 

be 

20 

0 

0 

20.0 

cd 

0 

0 

15 

15.0 

de 

20 

0 

0 

20.0 

eb 

0 

! 0 

15 

I 

15.0 

1 


/SO^ a 
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For this structure, however, the equations of statics are simultaneous 
in character. A convenient approach under this condition is to adopt, 
as a temporary unknown, one of the bar stresses. Oilier bar stresses 
and reactions can then be expressed in terms of this temporary unknown, 
and eventually one of the equations of statics will permit its evaluation. 
To illustrate this procedure, take Fed as the temporary unknown. At 
joint c, apply SF* = 0. 

Fed + 2^5 ~ = —S.lOFcd 

At joint dy apply XFr 0. 

Fa -t 26^9 = 0; Fa, = ~2.69Fa 

Assume that the vertical T*eactions at c and d act up. Then at joint c, 
applying SF^ = 0, 

0.784Fa.= -0.784(~5.10Ferf) 

= +4.00Frrf 

0.744F„rf = -0.744(-2.69F.rf) 

= +2.00Fd 

Now, taking moments about he of all the forces acting on tiie structure 
+ 150(20) ~ F./20) - /A/+20) - 0 

whence 

+ 150(20) ~ 4.00Fcrf(20) - 2.00F.+20) = 0^; F^d - +25 kips 

Since Ecy, Rdy, Fac, and Fad have already been expressed in terms of Fed, 
they may now be evaluated. With these stresses known, the remainder 
of the structure can be analyzed without difficulty. 

9*6 Special Theorems, While three-dimensional frameworks 
can be analyzed by the methods that have been presented, the following 
theorems are of importance because they often result in an appreciable 
saving in computations: 

1. If all the bars meeting at a joinfy with the exception of one bar n, lie 
in a planey the component normal to that plane of the stress in bar n is equal 
to the component normal to that plane of any external load or loads applied 
at that joint That this theorem is correct may be seen from a considera- 
tion of the static equilibrium of the joint, summing up all the forces 


Ecy + 2 ^ ~ ^ 

\t joint dy applying ZFy = 0, 

20 

Edy + Fad = 0 ; Edy = — 
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normal to the plane that contains all bars except n. In the structure of 
Fig. 9 • 4, for example, suppose that this theorem is applied to joint d. 
Bars ad and dc lie in the plane adc; the component of stress in bar 6d, 
normal to plane adc, must equal the component of the applied load normal 
to the same plane. For this particular case, the applied load also lies in 
the plane adc and hence has no component normal to that plane. We can 
conclude, then, that the stress in bar bd is zero. Recognition of this fact 

would simplify the analysis of 


B.H^otnd do not necessctrfjy joint d earned out in Art. 9-4 by 

means oi three simultaneous equa- 
^ ' tions, since only two equations 

would be necessary. 

On the basis of theorem I, two 
corollary theorems may be stated: 

II. // all the bars meeting at a 

joint, with the exception of one bar 

n, lie in a plane and if no external 

load is applied at that joint, the 
ELEVATION 4 • • 

stress in bar n is zero. 

III. If all the bars meeting at a 
joint, with the exception of two, have 
no stress and if no external load is 

, applied at that joint, the stress in 
each of these two bars is zero. 

9*7 Application of Special 
Theorems — Schwedler Dome. 
The importance of these three 
theorems in the analysis of three- 
dimensional frameworks may be 
illustrated by considering the 
plan Schwedler dome shown in Fig. 9 • 8, 

^ g acted upon by a vertical load P 

applied at joint A. The bars 
shown by dotted lines in the plan view have no stress, as may be con- 
cluded from the foregoing theorems, applied as follows: 

At joint F, bars EF, KF, and LF all lie in a plane, but AF does not. 
Since no load is applied at joint F, the stress in bar AF is zero, in accord- 
ance with theorem II. A similar consideration of joints E, D, C, and B 
leads to the conclusion that bars EF, DE, CD, and BC, respectively, 
all have zero stress. 

Considering joint F again, since the stresses in FA and FE are zero, 
bars KF and LF comprise two bars meeting at a joint where no load is 


JP 
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applied. Hence the stresses in KF and LF are zero, on the basis of 
theorem III. A similar consideration of joints E, D, and C leads to the 
conclusion that bars KE and JE, JD and ID, and IC and HC, respec- 
tively, all have zero stress. 

Now, considering joint K, since KE and KF have zero stress, bar KL 
is a single bar lying outside of the plane of bars JK, PK, and QK, Hence 
bar KL has zero stress. Jti a similar manner, a consideration of joints 
J and / shows that bars JR and IJ have zero stress. 

Considering joint K again, since bars JK, EK, FK, and LK have zero 
stress, bars QK and PK c miprise two bars meeting at a joint where no 
external load is applied. The stresses in these two bars are therefore 
zero. A similar consideration of joint J shows that bars PJ and OJ also 
have zero stress. 

Hence, when this framed dome is acted upon by a vertical load at A, 
only the bars shown by solid lines in the plan view of Fig. 9-8 carry 
stress. To complete the analysis of this structure, the method of joints 
may now be applied successively to joints A, B, L, G, //, and /, and the 
stresses in all the bars except those of the base ring thus determined. 
The vertical reactions can then be determined by applying SFy = 0 at 
each point of support. 

To determine the horizontal reactions and the stresses in the base-ring bars, 
all of which lie in a plane, it is necessary to take the stress in one of the base-ring 
bars as a temporary unknown. Suppose Frm is taken as the temporary unknown. 
At joint R, the application of ZFx = 0 and 2F, = 0 permits one to express Fqk 
and the horizontal reaction at R in terms of Frm- (Note that joint R is also acted 
upon by the X and Z components of stress in bars LR and GR,) Proceeding 
clockwise around the base ring and successively writing similar equations at 
joints Q, C, 0, and TV enable one to express the stresses in all the base-ring beirs, 
and all the horizontal reactions except that at M, in terms of Frm* If the equa- 
tions = 0 and = 0 are now applied at joint TV/, the values of Frm and 
the horizontal reaction at M may be obtained. Since all the other stresses and 
horizontal reactions have been previously expressed in terms of Frm, their values 
may now be determined. . 

It is possible for a Schwedler dome to be geometrically unstable, evqp though 
the statical count holds, if the angles between the horizontal reactions and the 
base ring bars have certain values.^ 

9*8 Towers. Unless the legs of a framed tower have a constant 
batter throughout their length, the structure should be analyzed on the 
basis of three-dimensional considerations. Figure 9 '9a shows the side 
elevation of a tower of triangular cross section, in which the batter of 

^ Spofford, C. M., “Theory of Structures, “ 4th ed., Chap. XVI, Space Frame- 
works, McGraw-Hill Book Company, Inc., New York, 1939, 
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the legs is not constant. Figure 9-96 shows the arrangement of hori- 
zontal reactions. This structure is statically determinate, as may be 
verified, and it may be analyzed panel by panel, beginning with the top 
panel and working down. As a general method of approach, one may 
proceed as follows: To analyze the top panel, the stress in any of the top 
ring bars may be taken as a temporary unknown. If, for example, Fah is 
chosen for this purpose, application of the method of joints, using the 
equations = 0, 'LFy = 0, and SF* = 0 at joint h, permits one to 

express F^, in terms of Fao- Similar treat- 
ment at joint c permits one to express Fca 
in terms of Fab- Finally, Fab may be 
evaluated by applying the method of joints 
at joint a. With Fah known, the stresses 
in the ring bars be and m, the diagonals dh, 
€C, and /a, and the legs da, eb, and fc are 
easily evaluated. The stresses in these 
legs and diagonals, together with any ex- 
ternal panel loads applied at joints d, e, 
and /, comprise the loading on the second 
panel of the tower, which may now be 
analyzed in a similar manner. The fore- 
going procedure constitutes a general 
method of analysis that may be used for 
any condition of loading at joints a, fe, and 
c. As is the case in treating the Schwedler 
dome, it is usually advantageous to sim- 
plify computations by the application of 
the three theorems of Art. 9 *6. 

It is customary to have secondary 
bracing members in each horizontal plane 
where the batter of the tower legs changes 
and often at panel points where no change in batter occurs. In a tower 
with a rectangular cross section, for example, this bracing may consist of 
horizontal diagonals connecting diagonally opposite panel points. The 
presence of such members may make a tower statically indeterminate. It 
is common practice, however, to assume for the purpose of analyzing the 
main members of the tower that the stresses in these secondary bracing 
members are zero, thus permitting such analyses to be carried out by the 
principles of statics. 

9*9 Tower with Straight Legs. If the batter of the tower legs 
i^ constant over the entire height, the tower may be analyzed on the basis 
of component planar trusses. Such a structure is shown in Fig. 9 10. 
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\ load P, applied at any joint, may be resolved into three components: 
Cl, parallel to the tower leg; C2, horizontal and lying in the plane of one 
adjacent face of the tower; and C3, horizontal and lying in the plane of 
the other adjacent face of the tower. 

It is easy to show by the theorems of Art. 9 -6 that Ci causes stresses 


in the bars of leg GC only, C2 
causes stresses in the bars of tower 
side CDGH only, and C3 causes 
stresses in the bars of tpwer side 
4 C£;Gonly. 

Thus the stresses due to each 
of the components Ci, C?, and C3 
(’an be obtained by carrying out a 
separate planar anal>sis, and the 
total stress in any bar due to load 
P can be obtained by superposi- 
tion of the effects of its three com- 
ponents. Since each panel load 
can be handled in the foregoing 
manner, this constitutes a general 
procedure for analysis. 

If all the faces of such a lower 
are identical, influence data can 
be prepared, giving the stresses in 
each bar of one of the faces due to 
(1) a unit horizontal load, applied 
successively at each joint of that 
face; and (2) a unit load parallel 
to the tower leg, applied succes- 
sively at each joint of that face. 
Such influence data, prepared for 
one face of the tower, will be 
applicable to all faces of the tower. 
By resolving panel loads into com- 
ponents as previously outlined and 



I I 

Fig. 9 10 

using these influence data, stresses 


in any member, due to any condition of external loading, may be obtained 


by superposition. 


9*10 Problems for Solution. 

Problem 9* 1 Show that the tower of Fig. 9 TO is statically determinate. 
Problem 9*2 Find the reactions on the structure of Fig. 9 11 due to the 
load of 1,000 lb acting as shown. 
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Problem 9*3 Find the bar stresses in the structure of Fig. 9 11 due to the 
load of 1,000 lb acting as shown. 

Problem 9*4 Find the reactions and bar stresses of the structure of Fig 
9 • 11 if the load of 1,000 lb is applied at joint d but with a direction such that it 
passes through point g, which lies at the center of the equilateral triangle def. 



Problem 9*5 a. Show that the structure 
of Fig. 9 ‘ 12 is statically indeterminate to the 
first degree. 

h. Find the reactions on the structure of 
Fig. 9 12 and the stresses in all the bars, for 
the load of 10,000 lb acting as shown, assum- 
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ing that bar ef is in compression and has a stress equal to half the applied load. 

Problem 9*6 If the angle a between the horizontal reaction and the base- 
ring bar has the same value at each point of support of a Schwedler dome, as 
shown in Fig. 9 8, prove that, under the action of any vertical load on the dome, 
the algebraic sum of the horizontal reactions is zero. 

Problem 9*7 A tower similar to that of Fig. 9 9 has 10 panels with a height 
of 10 ft each; ab — be = ca = 10 ft; de — ef — fd — 12 ft; at the tower base, 
jk = ^/ == Ij = 40 ft. At joint a, the following external loads are applied; 
a horizontal load of 10,000 lb, acting to the right, in a direction parallel to the OX 
axis; a horizontal load of 5,000 lb, acting to the rear, in a direction parallel to the 
OZ axis; and a vertical load of 20,000 lb, acting downward. 

a What are the stresses in bars a6, 6c, and ca? 

b. What are the resultant A, F, and Z components of the forces applied at 
joints d, e, and / by the legs and diagonals of the top panel? 

c. What are the reactions on the tower? 

Problem 9*8 The tower of Prob. 9 7 weighs 50,000 lb. The maximum 
wind load acting on the tower exerts a lateral pressure equal to 400 lb per ft of 
tower height. Against what uplift must a point of tower support be designed if 
the specifications state that the tower supports shall be designed for 150 per cent 
of the maximum net uplift? 



CHAPTER 10 


GRAVITY STRUCTURES 

10*1 Introduction, \ gravity structure is one in which the 
weight of the structure itself plays an important part in holding in equi- 
librium the forces to which the structure is subjected. In a gravity dam, 
for example, the tendency of the dam to overturn by rotating about its 
downstream toe, becauce of the hydrostatic pressure on the upstream 
face of the dam, is resisied by the moment, about the down stream toe, 
of the weight of the dam. Similarly, the tendency of the dam to slide 
horizontally in a downstream direction is resisted by the friction of the 
dam on its foundation, which in turn is a function of the weight of the 
dam. A retaining wall, built to resist earth pressure, is another example 
of a gravity structure. Such a wall may be designed with a thickness 
such that on a horizontal plane the vertical stresses are all compressive; 
for a thinner wall, the presence of tensile stresses on the side to which 
earth pressure is applied may require vertical reinforcing rods. In either 
event, however, the weight of the wall is an important factor in the 
stability of the structure, so that retaining walls are classified as gravity 
structures. 

10*2 Stresses in a Gravity Dam. Let us consider the dam shown 
in Fig. 10 • la with the object of investigating the distribution of normal 
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Fig. 10 1 

stresses along section A- A, We shall consider a strip of the dam 1 ft 
in thickness, measured along the length of the dam, and assume that this 
strip, under the external loads to which it is subjected, acts independently 
of the adjacent strips. There will be applied to this strip above section 
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A- A the resultant hydrostatic force H and the forces W\ and which 
comprise the weight of the dam, as sho>\rn in Fig. 10 * 16. The intensity 
of hydrostatic pressure at elev. A-A is 62.5(24) = 1,500 lb per sq ft. 
Since the distribution of this pressure is triangular, the resultant pressure 
//is given by (1,500) (24) = 18,000 lb and acts 8 ft above section A- A 
as shown. The forces Wi and Wi are computed as follows: 

Wi = 150(2) (24) = 7,200 lb, W 2 = 150(>^)(14)(24) = 25,200 lb 
They act as shown in the figure. 

If we assume the normal fiber stresses to be distributed linearly along 
section A- A, the following relation may be used: 



where / = compressive stress developed, with a positive value indicating 
compression^ 

P = resultant vertical force applied above the section under con- 
sideration, with downward forces taken as positive 

A = cross-sectional area at the section under consideration; 

M = resultant moment about the center of gravity of A of all forces 
applied above the section under consideration, with moments 
causing compression in the downstream face taken as positive 

X = horizontal distance, measured from the center of gravity of A 
to the point where / is to be determined, with this distance 
taken as positive for points downstream from the center of 
gravity 

I = moment of inertia, about the center of gravity of A of the 
cross-sectional area A itself 


For the problem under consideration 


P = 7,200 + 25,200 = +32,400 lb 
A = 16(1) = 16 sq ft 

M = +18,000(8) - 7,200(7) - 25,200(1.33) - +60,000 ft-lb 
Xd (to downstream face) = +8 ft, Xu (to upstream face) = — 8 ft 
I = H2(1)(16)3 == 341 ft4 

Hence, at the downstream face. 


32,400 60,000(+8) 

16 341 


2,030 + 1,410 

= +3,440 lb per sq ft (compression) 


‘ This is opposite to the customary sign convention for stresses and is used in this 
instance because of the predominance of compressive stresses in dam analysis. 
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while, at the upstream face, 


fu 


32,400 60,000 (-8) 

, 16 341 


= 2,030 - 1,410 


= +620 lb per sq ft (compression) 

From d to u, the stress intensity varies linearly, giving a trapezoidal 
distribution. 

It should be noted that ;he foregoing intensities are for stresses per- 
pendicular to section A-A, For the upstream face, the value computed 
in this particular case rej resents the principal stress since the upstream 
face is vertical. Owing to the slope of the downstream face, however, 
the value of stress computed at d is not a principal stress. In Fig. 10 • Ic, 
since bd is a free face, the shear on this plane is zero. Since the shear on 
any two mutually peipendioular planes has the same value at a given 
point, the shear along he is also zero. This identifies be as the plane on 
which the principal stress fp occurs. To evaluate /p, take moments 
about c of the forces acting on the differenlial wedge element bed. 

. (dx cos 0)2 _ - (rfj’)2 

Jp 9 Jd 9 


whence /p — fd sec^ 0. For this problem, sec 0 = 1.16, whence, at d, 
fp = +3,440(1.16)2 = +4,610 lb per sq ft (compression) 

10*3 Location of Resultant Force. The forces applied to a dam 
above a given elevation can be 
represented by a single resultant 
force, and the axial force and 
bending moment at that elevation 
can be computed from this re- 
sultant. The resultant force R 
applied above section A-A of the 
dam of Fig. 10 • la is shown in Fig. 

10 • 2. The horizontal component 
of this resultant must equal 18,000 
lb; the vertical component must 
equal 7,200 + 25,200 = 32,400 lb. 

The moment of the resultant B 
about any point such as a must 
equal the moment of tJie forces 
that have been combined, whence Fig. 10-2 

+ 18,000(8) + 25,200(5.67) = 32,400 d 

from which d = 8.85 ft. The resultant therefore intersects plane A-A 
at a distance of 8.85 — 7.00 = 1.85 ft downstream from the center of 
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gravity of the cross section. Now, working directly from the resultant, 
P - +32,400 lb and M = 32,400(+1.85) - +60,000 ft-lb 

These values check those previously obtained. 

For the general case, assume that the resultant intersects a given 
horizontal section at distance e downstream from the center of gravity of 
the cross section. Denoting by t the width of the dam at the section 
under consideration and by V the vertical component of the resultant P, 
and then referring to Eq. (10 1), P — + V; A ^ i; M ^ +Ve; Xd (to 
downstream face) == +^/2; Xu (to upstream face) ■= —//2; / = 
whence, at the downstream face, 

. , E , ( + Ve)(+f/2) E/ A _ 

while, at the upstream face, 

f . V i+Ve){-i/2) V { A 

A - + 7 + — iyT2— - ly 

From Eqs. (a) and (6), it may be seen that, if the resultant acts within 
the middle third of the cross section, i.e., if — //6 < e < +1/6, the 
entire cross section will be in compression. If the resultant is at the 
downstream limit of the middle third, i.e., e = +//6, fd = 2V/t and 
/u = 0. Under this condition, the distribution of the normal fiber 
stresses along the section is triangular, with the intensity at the down- 
stream face equal to twice the value it would have if the vertical 
component of the resultant were uniformly distributed over the cross- 
sectional area +. 

10*4 Resultant Outside of Middle Third. If, however, the 
resultant acts outside of the middle third of the cross section, tension will 
be developed at one face. Plain masonry has little tensile strength, 
and for design purposes it is usually assumed to have none. Unless the 
dam is adequately reinforced with steel so that it can develop the neces- 
sary tensile strength, the previously given method of analysis is not wholly 
applicable, since it is based on the idea that stresses vary linearly across 
the entire section. 

Consider the stress distribution along section A- A of the dam of Fig. 
10 la if, by means of flashboards, the elevation of the water surface is 
raised to a height of 3 ft above the top of the dam, as shown in Fig. 10 • 3. 
The resultant horizontal water pressure equals 62.5(27) (J^) (27) = 22,700 
lb and acts 9 ft above section A- A, To determine the location of the 
resultant, take moments about a: 

+ 22,700(9) + 25,200(5.67) - +32,400 d; d = 10.7 ft 
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Hence e = 10.7 — 7.0 = 3.7 ft. Since this is greater than = 2.67 
ft, the resultant lies outside the middle third of the section. Applica- 
tion of Eq. (10 • 1) would lead to tensile stresses on the upstream face of 
the dam. Since the dam could not resist linearly distributed tensile 
stresses, the stresses computed by Eq. (10 • 1) would not be valid. 

To determine the stress distribution along section A-A, static equi- 
librium of the portion of the dam above this section requires that the 
resultant of the normal strcvsses along tJie section shall be equal and 
opposite to the vertical component 
of R and applied at point 
where R intersects section A- A, 

Hence, the resultant of these 
normal stresses is an upward force 
of 32,400 lb applied at a distance 
of 8.00 — 3.7 == 4.3 ft from d, the 
downstream edge of section A- A. 

Consistent with a linear stress 
distribution involving compressive 
stresses only, the stresses will be 
distributed triangularly. The 
center of gravity of this triangle 
will coincide with the resultant of 
the normal stresses on the section. 

Hence the length of the triangle 
along section A-A will equal 
3(4.3) = 12.9 ft, as shown in Fig. 

10-3. 

Moreover, because of the tri- 
angular distribution, the intensity 
of normal stresses at the downstream face equals twice the value that 
would occur if the vertical component of the resultant were distributed 
uniformly over the entire area under compression. Hence 



2(32,400) 

12.9 


5,020 lb per sq ft 


The principal stress at d is given by fp = 5,020(1.16)^ = 6,750 lb per 
sq ft. 

10*5 Determination of Gravity-dam Profile. The profile of a 
gravity dam is usually laid out so that for a horizontal section at any 
elevation the resultant lies within the middle third. For a given profile, 
the location of the resultant will depend upon the loading condition con- 
sidered. For reasons of economy, it is desirable, under what proves to 
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be a critical loading condition for a given elevation, for the resultant at 
that elevation to be as near as is practicable to an outer edge of the middle 
third. Thus, for the maximum overturning condition, i.e., water at 
highest elevation, plus ice pressure, etc., the resultant should be near 
the downstream edge of the middle third, while, with the dam empty, 
the resultant should be near the upstream edge of the middle third. The 
foregoing criteria can rarely be completely met in an actual case, but they 
serve as a guide for profile determination. For the following procedure, 

either analytical or graphical 
methods, or a combination of the 
two, may be used: 

The width of the dam at the 
top will be determined from 
practical considerations, such as 
minimum width for durability, 
required width for equipment, 
roadway, etc. Through the up- 
stream edge of the top of the dam, 
construct a vertical reference line, 
called the dam axis, as shown in 
Fig. 10 4. At any elevation, the 
horizontal distance u from the 
dam axis to the upstream face is 
called the upstream projection; 
the corresponding distance to the 
downstream face is called the 
downstream projection. 

Divide the height of the dam 
by horizontal lines at representa- 
tive elevations such as elev. (1) or 
elev. (2) at whicli the upstream and downstream projections are to be 
determined. Compute the resultant horizontal water pressure applied to 
each vertical portion of the dam (/fi, II 2 , etc.). 

At elev. (1), assume tentative values of ui and di. On the basis of 
these tentative values, evaluate and locate IFi, the weight of the dam 
above elev. (1), and, provided that Ui 9 ^ 0, Vi the vertical component 
of water pressure applied above elev. (1). Evaluate and locate i?i, 
the resultant of the forces Wx, Hu and Vu On the basis of the tentative 
values of Ui and du investigate in the foregoing m^anner each loading 
condition that may affect the profile. If, considering all loading condi- 
tions, the tentative values of ui and di are not satisfactory, successively 
investigate new values of ui and di until acceptable values are obtained. 
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Then, at elev. (2), assume tentative values of and On the basis 
of these tentative values, evaluate and locate W 2 , the weight of the dam 
between elevs. (1) and (2), and, provided that U 2 — ui 0, V 2 the ver- 
tical component of water pressure applied between elevs. (1) and (2). 
Evaluate and locate R 2 , the resultant of fli, W 2 , Ih, and ¥ 2 - Still using 
the tentative values of U 2 and ^ 2 , investigate each loading condition in 
the foregoing manner. By successive trials, establish acceptable values 
of U 2 and ^ 2 . 

Working down the dam, section by section, in a similar manner, 
establish u and d at e^'i representative elevation. With the profile 
determined as described, no tensile ^stresses will occur in the dam. This 
does not, however, ensui'e that the compressive stresses in the dam will 
be within allowable limits. The actual stresses at each elevation should 
be computed, and this would often influence the layout of the profile. 

10*6 Stresses at Base of Gravity Dam. If an impervious dam is 
bonded at its base to an impervious foundation, so that no upward water 
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pressure can act on the base of the dam, the determination of the stress 
distribution along the base of the dam can be carried out by following 
the same procedures as those used for any other horizontal section through 
the dam. Such a dam is shown in Fig. 10 5a. Actually, it would be 
unlikely that the dam could be bonded to the foundation so securely as 
to ensure that there would be no upward water pressure under the dam. 
To prevent such pressuie a key way embedded near the upstream side 
of an impervious foundation might be used, as shown in Fig. 10 56. 
For a pervious foundation, a deep cutoff wall near the upstream side of 
the foundation, as shown in Fig. 10 5c, may be effective. 

If the foundation is such that upward water pressure cannot act on 
the base of the dam, stresses along the base may be determined by Eq. 
(10 1), provided that the resultant acts within the middle third of the 
base, so that no tension occurs. If the resultant lies outside of the middle 
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third but within the base of the dam, the compression on the base of the 
dam will be distributed triangularly, with the center of gravity of the 
triangle at the point of application of the resultant force to the founda- 
tion. The maximum foundation stress will then occur at the edge of 
the foundation and will equal twice the value obtained if the vertical 
component of the resultant were uniformly distributed over the area in 
compression. 

Should the resultant lie outside of the base of the dam, the dam would 
fail by overturning. A reasonable factor of safety against overturning 
should be provided. 

If the angle made by the resultant with the vertical exceeds the fric- 
tion angle of the dam on its foundation, the dam will fail by sliding. A 
liberal factor of safety should be observed in this connection, since the 
friction angle cannot as a rule be predicted with precision. 

10- 7 Upward Water Pressure. Consider the dam shown in Fig. 
10- 6a in which the water is at the same elevation on both the upstream 



PERVIOUS 
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(a) ib) (c) 

Fig. 10-6 


and downstream sides. At the base of each side, let the hydrostatic pres- 
sure be p. Since the foundation is pervious, there will be water under 
the dam. No flow of water occurs, however, and thus there is an upward 
water pressure of intensity p over the entire base of the dam. In the 
dam of Fig. 10 • 66, the tail water is at a lower elevation than the water in 
the reservoir. Let the hydrostatic pressure at the base of the upstream 
face be pu and at the base of the downstream face be p^. Since pu > pd, 
water will flow downstream under the dam, losing pressure as it flows. 
If this loss of pressure is assumed to be linear, the upward water pressure 
on the base of the dam will be distributed trapezoidally, having intensities 
p„ and Pd at the upstream and downstream faces, respectively. If there 
is no water on the downstream edge of the base, as shown in Fig. 10 • 6c, 
Pd = 0 and the distribution of upward water pressure is triangular. 
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It is often assumed that the upward water pressure does not come in 
contact with the entire area of the base of the dam. It might be specified, 
for the dam of Fig. 10 -he, for example, that the structure should be 
designed for an upward water pressure varying linearly from half the 
hydrostatic pressure at the upstream edge of the base to zero at the down- 
stream edge. 

As pointed out in the preceding article, the amount and distribution 
of upward water pressure can be controlled by such means as keyways 
and cutoff walls. The use of drains to carry away seepage water provides 
another means of control^ 

While we have dkciissed upward water pressure as a phenomenon that 
occurs along the base of the dam, it is evident that it will occur along any 
impervious horizontal section through the dam itself. In the following 
article, the effect of upward water pressure on stress computations along 
the base of the dam is considered. The methods given are equally appli- 
cable when one considers the effect of upward water pressures on other 
horizontal sections. 

10*8 Effect of Upward Water Pressure on Stresses at Base of 

Dam. Let us consider the stresses along the base of the danl of Fig. 
10 - 1, assuming that the water is 6 ft below the top of the darn and that 
the base of the dam is subjected to upward water pressure varying uni- 
formly in intensity from half the hydrostatic pressure at the upstream 
edge of the base to zero at the downstream edge of the base, as shown in 
Fig. 10 -7. As in previous examples, Wi, and W 2 are first evaluated. 
On the base of the dam, there will act upward, first, the upward water 
pressure and, second, the soil pressure. The resultant U of the upward 
water pressure equals 937(34) (23) = 10,800 lb and acts at the third 
point of the base as shown. 

To evaluate F, the vertical component of the resultant of the soil 
pressure on the base of the dam, apply 'LFy = 0 to all the forces acting 
on the dam. 

+ 56,700 + 10,800 - 10,800 - F = 0 

whence F = +56,700 lb. To locate F, take moments about any point 
such as a of all the forces acting on the dam. 

+ 56,700d+ 10,800(6.67) - 56,700(8) - 28,100(10) = 0 

whence d = +11.63 ft ^nd e ~ 12.63 — 11.50 == 1.13 ft. Since this is 
less than = 3.84 ft, the resultant soil pressure lies within the middle 
third and the soil is in compression along the entire width of the base. 
The intensities of soil pressures may therefore be computed by Eq. 
(10 * 1), in which P - F = +56,700 lb and 

M = +Fc ^ +56,700(1,13) = +64,000 ftdb 
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This leads to soil pressures of 2,460 lb per sq ft and 730 lb per sq ft at the 
downstream and upstream edges, respectively, as shown in Fig. 10-7. 
The total pressure on the base of the dam is obtained by superimposing 
the soil pressure and the upward water pressure and is also shown in the 
figure. 

Had the resultant soil pressure been applied outside the middle third, 
the distribution of soil pressure would liave been triangular, with the 
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center of gravity of the triangle coinciding with the resultant soil pressure 
and with a maximum intensity of soil pressure equal to twice the value 
obtained if the vertical component of the resultant soil pressure were 
uniformly distributed over the area acted upon by the soil pressure. The 
total pressure on the base of the dam would still be obtained by super- 
imposing the soil and upward water pressures, the resulting pressure curve 
being discontinuous at the point where the soil pressure equals zero. 

It is to be noted that the presence of upward water pressure increases 
the tendency of the dam to fail by both overturning and sliding. 

10*9 Gravity Retaining Walls. While the weight of all retaining 
walls plays an important part in enabling the wall to resist the earth 
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pressure to which it is subjected, we shall distinguish between gravity 
retaining walls, in which the resultant is kept within the middle third at 
all elevations, and cantilever retaining walls, in which the wall acts as a 
vertical cantilever beam, carrying its lateral load in bending and requir- 
ing steel reinforcing. 

The determination of soil pressures that act on the back of retaining 
walls is discussed in Art. 1 • 12, where it is pointed out that the lateral 
pressure caused by soils vanes when the wall yields, reaching a minimum 
value called the active pressure after the wall has yielded a small amount. 
Although a gravity retai nug wall is a relatively rigid structure, it is 
nevertheless customary to assume that it will yield sufficiently to permit 
its design on the basis of active soil pressures, unless the top of the wall is 
actually restrained against lateral movement by a rigid connection to a 
relatively immovable support. 

In Art. 1 • 12, the general equation for the resultant of the active soil 
pressure on the back of a retaining wall, based on the theory developed 
by Coulomb, is given in Eq. (1-6). It is further shown that, where the 
surface of the soil retained is horizontal (i = 0), where the back of the 
retaining wall is vertical {6 = 0), and where </>, the angle of internal fric- 
tion of the soil, equals <#>', the friction angle of the soil on masonry, Eq. 
(1-6) reduces to Eq. (1 7), 


P = 


1 

2 [(I + V2 sin 0)2 


(1-7) 


where P is the resultant soil pressure for a strip of wall 1 ft long and acts 
as shown in Fig. 1 • 3; 7 is the weight of earth per unit volume, and H is 
the vertical depth of the soil above the base of the wall. 

The analysis of retaining walls follows the same general procedure used 
for gravity dams. Consider the gravity wall shown in Fig. 10 *8, with 
the object of determining the soil pressures developed along the base of 
the wall. For this case, Eq. (I’D is applicable, whence, considering a 
strip of wall 1 ft in length, 

P = l (100)(20)4 — .--^1 = 5,980 lb 

2^ L(1 + 0.500 V2)='J 

This resultant earth pressure acts one-third of the way up from the base 
of the wall, making an angle of 30° with the normal to the back of the 
wall as shown. The horizontal and vertical components of P are also 
shown on the figure. For the wall, 

Wi = 150(1) (20) = 3,000 lb and W 2 = 150(M)(20)(6) = 9,000 lb 
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The vertical component V of the resultant pressure on the base of the 
wall is obtained by applying ZFj, = 0 to all the forces acting on the wall. 

+ 9,000 + 3,000 + 2,990 F = 0 

whence V = +14,990 lb. To locate the resultant, taking moments 
about a of all the forces acting on the wall, 

+ 14,990d+ 2,990(0.5) - 5,180(6.67) - 9,000(2.50) = 0 

whence d = 3.70 ft and e = 3.70 + 0.50 — 3.50 = +0.70 ft, which is 



less than % = FI 7 ft. Hence to determine soil pressures, Eq, (10*1) 
is applicable. Upon using P = F = 14,990 lb and 

M = +14,990(0.70) = +10,500 ft-lb 

this leads to the values shown at the base of the wall in Fig. 10 • 8. 

10»10 Cantilever Retaining Walls. A typical cantilever retain- 
ing wall is shown in Fig. 10 -9. The determination of stresses on any 
horizontal section such as A- A involves the same procedures as would 
be followed for a gravity retaining wall, although the resultant would' 
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doubtless lie outside of the middle third or even outside of the section 
itself. This, however, would lead to no serious difficulty, since with 
proper steel reinforcing the section could be designed to withstand the 
9xial stress and bending caused by the resultant. 

In determining the distribution of soil pressures on the base of the 
footing of the wall, we must give careful consideration to tlie forces acting 
on the wall. There will be acting on this wall P, the resultant soil pres- 
sure acting on the vertical line BB; Wi, the weight of the earth directly 
over the footing of the wall; W 2 , 
the weight of the wall it^ii^; and 
/?, the resultant soil pressure 
acting on the base of the footing. 

To determine P, note thal 0' 
should be replaced by </>, since the 
angle which P makes wiili the 
normal to BB is determined by 
the angle of internal friction of the 
soil rather than by the friction 
angle of soil on masonry. The 
application of Eq. (1 7) leads to 


P = ^(100) (20)^ 


0.867 


(1 + 0.500 \/2)2 


]= 


5,980 lb 





Wi = 100(3) (18) = 5,400 lb; W 2 
= 150[2(18) + 2(8)] = 7.800 lb 

To evaluate V, the vertical component of /?, 

7,800 + 5,400 + 2,990 - F = 0; F = +16,190 lb 


To locate R, 

+ 16,190(f + 2,990(1.5) - 7,800(2.5) - 5,180(6.67) = 0; 

d = 3.05 ft; e = 3.05 + 1.50 - 4.00 = +0.55 ft 

Since the resultant lies within the middle third of the base of the footing, 
Eq. (10 1) is applicable for determining soil pressures on the base. 
Upon using P = V = +16,190 lb and M = +16,190(0.55) == +8,900 
ft-lb, this leads to the values shown on the figure. 

An alternate approach to the determination of P, the resultant earth 
pressure acting on the side of the wall, which is considered preferable by 
some engineers, consists in computing the resultant pressure along line 
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CC as shown in Fig. 10 • 10. This necessitates the use of Eq. (1 • 6), since 
6 no longer equals zero. In computing Wi to correspond to this method 
of determining P, only the weight of the triangular wedge of earth is 
included. The line CC corresponds more closely to the failure plane of 
the earth than does line BB of Fig. 10 9. Ordinarily, the two methods of 
determining P lead to much the same values of soil pressure along the 
base of the footing. 

10-11 Problems for Solution. 

Problem 10-1 Find the distribution of normal 
stresses along section A-A of the dam of Fig. 10 11, 
which is not reinforced so as to be capable of carrying 
tension. 

Problem 10-2 Find the maximum elevation to 
which the water behind the dam of Fig. 10 11 can rise 
(using flashboards if necessary), the entire section 
A- A remaining in compression. 

Problem 10-3 Find the distribution of soil pressure along the base of the 
dam of Fig. 10 11, assuming no upward water pressure on the base of the dam. 
The water level is to be assumed at the top of the dam. 

Problem 10-4 Referring to the dam of Fig. 10 11 and with the water level 
at the top of the dam, let the base of the dam be subjected to upward water 
pressure varying linearly from one-third of the hydrostatic pressure at the 
upstream edge of the base to zero at the downstream 
edge of the base. Determine (a) the distribution of 
soil pressure along the base of the dam; (6) the dis- 
tribution of total pressure along the base of the dam. 

Problem 10-5 Consider that the structure of 
Fig. 10 11 is a gravity retaining wall, retaining soil 
that is level with the top of the wall. The earth 
weighs 100 lb per cu ft; it has an angle of internal 
friction of 30° and a friction angle on masonry of 30°. 

Determine the distribution of soil pressure along the 
base of the wall. 

Problem 10-6 Referring to Prob. 10 5, what is 
the minimum width of the base of the wall that can 
be used if the soil is to be in compression along the entire base of the wall? The 
width of the base is to be changed by varying the dimension of 24 ft. 

Problem 10*7 Determine the distribution of soil pressure along the base 
of the cantilever retaining wall of Fig. 10 9, using the soil pressure on the back 
of the wall in accordance with the method described in the discussion of Fig. 
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CHAPTER 11 


CABLES 

11*1 Introduction, Cables are used in many important types of 
engineering structures. They form the main load-carrying elements for 
suspension bridges and cible-cai' systems. They are used extensively 
for permanent guys on structures such as derricks and radio towers. 
They are also used for temporary guys during erection. Although exact 
cable analyses may require mathematical procedures beyond the scope 
of this book, a knowledge of certain fundamental relationships for cables 
is important in structural engineering. 

When a cable supports a load that is uniform per unit length of the 
cable itself, such as its own weight, it takes the form of a catenary; but 
unless the sag of the cable is large in proportion to its length, the shape 
taken may often be assumed to be parabolic, the analysis being thus 
greatly simplified. 

11*2 General Cable Theorem, Consider the general case of a 
cable supported at two points a and 6, which are not necessarily at the 



same elevation, and acted upon by any system df vertical loads Pu P 2 . 

Pn as shown in Fig. 11 la. The cable is assumed to be perfectly 
flexible, so that the bending moment at any point on the cable must be 
zero. Since all the loads are yertical, the horizontal component of cable 
stress, which will be denoted by H has the same value at any point on 
the cable and the horizontal reactions are each equal to H. 
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Let SMfr = the sum of the moments about b of all the loads Pi, P 2 , 

. . . , Pn 

XMfn = the sum of the moments about any point m on the cable of 
those uf the loads Pi, P 2 , . . . , Pn that act on the cable to 
the left of m 

Taking moments about 6 , of all the forces acting on the cable, 

tan y) -h HayL — — 0 

from which 

Hay ~ 7 W 

Taking moments about m of those foices acting on that portion of the 
cable to the left of m, 

+ H(x tan 7 — ym) + HayX — = 0 

Substituting Ray from Eq. (a) and simplifying, 

= ( 6 ) 

In interpreting Eq. ( 6 ), it should be noted that ym is the vertical 
distance from the cable at point m to the cable chord ab which joins the 
points of cable support. The right side of Eq. (b) may be seen to equal 
the bending moment that would occui at point rri (see Fig. 11 16) if the 
loads Pi, P 2 , . . . , Pn were applied to an end-supported beam of span 
L and m were a point on this imaginary beam, located at distance x 
from the left support. 

From Eq. ( 6 ), we may therefore state the following general cable 
Iheorera: At any point on a cable acted upon by vertical loads, the product of 
the horizontal component of cable stress and the vertical distance from that 
point to the cable chord equals the moment which would occur at that section 
if the loads carried by the cable were acting on an end-supported beam of the 
same span as that of the cable. 

It is to be emphasized that this theorem is applicable to any set of 
vertical loads and holds true whether the cable chord is horizontal or 
inclined. 

11 • 3 Application of General Cable Theorem. Suppose that the 
loading on a cable is defined and that the distance from the cable to the 
cable chord is known at one point, as is the case in Fig. 112 . Neglecting 
the weight of the cable itself, the bending moment at point d on an imagi- 
nary beam of equal span is equal to 

2,330(20) - 1,000(10) = 36,600 ft-lb 
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Hence, by the general cable theorem, lOH = 36,600, or H = 3,660 lb. 
To determine the distance of any other point such as c from the cable 
chord, the general cable theorem is applied at section c, leading to 
3,660yc = 2,330(10), from which yc = 6.38 ft. The segment of the cable 
between a and c lies along a straight line, since the weight of the cable 
has been neglected, and has a length equal to VClOy*^ + (6.38)^ = 11.85 
ft. Since the horizontal compon^^nt of cable stress equals 3,660 lb, 
the actual cable stress between a and c equals 3,660(11.85/10) = 4,340 
lb. The left vertical reaction on the cable equals the vertical component 
of cable stress in segment vc and is given by 3,660(6.38/10) = 2,330 lb. 
Fur this particular case, this value 
equals the left vertical reaction on 
the imaginary end-supported beam. 

Had the cable chord been inclined, 
however, these two vertical reac- 
tions would have had different 
values. 

11*4 Shape of Uniformly 
Loaded Cable. The case of a 
loading that is uniform per hori- 
zontal foot and applied over the 
entire span of the cable is important 
not only because it is substantially the type of cable loading occurring 
in suspension bridges, but because a cable carrying only its dead weight 
can be treated approximately on the assumption that the dead weight is 
uniform per horizontal foot. In Fig. 11 3, the general cable theorem 



Fig. 11-2 



Fig. 11. 3 


leads to 

Hy. 


wLx 

“ 2 “ 


wx'^ 

2 


(a) 


Let the particular value of y^ at 
mid-span be denoted by h, Tlie 
distance h is called the cable sag 
and is measured vertically in all 
cases. For the mid-span, where 
X = L/2andy,„ = h, the foregoing 


equation reduces to Hh = wL^/S, whence 



(IM) 


This relation for H is of primary importance. Note that it holds whether 
the cable chord is inclined or horizontal. Substituting this value of H 



250 


CABLES 


[§ 11.5 


into Eq. (a) and solving for lead to 


ym 


4hx 

u 


(L ~ x) 


( 11 * 2 ) 


Equation (11*2) defines the shape of the cable, located with respect to 
the cable chord, and in terms of the cable sag. It is often desirable to 
define the shape of the cable with respect to a horizontal axis. If the 
origin o of the axes is taken at the left end of the cable, as shown in Fig. 
11*3, the relation y = -f a* tan y — ym may be used. Substituting y^ 
as expressed by Eq. (11-2) leads to 

y = ^ {x - L) + X tan y (11 • 3) 

If the cable chord is horizontal, tan 7 = 0, whence 

y = ^{x-L) (11-4) 


If the cable chord is horizontal and if it is desired to define the cable curve 
with respect to axes with their origin at c, the low point on the cable, 


Y 



which is at mid-span, reference to 
Fig. 11*4 shows that, since 

X = + Xc and y = -h + Jc 

these relations may be substituted 
into Eq. (11*4), leading to 

= (11-5) 


11*5 Stresses in Uniformly Loaded Cable. The stress at any 
point in a cable is axial. For a uniformly loaded cable, the horizontal 
component of cable stress can be computed by means of Eq. (11*1). 
Consider a differential element of cable, of length ds and horizontal pro- 
jection dx. Then the tension in the cable at any distance x from the 
origin, is given by H ds/dx. For the case of the inclined cable chord, as 
shown in Fig. 11*3, differentiation of Eq. (11*3) leads to 


^ 

dx 

S$x 


^ + tany 
4^ + tan 7 


where 6 » h/L and is called the sag ratio. 
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The maximum cable stress occurs at the high point of support and is given by 
Tmax = + lan^ y + 80 Ian y)"'^ 

- /^0,000[1 + ibiO.im^y + {0.25y + 8{0M25){0.25)]^*^- 
= 44700 lb 


11*7 Length of Uniformly Loaded Cable. If So is tlie total 
length of a cable, then 




dx 


(a) 


For the case of a horizontal cable chord, using Eq. (11 • 5), which is based 
on the origin being located at the low point on the cable, which is at 
mid-span, 

dy __ l^hx 
dx IJ 


whence 


So = 





dx 


(b) 


Integration of this relation leads to the following exact expression: 

^ (1 + 160 “)^ + ^ [40 + (1 + 160 ^)»] (11 • 8 ) 


The use of Eq, (11 8) requires the use of natural logarithms. A very 
useful approximate expression for determining cable length when the 
cable chord is horizontal may be obtained by expanding the term 

[i + (^^)] 

occurring in Eq. (6) into an infinite series by the binomial theorem and 
considering only the first few terms of the resultant series. This leads to 

s. - 2 /y* [(1)'* + 5 (1)-»(M) 
which simplifies into 

, /, , 805 320^ , \ „ 

'•-^(‘ + T--r+ • ■ ■ j- 

This equation converges rapidly, the first three terms giving sufficient 
accuracy for many purposes. 
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If the cable chord is inclined, an exact equation for So could be obtained 
by substituting dy/dx as obtained from Eq. (11-3) into Eq. (a). This 
leads, however, to an extremely cumbersome result. For many purposes 
the following approximate treatment gives results of sufficient accuracy: 

Assume that the length of such a cable is the same as it would be for a 
cable with a horizontal cable chord, where the span equals the length of 
the inclined cable chord, that is, L sec 7 , and the sag equals h cos 7 , which 
is an approximate expression for the maximum perpendicular distance 
from the cable to the cable chord. With these assumptions, 

0 ' = y) ^ d 

^ (L sec 7 ) sec^ 7 

Now, applying Eq. (11-9) to this hypothetical cable and using only the 
first two terms, 

r A , 8 \ 


To find the approximate length of the cable of Example 11-1, Art. 
( 11 - 6 ), use Eq. ( 11 -9) {0 = ’io). 


2,000 


1 + 


8/j^\_32/ 1 _Y 

3 VlOO/ 5 \(10,600)_ 


= 2,000(1.000 + 0.0627 - 0.0006) = 2,052 ft 


To find the approximate length of the cable of Example 11 - 2 , Art. 
( 11 - 6 ), use Eq. ( 11 - 10 ). 


0 = 0.0625; 

= 200 [ 1.031 


sec^ 7 = 1 + tan^ 7 = 1 + 


8 (0.0625)2 
■^3 (1.031) + 


= 208 ft 


(0.25)2 = 1,0625; 

sec 7 


1.031 


11*8 Elastic Stretch of Cables. When a cable supports a load, 
it undergoes an elastic stretch, which is often of importance in determin- 
ing cable sags and for other purposes. By the definition of the modulus 
of elasticity. 


E = 


F/A 

al/l' 


whence AL 


FL 

AE 


An element of a cable of length ds is subject to a tension T*. A con- 
venient method of determining the elastic stretch of a cable consists in 
first determining Tav, which by definition will be taken as that average 
tension which if applied throughout the length of the cable will cause 
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the Same total elastic change of length as actually occurs. Stated 
mathematically, 

T^s 

I AFJ Jo AE 

where A and E are assumed constant. Hence 



['"nds - i 

Jo Jo 


nf-ds 

dx 



(a) 


Considering a loading that is uniform per horizontal foot, and an inclined 
cable chord, dyjdx may be obtained from Eq. (11 3), and equals 
(Shx/L^) — (4/i/L) + tan 7 . Substituting this value of dyjdx into 
Eq. (a), and integrating, 


T. 



+ 


16 


+ tan^ 7 


) 


% 


Using Eq. (11 10 ) to express s„ 


, , 1602 
1 -\ s — |- tan* 7 

T ^ J] ? 

,8 0 * 

sec 7 + 5 


3 sec* 7 


( 1111 ) 


If the cable chord is horizontal, 7 = 0 , whence 


1 + 

r.. = H — 
1 + 


160 * 

3 

80 * 

3 


(11 12 ) 


Suppose, for example, that it is required to find the elastic stretch of 
the cable of Example 11 1 , Art. ( 11 - 6 ), for which So was found to equal 
2,052 ft in Art. (11-7). Taking E = 27,000,000 psi and A = 50 sq in., 

r... 2,500 2,570 tip> 

Elastic stretch - - 6J^,,^(27[o0O)(144) ” 

To the nearest foot, the unstressed length of this cable would be 

2,052 - 4 = 2,048 ft 

11*9 Guyed Structures. The application of the various relations 
for cables to guys can be shown by a consideration of the structure shown 
in Fig. 11 • 5. Suppose that a cable weighing 4.16 lb per ft is to be used 
as a guy and that it is required that this guy hold the mast BC vertically 
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when the load of 100,000 lb is applied. Taking moments about C of 
the forces acting on the mast and noting that //, the horizontal component 
of cable stress, acts to the left on the mast, 


100/f = 100,000(10); H = 10,000 lb 

This value of H must be developed to hold the mast vertically; thus the 
cable sag must conform to the 
following value [in this approxi- 
mate solution the cable is a^ssumed 
to be parabolic and acted upon by 
a uniform load of 

w = 4.16(180.2/150) 

= 5.00 lb per horizontal fcx>tj: 


10,000 = 


ivU _ 5.00(150)^ 


Hh 

h = 1 .41 ft 


8/i 


The maximum tension in the guy 
would occur at B and by using Eq. (11*6) equals 



= 10,000 1.000 + 16 


l.C 


(Miy + (ii9\ 

Vl50/ Vl50/ 


+ 8 


/L4l\/iqo\l^ 

V150/Vl”50/. 


= 12,240 lb 


It should be noted that a close approximation to the foregoing solution 
can be obtained by considering the cable to act as a straight tie rod lying 
along the chord AB, The length of this chord is 180.2 ft; the tension 
would equal 

10,000 = 12,000 lb 

The only error introduced in this approximate solution arises from the 
fact that the slope of the cable at B is actually steeper than that of the 
chord. Unless the sag ratio of the cable is large, this difference in slope 
is not likely to be of importance. 

It is usually necessary to have more than one guy on a mast or other 
guyed structure, in order that the mast may be held against overturning 
in more than one direction. Under these conditions, the guys are 
adjusted so that they have a certain initial tension; an initial tension 
equal to about half the maximum tension that will occur under load is 
commonly used. In Fig. 11*6, suppose that the sags of the guys AB 
and AC have been adjusted so that, with no horizontal load applied to 
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the mast, the horizontal component of cable tension in each guy is 6,000 
lb. Under these circumstances, the maximum initial stress in each guy, 
following the approximate method of analysis suggested in the discussion 
of Fig. 11-5, will equal +6,000 X 1.414 = +8,500 lb. 

When the load of 5,000 lb is applied at the top of the mast, a resultant 
horizontal force of 10,000 lb, acting to the left, must be applied at + by 
the two guys to maintain equilibrium. By an approximate method of 
analysis that leads to reasotiably accurate results, it may be assumed that 
this load of 10,000 lb is applied by increasing the horizontal component 
of tension in guy AB by 5,000 lb and decreasing the horizontal component 

of tension in guy AC hy the same 
amount, leading to Hab = +10,000 lb 
and H AC = +1,000 lb. The maximum 
guy stress is then equal to 

+ 11,000 X 1.414 = +15,500 lb 

Actually, when the load of 5,000 lb 
is applied at the top of the mast, point 
A moves to the right. Guy AB per- 
mits this movement since it undergoes 
additional elastic stretch and since its 
sag decreases. The sag in guy AC in- 
creases, and the length of that guy 
shortens elastically. An exact analysis, 
taking into ac(‘ount elastic changes of length and sag changes, can be 
made, but it is relatively complicated. The foregoing approximate solu- 
tion is more practical for usual design problems. 

11*10 Statically Determinate Suspension Bridges. A suspen- 
sion bridge is usually constructed in a manner such that the dead loads 
are carried entirely by the cables. A large portion of the dead load comes 
from the roadway and is uniform. It is commonly assumed that the 
entire dead load is uniform per horizontal foot. On the basis of this 
assumption, the cables are parabolic under dead load only. When live 
load is applied, with partial loadings so as to give maximum. stresses in 
members, the cables tend to change their shape. In order to prevent local 
changes of slope in the roadway, due to live load, from being too large, 
the floor beams of the floor system are usually framed ijito stiflening 
trusses, which in turn are supported by hange^rs running to the cables. 
These stiffening trusses distribute the live load to the various hangers, 
in a manner such that even under live loads the cable may be assumed to 
remain essentially parabolic. As long as the .cable remains parabolic, 
it must be acted upon by a load that is uniform per horizontal foot. 


sooo^ 
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Since the hangers are equally spaced, this is equivalent to stating that 
the hanger stresses in a given span must be equal. In the “elastic” 
theory of suspension bridges, all the hangers in a given span are assumed 
to have equal stresses. That this assumption is not strictly correct 
may be shown by the more accurate and more complicated “deflection” 
theory of suspension bridges. However, unless a suspension bridge is 
long and flexible, the elastic theory may lead to results that arc not greatly 
in error. 

If the stiffening trusses of a suspension bridge are arranged and sup- 
ported as shown in Fig. 1 1 7a, ^Yith a hinge at some intermediate point 



in the main-span stiffening truss, the structure is statically determinate, 
provided that it is assumed that all the hangers in a given span have equal 
stresses. The application of the various relations for cables to a stati- 
cally determinate suspension bridge will be illustrated by an analysis of 
the structure shown in that figure. 

Suppose this bridge is subjected to a live load of 40 kips acting as 
shown in the figure. Consider the equilibrium of all the forces acting on 
that portion of the structure shown in Fig. 11-76. The horizontal com- 
ponents of cable reaction at each end of the cable are equal and have the 
same line of action. Taking moments about point A, 

(Vl + F'l)(240) - 40(60) = 0; Vl + ^ +10 (upward) 

Now consider the equilibrium of all the forces acting on that portion 
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of the structure shown in Fig. 11 • 7c, taking moments of these forces about 
the hinge at B. 

{Vl + V'l = 10) (120) + //(30) //(54) =0; // = 50.0 kips 


Tlie maximum cable stress in the main span occurs at the ends of the 
cable and by Eq. (11-7) equals 50.0(1 + = 53.9 kips. 

Let X equal the stress in each hanger. The equivalent uniform load 
of the hangers equals X/20 kips per ft. To evaluate X, use the relation 
H = wL^/Sh, where w = A/20. 


50.0 - 


X (^)\ 
20 8(24) ’ 


A = + ^ kips 


Once the hanger stresses have been determined, the stresses in the 
bars of the stiffening truss are readily evaluated. For example, to find 
the stress in bar a, first find F/, by taking moments about B of the forces 
acting on the portion of the structure shown in Fig. 11 • 7d. 

+ 120 Fr, + 1^(20 + 40 + 60 + 80 + 100) = 0; Fl = (down) 

Now taking moments about c of the forces acting on the portion of 
the structure to the left of section C-C (Fig. 11 -7^), 

•~2^^(40) + l?^(20) + Fa(20) =0; Fa = +13.33 kips 


For this particular structure, the side spans arc not suspended. The 
cables of the side spans ac4, as guys to the towers. The horizontal com- 
ponent of cable stress is the same for side and center spans, as can be 
seen by taking moments about the hinge at a tower base of the forces 
acting on a tower. Fl is assumed to act on the center line of the tower. 


11*11 l^oblems for Solution. 

Problem 11*1 A cable with a span of 1,000 ft carries concentrated loads 
spaced at horizontal intervals of 200 ft. The magnitudes of these loads, from 
left to right, in kips, are 100, 50, 200, and 300. The right end of the cable is 
100 ft higher than the left end. The maximum distance, measured vertically 
from the cable to the cable chord, is 50 ft. Neglecting the weight of the cable 
itself, 

a. What is the vertical distance from'the cable chord to the point of applica- 
tion of each loadP 

5. What is the length of the cable? 

c. What is the maximum tension in the cable? 

Problem 11*2 A side-span suspension-bridge cable has a span of 500 ft 
and a sag ratio of Ho* The slope of the cable chord is defined by tan y “ 0*7. 
The load on the cable is 1,000 lb per horizontal foot; E *= 27,000,000 psi; the area 
of the cable is 50 sq in. 



§U-11] 


PROBLEMS FOR SOLUTION 


259 


a. What is the maximum slope of the cable P 

b. What is the maximum stress in the cable? 

c. Compute, to the nearest foot, the length of this cable. 

d. Compute, to the nearest foot, the unstressed length of this cable. 

Problem 11*3 Prepare a set of curves from which the ratio So/L can be 

read, for values of 6 ranging from 0 to 0.25 and values of tan y ranging from 0 to 1, 
for cables where the loading is uniform per horizontal foot. 

Problem 11*4 A cable whh a span of 1,000 ft and a horizontal cable chord 
carries 1,500 lb per horizontal fool . The tension is adjusted until the maximum 
cable stress is 2,000,000 lb. The temperature is +50®F; E = 27,000 kips per 
sq in. ; A — 40 sq in. 

а. What is the corresponding sag at mid-span? 

б. What is the imstressed length of this cable at +100®F? 

Problem 11*5 The top of a derrick mast is guyed with 12 guys, spaced 30® 
apart as seen in plan view. Each guy has a span of 400 ft and a vertical rise of 
150 ft. The guy cable weighs 5 lb per ft of cable ; the sag of each guy is 4 ft. 

а. What compression is exerted on the derrick mast by the sum of the vertical 
cable reactions? 

б. What is the maximum stress in each guy ? 

c. The mast of the derrick is 150 ft high. If the boom line exerts a horizontal 
force of 100,000 lb at the top of the mast, what is the approximate value of the 
maximum stress occurring in any guy? (Assume that each guy participates in 
resisting this force, in proportion to the cosine of the angle between the guy and 
the force, as seen in plan view.) 

Problem 11 *6 A suspension bridge is similar to that shown in Fig. 11- 7a, 
having 20 panels of 20 ft each and a cable sag ratio of Ho- The stiffening truss 
is 20 ft deep. 

a. If a live load of 1,000 lb per ft acts over the entire bottom chord, compute 
the maximum cable stress in the suspended span and the maximum bottom-chord 
stress in the stiffening truss. 

b. Construct influence lines for (1) horizontal component of cable stress; 
(2) hanger stress; (3) stress in the stiffening-truss diagonal of the second panel 
from the left tower. 

c. The dead load on tliis structure is 5 kips per ft. The live load consists of a 
uniform load of 2 kips per ft and a single concentrated load of 20 kips. Neglect- 
ing impact, what cross-sectional area is required for each hanger, using a working 
stress of 50 kips per sq in. for cables in tension? 
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APPROXIMATE ANALYSIS 
OF STATICALLY INDETERMINATE STRUCTURES 

12*1 Introduction. From a broad viewpoint, the analysis of 
every structure is approximate, for it is necessary lo make certain assump- 
tions in order to carry out the analysis. For example, io computing the 
stresses in a pin-connected truss, it is assumed that the pins are friction- 
less, so that the truss members carry axial stress only. It is, of course, 
impossible to build a pin connection that is frictionless, and as a result 
the stress analysis of a pin-connected truss is approximate. It may 
therefore be said that there is no such thing as an “exact” analysis. 

However, if proper judgtrjent is exercised in making the assumptions 
upon which the analysis of a given structure is based, the resultant errors 
will be small. A stress analysis based on the usual assumptions that 
underlie structural theory is often called “exact,” although it may be 
seen that, strictly speaking, this term is not used cornn Uy. It is, how- 
ever, a convenient term to use, for it is desirable to distinguish between 
analyses based on the usual assumptions and which are relatively exact, 
and analyses based on further assumptions which introduce further errors 
and which are therefore frankly approximate. 

When one speaks of an approximate analysis for a given structural 
problem, he does not necessarily refer to any particular set of assumptions 
and resultant approximations. The particular approximate method to 
be used under any given circumstances will depend on the time available 
for the analysis and the degree of accuracy considered necessary. 

For structural types that occur, commonly in structural analysis, one 
may take advantage of approximate methods of analysis worked out by 
others and investigated as to their accuracy so that they can be used with 
a fair degree of confidence. The approximate methods described in 
engineering literature do not, however, cover all cases. A good stress 
analyst should be familiar enough with the action of statically indetermi- 
nate structures to be able to set up his own assumptions when he encounters 
circumstances not covered by the literature. 

In this chapter, a number of approximate solutions for common types 
of statically indeterminate structures are given. A knowledge of these 
methods is of importance, but of perhaps greater importance is the fact 
that the procedures here outlined will serve as a basis for making intel- 
ligent assumptions that will permit simplified approximate analyses of 
other types of statically indeterminate structures. 
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12 • 2 Importance of Approximate Methods in Analyzing Stati- 
cally Indeterminate Structures. .The analysis of a statically deter- 
minate structure does not depend on the elastic properties of its members. 
Because of this, relatively simple “exact” stress analyses can be carried 
out for such structures. 

In a statically indeterminate structure, however, stress analysis 
depends on the elastic properties of members. These elastic properties 
include modulus of elasticity, cross-sectional area, cross-sectional moment 
of inertia, and length of member. That this is so may be visualized by 
reference to Fig. 12 -3. ?^ppose that the stiffness of beam AB is made 
very small in comparison with tne 
stiflhess of beam CD. This may 
be accomplished by making 
EJi/Ll very small in comparison 
with E 2 I 2 /LI. Then beam CD 
will carry a greater portion of load 
P than will beam AB. Suppose 
further that the tension tie EF 
that connects the two beams is 
given a very small stiffness by 
making EzA/h small. This might 
be accomplished by coastru(‘ting 
the tie EF of rubber, which has 
a very low value of E. Under this 
condition the beam CD would 
carry still more of the load P. 

If the quantities determining the stiffnesses of members in a statically 
indeterminate structure are known, a so-called “exact” analysis may be 
carried out that will yield results of the same order of accuracy as can be 
obtained for statically determinate structures. In actual practice, how- 
ever, the following three factors may prevent an exact analysis: 

1. The stress analyst may lack the knowledge necessary to carry out 
the statically indeterminate analysis. 

2. The time required to carry out a statically indeterminate analysis 
may be so great that an exact solution must be abandoned. In some 
cases, the need of meeting time schedules may be the controlling factor. 
In other instances, economic considerations may make it desirable to 
use an approximate method of analysis. It may be less expensive to 
use more material, as a result of basing design on approximate stresses 
and on a higher apparent factor of safety with respect to the computed 
stresses, than to save material by basing design on exact stresses and a 
lower apparent factor of safety. This attitude may sometimes be prop- 
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erly taken in designing relatively unimportant structures or secondary 
portions of important structures. The analyst will also be influenced 
in this connection by his judgment as to the magnitude of the errors likely 
to be introduced by the approximate method he proposes to use. 

3. When the design of a statically indeterminate structure is first 
begun, the areas and moments of inertia of its members are not known. 
It is therefore necessary to carry out an approximate analysis for stresses 
in the structure, so as to obtain some idea as to the required sizes of these 
members. Once these tentative sizes have been assigned, an elastic 
analysis may be carried out. In general, the first elastic analysis will 
show that the actual fiber stresses in the structure are not satisfactory, 
and it is only by successive designs that a satisfactory final result can be 
obtained. Approximate analyses of statically indeterminate structures 
are therefore important in preliminary design stages. 

12*3 Number of Assumptions Required. It has previously 
been pointed out that, for an analysis of a structure to be possible 
on the basis of the equations of statics only, there must be available 
as many independent equations of statics as there are independent 
components of stress in the structure. If there are n more inde- 
pendent components of stress than there are independent equations 
of statics, the structure is statically indeterminate to the nth degree. 
It will then be necessary to make n independent assumptions, each of 
which supplies an independent equation of statics, in order that an 
approximate solution can be worked out on the basis of statics only. 

If fewer than n assumptions are made, a solution based on statics 
only will not be possible. If more than n assumptions are made, the 
assumptions will not in general be consistent with each other and the 
application of the equations of statics will lead to inconsistent results, 

depending on which equations are 
used and the order in which they 
T are used. The first step in the 
approximate analysis of a stati- 
cally indeterminate structure is to 
find the degree to which the struc- 
ture is indeterminate and hence 
Fig. 12 *2 the number of assumptions to be 

made. 

12*4 Parallel-chord Trusses with Two Diagonals in Each 
Panel. Trusses of this type occur frequently in structural engineering, 
as, for example, in the top- and bottom-chord lateral systems of a bridge, 
as described in Art. 1 • 21. The approximate analysis of such a truss will 
be illustrated by considering the truss of Fig. 12 • 2, in which it is assumed 
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that all members are capable of carrying either compression or tension. 
It should first be noted that this truss is statically indeterminate to the 
sixth degree; that this is true may readily be seen from the fact that, if 
one diagonal were removed from each panel, the remaining members 
would form a statically determinate truss, it is therefore necessary to 
make six independent assumptions as to stress conditions. It will be 
assumed that in each panel ^he shear is equally divided between the two 
diagonals; since there are six panels, Ihis amounts to six independent 
assumptions. It is now easy to complete the analysis of the structure, 
by using only relations cf ^;tatics. The solution is shown in Fig. 12-3, 
the method of index stresses having been employed. The shear in each 
panel is first computed from the external forces. As an illustration, the 
shear in panel (1-2) is —39 hips. This shear is equally divided between 



LiL '2 and U 1 L 2 , so that the index stresses in these two bars are + 19.5 and 
— 19.5, respectively. Index stresses for all diagonals are determined in a 
similar manner. From these index stresses, the index stresses in all 
other members may be determined in the usual manner. In Fig. 12 *3 
the actual stresses are given in parentheses for each member. 

In trusses of this type, the diagonals are often designed as tension 
members only, by making their slenderness ratios (unsupported length 
divided by radius of gyration) large, since then, when a diagonal is sub- 
jected to compression, it will buckle slightly and carry only a negligible 
load. When the diagonals are designed in this manner, the total shear 
in each panel is carried tension by a single diagonal. A consideration 
of the total shear on each panel enables one to tell which diagonal has a 
tendency to buckle and therefore carries no load. In Fig. 12*3, if it is 
assumed that the diagonals were designed so that they could carry tension 
only, all the diagonals that carried compression in the previous analysis 
would now have zero stress. This, in effect, makes the truss statically 
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determinate, and hence no difficulty is encountered in completing the 
analysis. 

12*5 Multiple-system Trusses. Trusses with redundant web 
members can, under some circumstances, be analyzed approximately by 
imagining that the indeterminate truss is equivalent to two or more 
statically determinate trusses superimposed on each other. The truss 
of Fig. 12-2, for example, might be built up by combining the two trusses 



('a) fb) 

Fig. 12-4 

shown in Fig. 12 • 4. For this particular type of truss, however, a vertical 
load applied at any panel point such as Li could be carried by either of 
the trusses shown in Fig. 12 • 4. Hence, it is not possible to assign such a 
load to one component truss only. Consider next the truss shown in 
Fig. 12- 5a, which is statically indeterminate to the first degree. The 
truss might be built up by superimposing the two trusses shown in Figs. 
12 • 56 and c. If a vertical load is applied at any panel point for this truss, 
it can be assumed to be carried by one component truss only. Suppose, 
for example, a vertical load is applied at Li, Lis, or Lb; it can then be 



(a) (b) 



Fig. 12 5 


assumed to be carried entirely by the truss of Fig. 12 -56, since the diag- 
onals of that truss can hold the vertical load in equilibrium. Loads 
applied at these panel points on the truss of' Fig. 12- 5c could not be 
carried unless the bottom chords carried them in bending. Since the 
truss members are designed to carry axial stress only, this is not possible. 
Similarly, vertical loads at L2 or L4 could be assumed to be carried entirely 
by the truss of Fig. 12 • 5c. The loads applied to the truss of Fig. 12 • 5a 
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can therefore be assigned definitely to one or the other of the component 
trusses. Each of these component trusses is statically determinate and 
can easily be analyzed for the loading it is assumed to carry. Stresses 
in the actual truss can then be determined by superimposing the stresses 
from the two component trusses. The stress in any diagonal is obtained 
from the component truss in which that diagonal occurs, but the stress in 
any chord or end post is obla’ued by adding up the stresses for that chord 
or end post, as obtained for each component truss. 



Since the truss of Fig. 12* 5a is statically indeterminate to the first 
degree, the approximate analysis here outlined is based on a single 
assumption, that, in any one panel, the total external shear is divided 
between the two diagonals of that panel in the manner which would 
occur if the two component trusses could operate independently under 
the loadings applied at their respective panel points. This assumption 
having been made for the division of shears in one panel, the division of 
shears on the same basis in other panels follows directly from the equa- 
tions of statics, so that no further assumptions are involved. 

To illustrate this approximate method of analyzing trusses with 
multiple web systems, consider the truss shown in Fig. 12- 6a. This 
truss may be considered as composed of three component trusses, as 
indicated by the full, dash, and dotted lines used in drawing the diagonals. 
The stresses for each of the three component trusses are given in Figs. 
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12 -66 to d. These component stresses are then superimposed and the 
total stresses written on Fig. 12 - 6a. For example, the total stress in 
is taken directly from Fig. 12-66 (+35.4), while the total stress 
in U2U8 is obtained by adding up the stresses for this member as obtained 
from the component trusses, —50.00 — 38.9 — 55.5 = —144.4. 

The same approach may be followed if it is desired to construct 
influence lines for stresses in bars of multiple-system trusses. In Figs. 
12 7 a and 6, influeiu'e lines for bars and are drawn. Since 

U^hz is a member of the component Iruss of Fig. 12 -66, the influence line 
is first drawn by considering that truss only. The ordinate at Lz is the 
only significant ordinate to this influence line, however, since, when the 
unit load is at any other bottom-chord panel point, it is carried by one of 
the other component trusses, and the stress in U2L3 is zero. Since the 


■^0707 



influence line is a straight line between panel points, the resultant influ- 
ence line for this member is as shown by the heavy line in Fig. 12 • 7a. 

Bar 1/26/3 is a member of each of the three component trusses. Con- 
sidering it in turn as a member of each of the trusses shown in Figs. 
12 *66 to rf, the influence line as a member of each component truss is 
constructed ; these three influence lines are shown by the full, dash, and 
dotted lines, respectively, in Fig. 12 -76. The ordinate at L3 is the only 
one that has any significance for the influence line drawn on the basis of 
Fig. 12 66, the ordinates at Li and L4 are the only ones that have any 
significance for the influence line drawn on the basis of Fig. 12 • 6c, and 
the ordinates at L2 and L5 are the only ones that have any significance for 
the influence line drawn on the basis of Fig. 12 • 6d. These significant 
points are connected by the heavy solid line shown in ^'ig. 12 -76, giving 
the resultant influence line for stress in bar U^Uz, 

12 *6 Portals. Portal structures, similar to .the end portals of the 
bridge described in Art. 1 • 21, have as their primary purpose the transfer 
of horizontal loads, applied at their tops, to their foundations. Clearance 
requirements usually lead to the use of statically indeterminate structural 
layouts for portals, and approximate solutions are often used in their 
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analyses. Consider the portal shown in Fig. 12 • 8a, all the members of 
which are capable of carrying bending and shear as well as axial stress. 
The legs are hinged at their bases and rigidly connected to the cross girder 
at the top. This structure is statically indeterminate to the first degree: 
hence, one assumption must be made. Solutions of this type of structure, 
based on elastic considerations, show that the total horizontal shear on 
the portal will be divided almost equally between the two legs; it will 
therefore be assumed that the horizontal reactions for the two legs are 
equal to each other and therefore equal to P/2. Th(^ remainder of the 
analysis may now be carrn d out by statics. The vertical reaction on 
the right leg can be obtained by taking moments about the hinge at the 


Ph Ph 



base of the left leg. The vertical reaction on the left leg can then be 
found by applying = 0 to the entire structure. Once the reactions 
are known, the curves of bending moment and shear are easily computed, 
leading to values for bending moment as given in Fig. 12 -86. It is well 
to visualize the distorted shape of the portal under the action of the 
applied load. This is shown, to an exaggerated scale, in Fig. 12 • 8c. 

Consider now a portal similar in some ways to that of Fig. 12 -80 
but with the bases of the legs fixed, as shown in Fig. 12 • 9a. This struc- 
ture is statically indeterminate to the third degree, so that three assump- 
tions must be made. As was the case when the legs were hinged at their 
bases, it will again be ass?imed that the horizontal reactions for the two 
legs are equal and hence equal to P/2. Figure 12 • 9c shows the distorted 
shape of the portal under the action of tlie applied load. It will be noted 
that near the center of each leg there is a point of reversal of curvature. 
These are points of inflection, where the bending moment is changing 
sign and hence has zero value. It will therefore be assumed that there is 
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a point of inflection at live center of each leg: this is structurally equiva- 
lent to assuming that hinges exist at points a and a\ as shown in Fig. 
12 *90. The vertical reactions on this portal equal the axial stresses in 
the portal legs and may be determined by successively taking moments 
about a and a' of all the forces acting on that portion of the structure 





(aJ (b) (c) 

Fig. 12 10 


above a and a\ For example, taking moments about a, 

+ P |- fl ,,6 = 0 ; 

The moment reaction at the base of each leg equals the shear at the point 
of inflection in the leg multiplied by the distance from the point of 
inflection to the base of the leg and therefore equals (P/2){h/2) = P/i/4. 
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Once the reactions are known, the curves of shear and bending moment 
for the members of the portal are easily determined by statics. The 
curves of bending moment for this structure and loading are given in 
Fig. 12 96. 

Portals for bridges are often arranged in a manner similar to that 
shown in Fig. 12 10a. In such a portal, the legs AB and CD are con- 
tinuous from A to B and C /), rt'^pectively, and are designed so as to 
be capable of carrying bending moment and shear as well as axial stress. 
The other members that comprise the truss at the top of the portal are 
considered as pin-connected and carrying axial stress only. Such a 
structure is statically indeterminate to the third degree; the following 
three assumptions will be made: 

1. The horizontal reactioi)*^^ are equal. 

2. A point of inflection occurs midway between the base A of the 
leg AB and the end H of the knee brace for leg AB, 

3. A point of inflection occurs midway between the base C of the leg 
CD and the end I of the knee brace for leg CD. 

The horizontal reactions therefore each equals P/2. The moment at 
tfie base of each leg equals the shear in the leg multiplied by tlie distance 
from the point of inflection to the base of the leg and has a value of 
(P/2) (10) = 5P. Vertical reactions can be obtained by successively 
taking moments about the points of inflection a and a' of the forces acting 
on that portion of the structure above a and a'. These equations show 
the vertical reactions each equal to 9P/10 and to act in the directions 
shown in the figure. 

To find the stresses in tlie bars connected to the legs, one may pro- 
ceed as follows: Considering the leg AB as a rigid body and taking 
moments about B of the forces acting on tlie leg, 


+ I (28) - 5P 
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To find the stress in bar PP, apply = 0 to all the forces acting on 
leg AB. 

"hYsF 4 " = 0 Ybf == 0 Xbf = 0 


To find the stress in bar BE, apply SP» = 0 to all the forces acting on 
leg AB. 

9P P 

+ 04 — g — H P ^ = 0 


Xbe ~ 


13P 

8 
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With all the forces acting on leg AB known, as shown in Fig. 12 - 106, 
the axial stress on any section of the leg may be computed, and curves of 
shear and moment for the leg may be constructed. Leg CD can be 
analyzed in a similar manner. The remaining bar stresses may then be 
computed without difficulty. 

12*7 Mill Bents. Bents of mill buildings are often constructed 
as shown in Fig. 12 11. An approximate analysis of stresses in such a 

bent when it is acted on by lateral 
loads may be carried out on the 
basis of assumptions identical with 
those made for the portal of Fig. 
12 10, viz., the horizontal reac- 
tions at the bases of the legs are 
equal, and a point of inflection 
occurs in each leg at an elevation 
of 7.5 ft above the base of the leg. 
The application of the equations 
of statics to carry out the analysis 
after these assumptions have been 
made follows the same general 
procedure as that employed for 
the portal. 

If the legs of a statically determinate 
tower have a constant batter throughout their length, each face of the tower h’es 
in a plane. For such a tower, stress analysis for lateral loads can be carried out 
by resolving all lateral loads into components lying in the planes of the faces of 
the tower that are adjacent to the joints where the lateral loads are applied. 
Each face of the tower may then be analyzed as a planar truss, acted upon by 
forces lying in the plane of that truss. Such an analysis leads directly to the 
stresses in the web members of each face, while the stresses in the legs are obtained 
by superimposing the stresses resulting from the analyses of the adjacent faces. 

The planar truss of each face however, may be statically indeterminate. For 
such a tower, stress analysis may still be carried out on the basis of planar trusses, 
but it is necessary to make certain assumptions if the analysis is to be based on 
statics only. In Fig. 12 • 12a, let it be required to determine the stresses in the 
diagonals of panel abed. Passing section M-M through this panel, at the eleva- 
tion of the intersection of the diagonals, take moments about o, which is at the 
intersection of the extended legs, of all the forces acting on that portion of the 
truss above section M-M. Since the legs extended pass through the origin of 
the moments, the moments of forces Pi, P 2 , and Ps are held in equilibrium by 
the moments of the horizontal components of the stresses in the diagonals ad and 
be, which act with the lever arm h. 

If the diagonals can carry tension only, diagonal ad will have zero stress, so 
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that only one unknown appears in the foregoing equation, and the horizontal 
component of stress in bar he is obtained directly. If, however, the diagonals 
can carry compression as well as tension, it may be assumed that the horizontal 
components of stress in the two diagonals are numerically equal but opposite in 
sign. This reduces the number of independent unknowns in the foregoing equa- 
tion to one, and the horizontal components of the diagonal stresses may thus be 
determined. 

If the horizontal bars at the intermediate panel points are omitted, as shown 
in Fig, 12 126, the tower truss may be considered as being composed of two 
component trusses as shown in Figs. 12 12c and d and each truss may be analyzed 
by statically determinate procedures for the loads assigned to it. Resultant 


o 



stresses in the actual truss may then be determined by superimposing the stresses 
from the two component trusses. 

It is therefore seen that the same general procedures as those used for the 
approximate analyses of end-supported indeterminate trusses may be applied in 
the approximate analyses of tower sides which are actually statically indeter- 
minate planar cantilever trusses. 

12*9 Stresses in Building Frames Due to Vertical Loads. A 
building frame consists primarily of girders, which carry vertical loads 
to columns, and of the columns themselves. While such a frame might 
be built like that shown in Fig. 12 • 13a, which is statically determinate, 
it would have little resistance against horizontal forces, such as wind 
loads, which it must also carry. It is therefore actually built as shown in 
Fig. 12 136, in which the girders are rigidly connected to the columns 
so that all the members can carry bending moment, shear, and axial 
stress. Such a frame is called a rigid frame; it is also referred to as a 
building bent. Because of the rigid construction, a building frame is 
highly indeterminate. The degree to which it is indeterminate can be 
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investigated by an examination of Fig. 12 • 13c. Suppose that each girder 
is cut near mid-span as shown. The resulting structure will be statically 
determinate, since each column, together with its girder stubs, acts as a 
cantilever. To arrive at this condition, however, it is necessary to 
remove the bending moment, shear, and axial stress in each girder where 
it is cut. If n is the number of girders in the bent, it is necessary to 
remove 3n redundant stresses to make the bent statically determinate: 



Fig. 12 13 

hence the bent is indeterminate to the 3nth degree. The bent of Fig. 
12- 136 is therefore statically indeterminate to the 18th degree. A bent 
with 100 stories and 8 stacks of columns would include 700 girders and 
be statically indeterminate to the 2,100th degree. It is therefore highly 
advantageous to liave approximate methods available for the analysis of 
such structures. 

Since a building frame of the type just considered is statically inde- 
terminate to a degree equal to three times the number of girders, it will 



Fig. 12 U 


be necessary to make three stress assumptions for each girder in the bent 
if an analysis is to be carried out on the basis of statics only. In Fig. 
12 • 14a, if a girder is subjected to a load of w lb per ft, extending over 
the entire span, both of the joints A and B will rotate as shown in Fig. 
12 146, since, while they are partly restrained against rotation, the 
restraint is not complete. Had the supports at A and B been completely 
fixed against rotation, as shown in Fig. 12 140, it can easily be shown 
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from a consideration of stresses in a fixed-end beam that the points of 
inflection would be located at a distance of 0.21L from each end. If 
the supports at A and B were hinged, as shown in Fig. 12 - lid, the points 
of zero moment would be at the end of the beam. For the actual case 
of partial fixity, the points of inflection may be assumed to lie somewhere 
between the two extremes of 0.21L and O.OOL from the ends of the beam. 
If they are assumed to be lor-tled at one-tenth of the span length from 
each end joint, a reasonable approximation has been made. 

Solutions of building bents based on clastic action show that under 
vertical loads the axial stre^.s ii the* girders is usually very small. 

The following three assumptions 
will tluirefore be made for each 
girder, in analyzing a building bent 
acted upon by vertical loads: 

1. The axial stress in the girder 
is zero. 

2. A point of inflection occurs 
at the one-tenth point measured 
along the span from the left 
support. 

3. A point of inflection occurs at 
the one- tenth point measured along 
the span from the right support. 

This is equivalent to assuming 
that the bent acts structurally in the same manner as does the statically 
determinate bent of Fig. 12 • 15. Girders may then be analyzed by statics, 
as will be illustrated by considering Fig. 12 16. The maximum positive 
moment occurs at span center and is given by 

M = +i^(l.0)(l6)2 == +32.0 kip-ft 

The maximum negative moment occurs at either end of the span, and is 
given by 

Af = -8.0(2) - 1.0(2)(1) - -18.0 kip-ft 
The maximum shear occurs at each end of the span and is given by 
S - 8.0(1) + 2.0(1) - 10 kips 

Since the end momenta and shears acting on the girders are numer- 
ically equal to the forces applied to the columns by the girders, the axial 
stresses and moments in the columns are easily found by summing up 
the girder shears and end moments, respectively, from the top of the 
column down to the column section under consideration, 
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To produce maximum compression in a column, all the bays on both 
sides of the column are loaded. For interior columns, the moments 
applied at a given floor by the two girders oppose each other, and the 
resultant column moments are consequently small. For this reason, 

they are sometimes neglected in design. 
For exterior columns, however, the 
girders apply moments to one side of 
the columns only, and the resultant 
column moments are relatively large 
and must be considered in design. 

12‘10 Stresses in Building 
Frames Due to Lateral Loads — 
General. In Art. 12 -9, it is pointed 
out that approximate methods of 
analyzing bents are of importance be- 
cause of the fact that such structures 
are highly indeterminate. It is shown 
that the degree of statical indeter- 
mination for a bent such as that of 
Fig. 12 • 1 7a equals three times the 
number of girders in the bent. The number of assumptions that must 
be made to permit an analysis by statics depends on the structure itself 
so that for this bent one must make three times as many assumptions as 
there are girders, regardless of the type of loading considered. The 
assumptions made in analyzing building bents acted upon by vertical 
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loads will not, however, be suitable for lateral-load analysis, for the 
structural action of bents is entirely different when lateral loads are 
considered. This may be seen by a consideration of Fig. 12 - 17h, which 
illustrates, to an exaggerated scale, the shape that a building frame takes 
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under the action of lateral loads. It will be noted that, while points of 
inflection occur in the members, they do not occur in the same manner as 
under the action of vertical loads. Actually, when a building bent is 
acted upon by lateral loads, there will be, as shown in Fig. 12 176, a 
point of inflection near the center of each girder and each column. The 
assumption that points of inflection occur at the mid-points of all mem- 
bers is therefore a reasonable one and is often among those made to carry 
out by statics an approximate analysis of building bents under lateral 
loads. The moment curves for the structure of Fig. 12 - 17 are of the 
type shown by the dotted lines of Fig. 12 - 17a. 
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In this treatment, three approximate methods for analyzing building 
frames acted upon by lateral loads will be given. These methods are: 

1. The portal method 

2. The cantilever method 

3. The factor method 

In order that the relative accuracies of these methods may be con- 
sidered, all three methods are applied to the same bent. This bent and 
its loading are shown in Fig. 12 18. It is possible to make a so-called 
“exact” solution for this bent and loading, using, for example, the 
“slope-deflection” method of analyzing statically indeterminate rigid 
frames, as treated in Chap. 14. Such a solution is of interest for the 
comparison of the results of the approximate methods and has led to 
the values of end moments in fpot-pounds in the girders and columns of 
the bent of Fig. 12 • 18 that are shown by the numbers at the ends of the 
members. 
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For the slope-deflection solution and also for the factor-method solu- 
tion, it is necessary to know the relative stiffness of each member. Rela- 
tive stiffness is denoted by K and for a given member is obtained by 
dividing its moment of inertia by its length. Values of K are shown for 
each member of the bent of Fig. 12 • 18. 

12*11 The Portal Method. In the portal method, the following 
assumptions ani made: 

1. There is a point of inflection at the center of each girder, 

2. There is a point of inflection at the center of each column. 

3. The total horizontal shear on each story is ^iivided between the 
columns of tliat story in a manner sucli that each interior coIun\n carries 
twice as much shear as each exterior column. 

This last assumption is arrived at by considering each story to be 
made up of a series of portals, as shown in Fig. 12 - 19. Thus, while an 

exterior column corresponds to a single 
portal leg, an interior column corresponds 
to two portal legs, so that it becomes 
reasonable to assume interior columns to 
carry twice the shear of exterior columns. 

If there are m columns in a story, as- 
sumption 3 is equivalent to making (m — 1) 
assumptions per story, regarding column-shear relations. 

With reference to the bent of Fig. 12* 18, application of the portal 
method results in the making of the following number of assumptions: 


Infleciion points in girders 2X3=6 

Inflection points in columns 4X2= 8 

Column shear relations 2X3= 6 

Total 20 


Since there are six girders in this bent, the structure is indeterminate 
to the eighteenth degree. Hence, the portal method makes more assump- 
tions than are necessary. However, it so happens that the additional 
assumptions are consistent with the necessary assumptions, and no incon- 
sistency of stresses, as computed by statics, results. 

To illustrate the application of the portal .method, it will now be 
applied to the bent of Fig. 12 18. The following discussion refers to 
Fig. 12 *20, where the results of the portal-method analysis are given. 

Column shears: In accordance .with assumption 3, let x = shear in 
each exterior column of a given story; then 2x == shear in each interior 
column of the same story. For the first story, 

X + 2x + 2x + X 6x == 10,000 + 10,000 == 20,000; x = 3,333; 

2x = 6,667 

For the second story, 6x = 10,000; x = 1.667; 2x = 3,333. 



Fig. 12*19 
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Column moments: In accordance with assumption 2, the moment at 
the center of each column is zero. Hence, each end moment for a given 
column equals the shear on that column multiplied by half the length of 
that column. For example, Mae, the moment at the A end of column 
AE, equals 3,333 X 10 = 33,333 ft-lb; Mfj = 3,333 X 7.5 = 25,000 
ftdb; etc. 
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Fig. 12 20 


Girder moments: Reference to Fig. 12*176, which shows the type of 
deformation occurring in a building frame acted upon by lateral forces, 
indicates that girder and column moments act in opposite directions on a 
joint. This fact is further clarified in Fig. 12 *210, from which the fol- 
lowing equation may be written; Mci + Mc 2 = Mgi + M 02 . ’ Hence we 



Fig. 12*21 





t (c) 


conclude that for any joint the sum of the column end moments equals 
the sum of the girder end moments. This relation may be used to 
determine girder end moments, since the column end moments have 
already been evaluated. At joint E, for example, 

Mef « 33,333 + 12,500 « 45,833 ft-lb 
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Since by assumption 1 there is a point of inflection at the center of girder 
EF, Mfb also equals 45,833 ft-lb. Equating girder moments to column 
moments at joint F gives Mfo + 45,833 = 66,667 + 25,000, whence 
Mfo also equals 45,833 ft-lb. Continuing across the girders of the first 
floor in this manner, all the end moments in the girders of the first floor 
equal 45,833 ft-lb. Girder end moments in the rodf may be determined 
in a similar manner; eacli will be found to equal 12,500 ft-lb. 

Girder shears: In Fig. 12*21/), if SM = 0 is written for the forces 
acting on a girder, taking moments about one end of the girder, SL == 2/\/, 
whence S = 2M/L. Hence the shear in girder EF is given by 


2 X 45,833 . .OQ IK c 2 X 12,500 , ... „ ^ 

= 4,583 lb; Su = ^ = 1,250 lb; etc. 


Column axial stresses: In Fig. 12 ^Ic, the axial stresses in the columns 
may be obtained by summing up, from the top of the column, the shears 
applied to the column by the girders. Thus 

Fei = +1,250 lb; Fai. = +1,250 + 4,583 = +5,833 lb; etc. 

Girder axial stresses, while not usually important in design, may be 
obtained in a similar maimer, by summing up, from one end of the girder, 
the shears applied to the girder by the columns; one would, of course, 
include the effects of the lateral loads themselves in such a summation. 

12* 12 The Cantilever Method, In the cantilever method, the 
following assumptions are made: 

1. There is a point of inflection at the center of each girder. 

2. There is a point of inflection at the center of each column. 

3. The axial stress in each column of a story is proportional to the 
horizontal distance of that column from the center of gravity of all the 
columns of the story under consideration. 

This last assumption is arrived at by considering that the column 
axial stresses can be obtained by a method analogous to that used for 
determining the distribution of normal stresses on a transverse section of 
a cantilever beam. 

If there are m columns in a story, assumption 3 is equivalent to mak- 
ing {m — 1) assumptions regarding column axial-stress relations, for 
each story. Hence, as with the portal method, the cantilever method 
makes more assumptions than arc necessary, but again the additional 
assumptions prove to be consistent with the necessary assumptions. 

To illustrate the application of the cantilever method, it will now be 
applied to the building frame of Fig. 12 18. The following discussion 
refers to Fig. 12 • 226, where the results of the cantilever-method analysis 
are given. 
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Column axial stresses: Assuming that all columns have the same cross- 
sectional area, the center of gravity of the columns in each story is found 
by the following equation: 


X = 


20 + 45 + 75 


35.0 ft from AEI 



i- fu) 



For the first story, jrefer to Fig. 12 •22a. If the axial stress in AE\s 
denoted by then, by assumption 3, the axial stresses in BF, CG, 

and DH will be and -^%^Fae, respectively. 

Taking moments about a, the point of inflection in column DH, of all 
the forces acting on that part of the bent lying above the horizontal plane 
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passing through the points of inflection of the columns of the first story, 
+ 10,000(25) + 10,000(10) - FaeOS) ~ 

+ ^%5FABm « 0 

whence = +3,890; jFjjf +^/'^5(+3,890) = +1,670; etc. 

For the second story, the column axial stresses arc in the same ratio 
to each other as they are in the first story. They would be evaluated in a 
similar manner, taking moments about the point of inflection in HL of 
all the forces acting on that portion of the bent lying above a horizontal 
plane passing through the points of inflection of the columns of the 
second story. Column axial stresses are shown at the center of each 
column of Fig. 12 • 226. 

Girder shears: The girder shears may be obtained from the column 
axial stresses at the various joints. For example, at joint E, 

&F = +83^ - 3,890 = -3,057 

at joint F, Sfo = —3,057 + 358 — 1,670 = —4,369; etc. Girder shears 
are shown at the center of each girder of Fig. 1 2 • 226. 

Girder moments: Since the moment at the center of each girder is zero, 
the moment at each end of a given girder equals the shear in that girder 
multiplied by half of the length of that girder. For example, 

Mef = 3,057 X 10 = 30,570 ft-lb; Mkj = 1,191 X 12.5 = 14,880 ft-lb; 
etc. 

Column moments: Column moments are determined by beginning at 
the top of each column stack and working progressively toward its base, 
as shown in the following illustration:. At joint J, the column moment 
equals the sum of the girder moments, whence 

Mjf = 8,330 + 14,880 = 23,210 ft-lb 

Since there is a point of inflection at the center of FJ, Mfj also equals 
23,210 ft-lb. At joint F, Mfb + 23,210 = 30,570 + 54,600, whence 
Mfb == 61,960 ft-lb. Mbf also equals 61,960 ft-lb, since a point of 
inflection is assumed midway between B and F. 

12*13 The Factor Method. The factor method of analyzing 
building frames acted upon by lateral loads is more accurate than either 
the portal or the cantilever method. Whereas the portal and cantilever 
methods depend on certain stress assumptions that make possible a stress 
analysis based on the equations of statics, the factor method depends on 
certain assumptions regarding the elastic action of the structure, which 
makes possible an approximate slope-deflection analysis of the bent. 
While based upon the slope-deflection method of analysis, it is possible 
to formulate a relatively simple set of rules by which the method can be 
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applied without knowledge of the elastic principles upon which it is 
based. 

Before applying the factor method, it is necessary to compute the" 
value o{ K = I/L for each girder and each column. It is not necessary 
to use absolute values of K, since the stresses dei>end upon the relative 
stiffnesses of the members of the bent. It is, however, necessary for the 
K values for the various memb^'rs to be in the correct ratio to each other. 

The factor method may be applied by carrying out the foIlo>\ing six 
steps: 

1. For each joint, compute the girder factor g by the following rela- 
tion: g = XKc/^K, where XKc denotes the sum of the K values for the 
columns meeting at that joint and XK denotes the sum of the K values 
for all the members of that joint. Write each value of g thus obtained at 
the near end of each giider meeting at the joint where it is computed. 

2. For each joint compute the column factor c by the following rela- 
tion: c = 1 — where g is the girder factor for that joint as computed in 
step 1. Write each value of c thus obtained at the near end of each 
column meeting at the joint where it is computed. For the fixed column 
bases of the first story, take c = 1. 

3. From steps 1 and 2, there is a number at each end of each member 
of the bent. To each of these numbers, add half of the number at the 
other end of the member. 

4. Multiply each sum obtained from step 3 by the K value for the 
member in which the sum occurs. For columns, call this product the 
column moment factor C; for girders, call this product the girder moment 
factor G. 

5. The column moment factors C from step 4 are actually the approxi- 
mate relative values for column end moments for the story in which they 
occur. The sum of the column end moments in a given story may be 
shown by statics to equal the total horizontal shear on that story multi- 
plied by the story height. Hence, the column moment factors C may be 
converted iiito column end moments, by direct proportion, for each 
story. 

6. The girder moment factors G from step 4 are actually approximate 
relative values for girder end moments for each joint. The sum of the 
girder end moments at each joint is equal, by statics, to the sum of the 
column end moments at that joint, which can be obtained from step 5. 
Hence, the girder moment factors G may be converted to girder end 
moments, by direct proportion, for each joint. 

The factor method will now be illustrated by applying it to the bent 
of Fig. 12 18. The following discussion refers to Fig. 12-23, where 
computations for the factor method and the results obtained by it are 
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Fig. 12-23 
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shown. Values of K are written on the various members as part of the 
given data. For each story, on the right side of the figure, values of H, 
the total horizontal shear on the story, and Hh, the product of H and the 
story height h, are first worked out. Illustrative details of the solution 
follow; 


Step 1: Computation of girder factors: 


For joint E: Qe 


0.133 + 0.100 
0.133 4- 0.100 -h 0.250 


0.482 


This number is written at the left end of girder EF. 

IT • -v,* IT _ 0.267 + 0.200 

For joint F. g, ^ ^57 4. o.200 + 0.'250 + 0.400 ~ 

This number is written at the left end of girder FG and at the right 
end of girder EF, 

For joint I: gi = q J 33 4. 0 250 “ 


This number is written at the left end of girder IJ, 

Girder factors for all other joints are computed in a similar manner and 
written at the near end of each girder meeting at tlie joint where the girder 
factor is computed. 


Step 2: Computation of column factors: 

For joint E: Ce = I — Qe = 1.000 — 0.482 = 0.518. This number 
is written at the top of column AE and at the bottom of column EL 

For joint J: Cj = 1.000 ~ 0.291 = 0.709. This number is written 
at the top of column FJ, 

For joint A: Ca = 1.000, since this is a fixed column base of the first 
story. This number is written at the bottom of column AE, 

Column factors for all other joints are computed by similar procedures 
and written at the near end of each column meeting at the joint where 
the column factor is computed. 

Step 3: Increasing the number at each end of each member by half of the 
number at the other end of that member: 

For joint A: Member AE: 1.000 + 0.5(0.518) ^ 1.259 
For joint E: Member El: 0.518 + 0.5(0.653) = 0.845 
Member EF: 0.482 + 0.5(0.418) = 0.691 
Member EA : 0.518 + 0.5(1.000) = 1.018 

Similar computations for all joints are made directly on Fig. 12 • 23. 
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Step 4: Computation of column moment factors and girder moment factors: 


For joint A: Member AE: Cae = 1.259(0.100) = 0.126 
For joint E: Member El: Cei = 0.845(0.133) = 0.112 
Member EFiGef = 0.691(0.250) = 0.173 
Member EA : Cea == 1.018(0.100) = 0.102 

Similar computations for all joints are made directly on Fig. 12 *23. 


Step 5: Determination of column moments: 

Since the column moment factors are relative values of column end 
moments for each story of the bent, this is another way of saying that 

Mae == ACae*, Mea = ACea\ M^bf = ACbf, etc. 

where Mae, Mea, Mbf, etc., are the actual moments at the end of the 
columns and A has the same value for all the columns of a given story. 
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The sum of the end moments may therefore be expressed by 
S column end moments 

= A{Cae + Cea + Cbf + Cfb + Cco "h Cac + Cdh 4" Chd) 

= A XC for story (a) 

Consider the static equilibrium of all the forces acting on all the 
columns of a given story. Refer to Fig. 12 24, and take moments about 
the base of the right-hand column, at point a. 

(iSi + S 2 + aSs + S4)h 

= Ml + M2 + Mb + M4 + Ms + Me + M7 + Mg 

The sum Si + S 2 + Sz + ^4 equals H, the total horizontal shear on the 
story. The sum Mi + M2 + • • -h Mg equals the sum of the column 

end moments for the story. Hence 


S column end moments = Hh 


(b) 
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From Eqs. (a) and (6), 

A = 

SC for story 

For each story, A may be determined by Eq. (c). The end moment for 
each column of that story may then be obtained by multiplying the 
respective column moment factor by A. 

This procedure is illustraif'i by its application to the first story of the 
bent of Fig, 12 -23. 

. _ 400,000 

0.126 + 0.102 + 0.258 + 0.216 + 0.326 + 0.276 + 0.194 + 0.163 

- 241,000 

Mam = 0.126(241,000) - 30,300 ft-lb 
Mea - 0.102(241,000) = 24,500 ft-lb 
Mbf == 0.258(241,000) = 62,100 ft-lb 


Moments in the other column 
obtained, by using Ai = 211,000. 
second story are obtained from 
A 2 , which is computed by apply- 
ing Eq. (c) to the second story, 
leading to A 2 = 83,000. 


ends for the first story are similarly 
Moments in the column ends of tlie 

Ha? 

o 


Slep 6: Determination of girder 
moments: 




c- 




^AC’^i^AC 


Since the girder moment f actors | 

are relative values of girder end 

moments for a given joint, this is 19-25 

another way of saying, with ref- 
erence to Fig. 12 25, that Mab = BaGab and Mac = BaGac, where Ba 
has the same value in each of the foregoing relations. Moreover, since 
at any joint, the sum of the girder moments equals the sum of the column 
moments, Ba may be evaluated from the following relation: 


BaGab + BaGac = Mas + Mad 


whence, at any joint N, 

B - sum of column moments at joint N 
^ sum of girder moment factors at joint N 

For each joint, Bn may be evaluated by Eq. (d). The end moment for 
each girder at fhat joint may then be obtained by multiplying the 
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respective girder moment factor by Bn» This procedure is illustrated by 
its application to joint F of the bent of Fig. 12 -23. 


By 


52,000 + 20,700 


= 176,500 


0.165 + 0.246 
Mte = 0.165(176,500) = 29,100 ft-lb 
Mya = 0.246(176,500) = 43,400 ft-lb 


It will be noted tluit the application of this procedure for step 6 to 
exterior joints of a bent results in discovery that girder end moments at 
these joints equal the sum of the column end moments, as they should by 
statics. Thus girder end moments at exterior columns may be obtained 
directly from column end moments by statics, and the coinputation of 
girder moment factors at these joints is not necessary. 

The shears and axial stresses in the columns and girders may be com- 
puted by the equations of statics, once the end moments are known. 


12*14 Problems for Soluli on. 

Problem 12-1 Owin^ to a uniforiri live load of 500 lb per ft, compute the 
maximum stress of each character in the following bars of the truss of Fig. 12 2: 
(a) LiLi\ (6) L'zL^. (Diagonals can carry compression.) 

Problem 12*2 Owing to a uniform live load of 1,000 lb per ft and a single 
concentrated live load of 10,000 lb, compute the maximum stress in the following 
bars of the truss of Fig. 12 - ha: (a) (6) (c) f/obo. 

Problem 12*3 The portal of Fig. 12 - 8a is acted upon by a uniformly dis- 
tributed wind load of 200 lb per ft along the entire length of the left column. 
If h = 40 ft and 6 = 30 ft, construct the moment curves for all the members of 
the portal. 

Problem 12*4 Solve Prob. 12 3, using the portal of Fig. 12 9a. 

Problem 12*5 Solve Prob. 12-3, using the portal of Fig. 12 - 10a, with 
dimensions as shown on the figure. 

Problem 12*6 For the mill bent of Fig. 12 • 11, 

a. Draw the shear and moment curves for the left supporting column. 

h. What are the forces applied to the roof truss by the columns and knee 
braces? 

Problem 12*7 A tower of rectangular cross section, with sides similar to 
that of Fig. 12 • 12a, has five vertical panels, the height of each being 10 ft. The 
width of each side of the tower is 15 ft at the base and 7.5 ft at the top. Each 
panel point on the left side of one face of the tower is subjected to a horizontal 
panel load of 1,000 lb, acting to the right and lying in the plane of the face under 
consideration. Determine the stresses in all the members of this tower face, 
assuming that the diagonals of each panel have equal stresses but opposite 
character of stress. 

Problem 12*8 A building bent has three equal bays of 20 ft each and three 
stories of 12 ft each. The columns of the first story are fixed at their bases. 
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For eacli girder the dead load is 500 lb per ft and the live load is 300 lb per ft. 
Determine (a) the maximum positive girder moment occurring in the bent; 
(6) the maximum negative girder moment occurring in the bent; (c) the maximum 
girder shear occurring in the bent; (d) the maximum exterior column compres- 
sion occurring in the bent; (e) the maximum interior column compression occur- 
ring in the bent; (/) the maximum exterior column moment occurring in the beni,; 
(g) the maximum interior column moment occurring in the bent. 

Problem 12*9 The building bent of Prob. 12 -8 is acted upon by a hori- 
zontal force of 5,000 lb applied at each girder elevation on the left exterior 
columns. Determine the bending moment at each end of each member by the 
portal method. 

Problem 12* 10 Solve Prob. 12 9 by the cantilever method. 

Problem 12*11 Solve Prob. 12 9 by the factor method, if the moment of 
inertia of each girder is tliree timco as great as the mointmt of inertia of each 
column. 



CHAPTER 13 


DEFLECTIONS OF STRUCTURES 

13-1 Introduction. Engineering structures are constructed from 
materials that deform slightly when subjected to stress or a change in 
temperature. As a result of this deformation, points on the structure 
undergo certain movements called deflections. Provided that the elastic 
limit of the material Is not exceeded, this deformation and the resulting 
deflection disappear when the stress is removed and the temperature 
returns to its original value. This type of deformation or deflection is 
called elastic and may be caused either by loads acting on the structure 
or by a change in temperature. 

Sometimes, the deflection of the structure is the result of settlement of 
the supports, play in pin joints, shrinkage of concrete, or some other such 
cause. In such cases, the cause of the deflection remains in action 
permanently, and therefore the resulting deflections never disappear. 
This type of deflection may be called nonelasiic to distinguish it from the 
elastic type mentioned above. In either type, it should be noted, at 
this time, that deformation and deflection may occur with or without 
stress in the structure. This will be discussed in detail later. 

The structural engineer often finds it necessary to compute deflec- 
tions. For example, in the erection of cantilever or continuous bridges 
or in designing the lifting devices for swing bridges, it is imperative to 
compute the deflection of various points on the structure. In certain 
cases, computations must be made to see that the deflection of a struc- 
ture does not exceed certain specified limits. For example, the deflection 
of the floor of a building must be limited to minimize the cracking of 
plaster ceilings, and the deflection of a shaft must be limited to ensure the 
proper functioning of its bearings. Perhaps the most important reason 
for the structural engineer's interest in deflection computations is that the 
stress analysis of statically indeterminate structures is based largely on 
an evaluation of their deflection under load. 

Numerous methods have been presented in the literature for com- 
puting deflections. Of the various methods the following are considered 
the most fundamental and useful and will therefore be disciissed in this 
chapter: 

1. Methods to compute one particular deflection component at a time : 
a. Method of virtual work (applicable to any type df structure) 
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6. Castigliano’s second theorem (applicable to any type of struc- 
ture) 

2. Methods to compute several deflection components simultaneously : 

a. Williot-Mohr method (applicable to trusses only) 

b. Bar-chain method (applicable to trusses only) 

c. Moment-area method (elastic-load method or conjugate-beam 
method) (applicable beams and frames) 

13*2 Nature of the Deflection Problein. The computation of 
the deflection of a stiucture is essentially a problem in geornetjry or trigo- 
nometry. Of course, it is first necessary to define the dejbrmation of 
the particles or elements of the structure, but once this is done the 
deflections may be computed by using geometrical or tiigonornetrical 
principles. 

This is particularly evident in the case of a simple truss, which is 
usually composed of triangles. The configuration of these triangles may 
be detei mined if the lengths of their three sides are known. Thus, if 
the lengths of the members before and after deformation are known, the 
position of the joints before and after may be calculated by trigonometry. 
From the difference of the two positions of any joint, its deflection may 
then readily be determined. This procedure, though simple in theory, 
is a laborious one and therefore not suitable for practical application. 

In the case of a truss, it is also possible to solve the deflection problem 
graphically simply by superimposing the layouts of the deformed and 
undeforrned truss. This procedure is obvious and simple in theory, but 
in order to achieve any accuracy such a large scale would have to be used 
that it would be physically impossible for a draftsman to make the 
drawing. 

The so-called ‘'method of rotation’" is another means of computing truss 
deflections that is simple in theory but impractical in application. This method 
gives us some useful ideas concerning the kinematics of truss deflection, however. 
In applying this method, the deflection of any joint of a simple truss due to a 
change in length of any one member may be determined by investigating the 
resulting rotation of one portion of the truss with respect to the other, the latter 
being assumed as fixed in position. By considering the effect of each member 
separately and summing up the results, the total deflection of any joint due to the 
change in length of all members may be determined. 

To illustrate this procedhre, consider first the effect of a change in length of the 
upper chord 1 / 21/3 of the truss of Fig. 13 1. Since all deformations are small, it 
is permissible to assume that the rotations of members are so small that 

a s* sin a = tan a 

It is further permissible to consider that the arc, along which a point actually 
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travels as a body is rotated through a small angle, coincides with its tangent for 
all practical purposes. To consider the effect of the change in length of U 2 UzOi\ 
the deflections, first remove the pin at joint Uz and then allow this change in 
length, AL, to take place. If the left-hand portion of the truss is considered to be 

held fixed in position, it then is necessary 
to rotate member U^lJz about U 2 and 
the dotted portion of the truss about Ls 
until the points t /3 coincide again. Dur- 
ing these rotations, point on member 
1 / 2 1/3 may be considered to move verti- 
cally and on the dotted portion horizon- 
tally. In such a case, the intersection 
of these two paths will fall along the 
original position of IJ^Uzy and the final 
position of I /3 is located us shown. Then, 

6 fc = ^ AL 

a a 



Now if the supports do not settle, joint Lq must not actually move vertically so 
the entire truss must be rotated clockwise about Lo until Le is back on its support. 
The dashed line joining Lo and will 
therefore correspond to the line of 
zero deflection, and the downward 
vertical deflection of joint L 3 will be, 
by proportion, 


== 


L - 




L 


AT 

AL 

a 



In a similar manner, the deflection 
caused by the change in length of a 
typical diagonal may be evaluated by proceeding as indicated in Fig. 13 *2. 
These considerations demonstrate the impracticality of this method, but the ideas 
involved are directly applicable to the Williot-Mohr method, which is discussed 
in Art. 13 11. 


While the various methods here discussed are impractical, it is impor- 
tant to recognize their existence, for it gives us confidence to know that 
the deflection problem can be solved using simple “everyday” ideas. 
Further, it is now obvious that some refinement must be introduced in 
theory to reduce the labor in the practical solution of such problems. 

13*3 Principle of Virtual Displacements. Perhaps the most 
general, direct, and foolproof method for computing the deflections of 
structures is the. method of virtual work. This method is based on an 
application of the principle of virtual displacements, which was originally 
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formulated by John Bernoulli in 1717. This principle may be developed 
by the following considerations: 

Consider a truly rigid body which is in static equilibrium under a system of 
forces Q. In this sense, a rigid body is intended to mean an undeforraahle body 
in which there can be no relative movement of any of its particles. Suppovse 
first that, as shown in Fig. 13 3, this rigid body is translated without rotation a 
small amount by some other caus#^ wliich is separate from and independent of the 
Q-force system. Upon selecting an 
origin o and two coordinate reference 
axes X and y, this translation tnay be 
defined by 5o, the actual tranblation of 
the origin o, or by the two components 
5 ox and in the x and y directions, 

both assumed to be plus when in tiie 
sense shown. Since the bod> is rigid, 
every point on the body will be trans- 
lated through exactly the same dis- 
tance as point o. 

All the Q forces may be resolved 
into X and y components, designated 
as Qnx and Qnv for any particular 
force Qn and assumed to be plus when 
in the same sense as the plus sense of 
the corresponding coordinates. Since these Q forces are in static equilibrium, 
the following equations are satisfied by the components of these forces: 



^Qnx == 0 
^Qny == 0 
S(Q„xyn — QnyXn) = 0 


(a) 


Consider now the work Wq done by only these Q forces as they “ride along “ 
when the rigid body is translated a small amount 8o by some other cause. Since 
this translation is small, all the Q forces may be assumed to maintain the same 
position relative to the body and, hence, to remain in equilibrium during the 
translation. Then, we may write that. 


Wq = 'I>{Qnx8ox + Qny^oy) = 8ox^Qnx + 8oy^Qny 

and, therefore, in view of Eqs. (a), the total work done by the Q forces in such a 
case is equal to zero. 

In a similar manner, we may consider the work done by the Q forces during a 
small rotation olo of the rigid body about point o. During a small angular 
rotation, a point may be assumed to move along the normal to the radius drawn 
from the center of rotation to that point, i.e., along the tangent rather than the 
arc. Hence, the x and y components of the displacement of any point n may be 
computed to be as shown in Fig. 13 • 4. Since the angular rotation is small, the Q 
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forces again may be assumed to maintain their same position relative to the 
body and hence to remain in equilibrium during the small rotation. Then, we 
may write that 

Wq — ^(^(^nx^oyn (^ni/OCoXn) “ Oio^(,(^nxyn Q^nyXn) 

and, therefore, in view of Eq. (a), the total work done by the Q forces during the 
rotation of a rigid body is also equal to zero. 

After a little thought, it is evident that any small displacement of a 
rigid body may be broken down into a translation of a given point on 
the body plus a rotation of the rigid body about that point. Since, in 
the case of cither translation or rotation, the work done by the Q system 

(which is a system in equilibrium) 
has been shown to equal zero, the 
following principle is obviously 
true in the general case where a 
rigid body may be given any type 
of small displacement: 

Bernoulli's principle of virtual 
displacements: If a system' of 
forces Q acting on a rigid body is 
in equilibrium and remains in 
equilibrium as the body is given 
any small virtual displacement, the 
virtual work done by the ^-force 
system is equal to zero. 

In this statement, the term virtual has been used to indicate that the 
action producing the displacement is separate from and independent of 
the Q-force system. The work done by the Q-force system as it “rides 
along” during such a virtual displacement would be called virtual work, 

13*4 Fundamentals of Method of Virtual Work. The principle 
of virtual displacements may now be used to develop the basis for the 
method of virtual work for computing the deflection of structures. This 
method is applicable to any type of structure — beam, truss, or fram6; 
planar or space frameworks. For simplicity, however, consider any 
planar structure such as that shown in Fig. 13 -5. Suppose that this 
structure is in static equilibrium under the external loads and reactions 
of the Q-force system shown. 

Since the body as a whole is in equilibrium, any particular particle 
such as the crosshatched one may be isolated and will also be in equilib- 
rium under the internal Q stresses developed by the external Q forces. 
If this particle and its adjoining particles are isolated, it will be acted 
upon by internal Q stresses on any internal boundaries with adjacent 
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pari rles but by external Q forces on any external boundaries. On the 
adjai’ent internal boundaries of any two adjoining particles, the internal 
stresses will be numerically equal but opposite in sense. 

Now suppose that the body is subjected to a small change in shape 
caused by some source olher than the Q-forcc system. Such a change in 
shape would give the Q-force system a ride and would be called a virtual 
change in shape or a virtual distortion. Owing to this change in shape, 
any particle such as the crosshatched one might be deformed as well as 
translated and rotated as a rigid particle. Hence, the boundaries of each 
particle may be displaced* end therefore the Q stresses acting on such 



Fig. 13-5 


boundaries would move and, hence, do virtual work. Let the virtual 
work done by the Q stresses on the boundaries of the differential particle 
be designated by dWg, Part of this virtual work will be done because of 
the movements of the boundaries of the particle caused by the deforma- 
tion of the particle itself; this part will be called dWd. The remaining 
part of dWs will be the virtual work done by the Q stresses during the 
remaining part of the displacement of the boundaries and will be equal to 
dWg — dWd. However, this remaining displacement is caused by the 
translation and rotation of the particle as a rigid body, and, according to 
the principle of virtual displacements, the virtual work done in such a 
case is equal to zero. Hence, 

dW, - dWd^O 
or 

dW, = dWd 

If the virtual work done by the Q stresses on all particles of the body is 
now added up, this equation becomes, 

W. - Wd 


(13 1 ) 
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To evaluate first we recognize that this term represents the total 
virtual work done by the Q stresses and forces on all the boundaries of all 
particles. However, for every iniernal boundary of a particle, there is 
an adjoining particle whose adjacent boundary is actually the same line 
on the body as a whole, and therefore these adjacent boundaries are dis- 
placed exactly the same amount. Since the forces acting on the two 
adjacent internal boundaries are numerically equal but opposite in sense, 
the total virtual work done on the pair of adjoining internal boundaries is 
zero. Hence, since all the internal boundaries occur in pairs of adjoining 
boundaries, there is no net virtual work done by the forces on all the 
internal boundaries. therefore, consists only of the work done by 

the external Q forces on the external boundaries of the particles. Equa- 
tion (13 1) may therefore be interpreted in the following manner: 

Laiv of virtual work: If a deformable body is in equilibrium under a 
Q-force system and remains in equilibrium while il is subjected to a small 
virtual distortion, the external virtual work done by the external Q forces 
acting on the body is equal to the internal virtual work of distortion done by 
the iniernal Q stresses. 

This law of virtual work is the basis of the method of virtual work used 
to compute deflections. Before such computations can be made, suitable 
expressions must be developed so that the external virtual work and 
internal virtual work of distortion may be evaluated. In addition, cer- 
tain “tricks” must be used in selecting a suitable Q system so that the 
desired deflection components may be computed. All this will be 
explained in the following articles. 

It is important to emphasize the assumptions and limitations of this 
development in order to appreciate the flexibility aijd generality of the 
method of virtual work. 

1. The only requirement of the external Q forces and the internal Q 
stresses is that they shall form a system of forces which are in equilibrium 
and remain in equilibrium throughout the virtual distortion. This 
requirement will not be satisfied if the virtual distortion has varied the 
geometry of the structure appreciably. 

2. The relations that have been derived are independent of the cause 
or type of distortion — they are true whether the distortion is due to loads, 
temperature, errors in lengths of members, or other causes or whether the 
material follows Hooke’s law or not. 

13 *5 Expressions for External and Internal Virtual Work, It 
is easy to evaluate Wg, the external virtual work done by a system of 
Q forces acting on any structure. Let 5 denote the displacement of the 
point of application of a Q force during the virtual distortion of the 
structure. This displacement 8 is to be measured along the same direc- 
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tion as the line of action of its corresponding Q force. The virtual work 
done by the force Qi will then be Qi times 5i, and therefore the total 
external virtual work done by all the Q forces including both loads and 
reactions will be 

Wg == Qidi + ^ 2^2 + . 

This expression may be represented as follows: 

\Vg = XQ8 (13-2) 

which simply means that the product of Q times 5 must be evaluated for 
each Q force and summed up for all the Q forces including both loads and 
reactions. Note that having assumed the work to be positive in this 
formula implies that 8 should be considered plus when in the same sense 
as its corresponding Q force. 

It is also relatively easy to 
evaluate Wdy the internal virtual 
work of distortion. In this 
instance, however, expressions for 
Wd must be developed for differ- 
ent types of distortion i.e., for 
axial change in length, shear 
distortion, bending distortion, etc. Consider first the simple case of 
a little element having an undistorted length of s and a cross-sectional 
area of a as shown in Fig. 13 -6. Suppose that the Q stress intensities 
fq are uniformly distributed over tlie cross section a so that the axial 
stress is (/c)(a). If the virtual distortion of this element is simply a 
uniform axial strain e, the axial change in length As will be equal to (e)(s). 
The internal virtual work of distortion done by the Q stresses in this case 
will simply be 

Wd = fga As = fgaes (13 *3) 

This expression may now be used to evaluate the internal virtual work of 
distortion for a beam or a member of a truss or frame. 

Consider the case of a member distorted by a two-dimensional system 
of P loads, or by a change in temperature. Suppose that the centroidal 
axis of the member is straight and that all the cross sections of the mem- 
ber have axes of symmetry lying in the plane of the P loads. As a result, 
all the internal P stresses will also be parallel to this same plane. The 
axial stress Fp at any cross section will produce an axial strain that is 
uniform for all the fibers at this section. Suppose that the strain pro- 
duced by the change in temperature is also uniform at this cross section. 
Let Co denote the uniform axial strain at any particular cross section 
produced by these two effects. The P-load system may also produce a 
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shear and bending moment at this cross section. Because of these two 
effects, a longitudinal element such as that of Fig. 13 • 7 will be subjected 
to shear and normal stresses as shown. More detailed analysis reveals 
that, unless a member is very deep in comparison with its length, the 
effect of the shear stress is small in comparison with the deflection caused 
by the elongation and contraction of these elements under the longitu- 
dinal normal stresses. In this 
book, therefore, the effect of shear- 
ing stresses will be neglected. 

Neglecting the effect of shear 
distortion, it is then easy to 
evaluate the virtual work of dis- 
tortion done simply as a result of 
the elongation and contraction of 
the longitudinal elements. Sup- 
pose that the Q-force system lies 
in the same plane as the P forces of Fig. 13 7 and exerts some axial 
force, shear, and bending moment on the cross sections of the member. 
We now want to develop an expression for the internal virtual work 
of distortion done by the resulting Q stresses as the member is sub- 
jected to virtual distortion of the type described in the previous para^ 
graph. We select the s and y axes so that the 5 axis coincides with the 
ceritroidal axis of the member. If we now consider a longitudinal ele- 
ment located at the position (5,y), 
in this member, as shown in Fig. 

13 -8, it is apparent that, under 
the conditions described, this ele- 
ment is precisely similar to the one 
shown in Fig. 13 • 6. The virtual 
work for a longitudinal element 
may therefore be evaluated by 
means of Eq. (13 • 3). Doing this 
for all the elements of the member and summing them up will give us 
the virtual work of distortion for the entire member. 

Assuming that the normal fiber stresses may be found by elementary 
beam theory, let 

Mp = bending moment on section mm' due to P loads (which cause vir- 
tual distortion) 

Mq == bending moment on section mm' due to Q loads 
Fp = axial force on section mm' due to P loads 
Fq = axial force on section mm' due to Q loads 

fp = normal stress at point (3,y) due to P loads = {Fp/A) + {Mpy/I) 
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fp == normal stress at point {s,y) due to Fp = Fp/A 
f'p = normal stress at point {s,y) due to Mp = Mpy/I 
/q = normal stress at point (s,y) due to Q loads = (Fq/A) + {Mgy/I) 
e = axial strain of a longitudinal element at a point (s^y) 

Bo = axial strain of a longitudinal element at a point on the centroidal 
axis 

I = moment of inertia of cross section mm' about its centroidal axis 
A = cross-sectional area of cross section mm' 

E = modulus of elasticity of the material 
b = width of cross secHdii mm' at fiber y 
Considering now the longitudinal element of the member at point ( 5 ,y), 
the length of which is ds, the width fe, and the depth dy, then, 




Co + 


Mfj 

El 


and the virtual work of distortion for this element is 


(/«6 dy){e ds) = ib dy) ds 

The total virtual work of distortion for the entire member is therefore 

Noting that b dy — A, yb dy = 0, and y^b dy = /, this 
expression simplifies to 

oMp 


IVd j E qCo ds j pty 


ds 


(13-4) 


This expression may now be applied and further simplified for the com- 
mon types of members encountered in planar structures, such as beams 
and members of trusses and frames. 

13*6 Deflection of Trusses, Using Method of Virtual Work. 
An expression for the law of virtual work as applied specifically to trusses 
may be obtained by substituting in Eq. (13 1) from Eqs. (13-2) and 
(13 4), Consider first the case of an ideal pin-jointed truss where both 
the distorting P loads and the Q loads are applied only at the joints of 
the truss, In such a case, the individual members will be subjected only 
to axial forces with no shear or bending moment involved^ and the second 
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term in Eq. (13-4) will disappear. Furthermore, Fq will be constant 
throughout the length of a given member and, since 

Co ds = axial change in length of a member = AL 

the virtual work of distortion for one particular truss member becomes 

Wu = Fq eo ds = Fq AL 

Summing such products up for all the members of the truss, the internal 
virtual work of distortion for the entire truss may be represented as 

Wd == 2 Fq AL 

and, therefore, tlie law of virtual work as applied to an ideal pin-jointed 
truss becomes 

XQd = ZFy AL (13 5) 

Suitable expressions for AL may easily be developed depending on 
whether the change in length is produced by the P loads, by a change in 
temperature, or by some other cause. For a prismatic member having a 
constant cross-sectional area A and a constant modulus of elasticity F, 
If the distortion is due to joint loads P on the truss, 

AL - (..)(L) . (L) - (^) (i) - 51 (13.5a) 

If the distortion is due to a uniform change in temperature /, 

AL - {eo){L) - (€/)(L) == dL (13-56) 

If the distortion is caused by both these effects acting simultaneously, 

AL = ^ + dL (13 -Sc) 

where, in addition to the notation introduced previously, 

Fp = bar stress in the member due to distorting loads P 
Fq = bar stress in the member due to loads Q 
€ = coefficient of thermal expansion of the material 
L = length of the member 

Equation (13 • 5) is the basis for the method of virtual work for com- 
puting the deflection of ideal pin-jointed trusses, but as yet we do not 
know how to use it to do this job for us. Suppose, for example, that we 
wish to compute the vertical component of the deflection of joint c 
caused by the P loads shown in Fig. 13 • 9a. Suppose that we select as 
the Q-load system a unit vertical load at joint c together with its reactions. 
If we imagine that we first apply this Q system to the structure, then, 
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when we apply the actual distorting loads P, the Q loads will be given a 
ride and will do a certain amount of external virtual work. According 
to the law of virtual work, the internal Q stresses will do an equal amount 
of internal virtual work as the members change length owing to the Fp 
stresses. Applying Eq. (13*5), 

(l)(5i) + 

where Wr represents the virtual 
work done by the Q reactions if the 
support points move ami could be 
evaluated numerically if such move- 
ments were known. If the supports 
are unyielding, Wr = 0 and 

The bar stresses Fg and F p due io the 
Q~ and P-load systems, respectively, 
may easily be computed. These 
data combined with the given values of L, A, and E give us enough infor- 
mation to evaluate the rig})t-hand side of tJje above equation and, there- 
fore, to solve for the unknown value of 8c. 

Figure 13 • 10 shows how to select suitable Q systems for use in the 
computation of other deflection components that may be required. Note 
that the “trick” is simply to select the Q-force system in such a way that 
the desired deflection is the only unknown 8 appearing on the left-hand 
side of the equation. Some students worry about the deflection pro- 
duced by the Q system. We do not care what this is. We want to find 
the deflection produced by the given cause of distortion. The Q system 
is purely a system that rides along and does virtual work and, thereby, 
enables us to compute the desired deflection. Note also that in these 
computations we never have to worry about or compute the real work 
done by the P loads as they deflect the structure. 

The following illustrative examples show how to organize these com- 
putations in certain typical problems. In using the law of virtual work, 
it is particularly important to note the sign convention involved. In 
setting up the formulas for external and internal virtual work done by 
the Q system, it was assumed that the work was positive. This implies 
first that 8 is to be considered positive when it is in the same direction as 
its corresponding Q force. Furthermore, this implies that both Fq 
and AL are to be considered positive when in the same sense. If Fq 
is considered plus when tension, then AL is plus when an elongation 
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and, * therefore, Fp is plus when tension and t plus when an increase in 
temperature. 

After studying the following examples, it will be evident that there 
are two principal sources of difficulties — units and signs. The novice 
will probably have less difficulty with units if force units are assigned to 
the Q forces and stresses, although some authorities treat these forces as 
dimensionless. Ordinarily it is advisable to use the same length units 



throughout a problem ; however, in some cases it is desirable to mix such 
units in order to obtain more convenient numbers. For instance, in 
these examples A and E are used in inch units, while L is used in feet. 
What is done in this respect is largely a matter of personal preference, 
but everyone should follow one rule: Be sure the units are consistent. 
As for signs, no difficulty should be encountered if one is careful and 
follows the convention noted above. Be sure to check the signs of all 
products, however. Note also that Fq and Fp are actual bar stresses, not 
the horizontal or vertical components. 
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Example 13*1 (a) Compute vertical component of deflection of joint c due to iOO^ 

load shown. E ^ 30 X iO^ kips per sq in. 

(b) Compute vertical component of deflection of joint c due to decrease of temperature 
of 50°F in Mtom chord only, e ~ 11150,000 per °F. 
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Example 13*2 Compute the horizontal component of the deflection of joint E, due 
to the load shown. E ~ 30 X iO^ kips per sq in. 


B ao) c r/oj D r/o) b 



Cross- sec fioncrf areas in sq. ins.^ 
shown in parenthesis 





(FKS-^) 


•Fp^ = 


^ 30 X 10^ 


A 6e = -\-0.001875 fl* A to right 


liar 

L 

A 

1. 

A 

Fq 

Fp 

FqFp 2 

Units 

' 


f/ni 

k 

i 

k 


\ 

ab 

15 

10 

1.5 

+0 5 

-{-37.5 

+ 28.13 

be 

15 

10 

1.5 

+0 5 

-{■37. 5\ 

+ 28.13 

aB 

25 

12 5 

2 

+0 83 

-62 5 

-{-104 17 

Be 

25 

12.5 

2 

-0.83 

-62 5 

-{-104.17 

S 






+ 56 25 


Discussion : 

Note that any bar in which either Fq or Fp is zero may be omitted from the tabulation 
since the product of FqFp{L/ A) would be zero for such a bar. 


Example 13*3 For the truss in Example 13 2, compute the horizontal component 
of the deflection of joint D, due to the following movements of the supports: 

At a f horizontal — 0.5” ^ to left 
At a, vertical = 0,75'\ down 
At C, vertical = 0.25” ^ down 


Use the stress analysis for the Q system from the previous problem. In this example, 
the deflection is caused simply by support movements. There are no changes in length of 
the members, that is, AL *= 0 for all members. 

XQd = SFq AL == 0 

(i*)(0 + miO.5”) -f iH^KO.75”) - (%^){0.25”) - 0 
A Sd = -0.5 - 0.5 + 0.167 - -0.833 im a to left 

Discussion : 

In evaluating the external virtual work done by the Q reactions, be careful to include 
the proper sign for the work. Any particular reaction does plus or minus virtual work 
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depending on whether Us point of application moves in the same or the opposite sense as 
the reaction^ respectively. 

Deflections due to support settlement may also he evaluated simply by a consideration 
of the kinematics of the problem. In sketch a, the solid line shows the outline of the truss 
in Us original position. The truss may then be translated as a rigid body until the support 
at a is in its final position — the translated position is shown by the dashed line. The truss 
must then be rotated counterclockwise about a until the support at c is in its proper position. 
The final position of the truss is shown by the dotted line. In these sketches^ the movements 
have been exaggerated tremendously io clarify the mechanics of the problem. The hori- 
zontal movement of point D may therefore he computed as 

Due to translation . . 0.5" to left 

0 5" 

Due to rotation about a X 20' = 0.3" to left 

Total horizontal movement of point D . 0.5" + 0,3" = 0.83" to left 



The computation of the movement during rotation requires some explanation, and it 
likewise illustrates the application of a useful theorem. Consider the movement of a point 
m as a rigid body is rotated about some center O through some small angle a. In sketch 6, 
this angle has been exaggerated tremendously so that the geometry is clearer. Actually, 
the angle a is so small that the angle {in radians), its sine, and its tangent are all essen- 
tially equal to each other. This means that it is legitimate to consider that m moves to its 
rotated position m' along the tangent shown rather than along the actual arc. Suppose 
that it is desired to obtain the component of the displacement mm' along .some given direc- 
tion through m such as XX. Drop a perpendicular 0 A from point 0 to this direction XX. 
From the sketch it is apparent that triangles mm'm" and 0mA are simitar. Then, 



since a » B/D. Therefore, the foilowing theorem may be stated: 

If a rigid body is rotated about .some center 0 through some small angle a, the com- 
ponent of the displacement of a point m along some direction XX through that point is 
equal to the angle <x times the perpendicular distance from 0 to the line XX. 

Applied to the above truss, 

0.5" 

“ " 3(y 

Therefore, the horizontal movement of D during rotation about O is 

n rjt 

im - 0.3" 
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Example 13*4 Compute the relative deflections of joints b and D along the line 
joining them, due to the following causes: 

(a) The loads shown. E 30 X 10^ kips per sq in. 

(b) An increase in tempe ature of 80° F in top chord; dec ease of 20° F in bottom chord. 
« « 1/150,000 per °F. 


B fSJ C rsj D 



Discussion: 

Many students are confused about temperature or seltlemeni deflection problems 
dealing with statically determinate trusses. They **feeV* that stresses must be developed 
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in the members in such cases. However, no reactions can be developed on a statically 
determinate truss unless there are loads acting on the structure. This can be proved by 
applying equations of statics. If there are no reactions or external loads, then there can 
be no internal bar stresses. From a physical standpoint, the distortion of such trusses that 
is the result of support settlements or changes in length due to temperature may take place 
without encountering resistance, and therefore no reactions and bar stresses can be 
developed. 


All the trusses discussed so far have been ideal pin-connected trusses 
acted upon by Q or P loads, which were always applied at the joints. 
If a pin-connected truss is distorted by P loads, some of which are applied 
to certain members between the joints, such members are subjected to 
Mp bending moments. If. however, only joint deflections are desired, 
the Q system consists simply of certain joint loads, which cause no Mq 
bending moments. The second term on the right side of Eq. (13-4) 
disappears, therefore, and the law of virtual work for such a case is the 
same as Eq. (13 *5). The same thing is likewise true in the cases where, 
in order to compute the deflection desired, it is necessary to apply Q loads 
between the joints but the P loads causing distortion are applied only 
at the joints so that there are no Mp bending moments. 

The case of a pin-connected truss having both P and Q loads applied 
between the joints is handled like that of a rigid frame structure, which is 
discussed in the next article. The case of riveted trusses is also discussed 
there. 

13-7 Deflection of Beams and Frames, Using Method of 
Virtual Work. An expression for the law of virtual work as applied to 
beams or frames may likewise be 
obtained by substituting in Eq. 

(13 • 1) from Eqs. (13 • 2) and (13 -4). 

Consider first the case of a beam 
distorted by transverse loads. In 
such a case, if the reactions have 
no axial components, the cross sec- 
tions of the beam are subjected 
only to shear and bending moment with no axial force. The first term 
of Eq. (13-4) will disappear, and the law of virtual work as applied to 
this case will be simply 

y..-/ (13-6) 

Remember that the effect of shearing distortion has been neglected in 
the development of Eq. (13 ’4). Such a case is shown in Fig. 13 11. 
To find the vertical, horizontal, or, in fact, any component of the deflec- 
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tion of a point on such a beam, a unit load is applied in the appropriate 
direction. This unit load together with its reactions constitutes the 
Q system, which rides along during the distortion of the beam. The 
solution of a beam-deflection problem is basically similar to the solution 
of a truss-deflection problem but differs in the detail of evaluating the 
right-hand side of Eq. (13 -6). 

Before the integration of the right-hand side can be accomplished, 
both Mq and Mp must first be expressed as functions of s. It is usually 
necessary to separate the integiation for the entire beam into the sum of 
several integrals, one for each of several portions of the beam. The 
integration must be broken at points where there is a change in the func- 
tions representing Mg, Mp, or I in terms of s. The integration process 
can often be simplified by selecting different origins for the measurement 

of s for these various portions of 
the beam. The technique of 
organizing such computations will 
be illustrated in the following 
examples. 

Note particularly the sign con- 
vention used for the various terms 
in Eq. (13 *6). Any suitable convention may be used for Mg and Mp as 
long as the same convention is used for both. Usually, the ordinary 
beam convention is the most satisfactory. 8 is, of course, plus when in 
the same sense as its corresponding Q force. 

Often it is necessary to find the change in slope of some cross section 
of a beam. To do this, select as the Q system a distributed load, such as 
that shown in Fig. 13 12, and its reactions. This load is distributed 
across the cross section in a manner such as to be equivalent to a unit 
couple. Let the intensity of this load at a distance y from the centroidal 
axis be qy. Considering only the effect of bending distortion, a cross 
section that was plane before bending remains plane and normal to the 
elastic curve after bending. If a cross section is rotated through a small 
angle a, a point at distance y from the centroidal axis would move 
(a)(y). Then, the external virtual work done by the distributed q load 
during the rotation of the cross section caused by the P system would be 

i{qvhdy){ay) = ajqyhy dy = (l)(a) 

since the moment of the q load about the centroidal axis = ^qyhy dy = 1. 
Having recognized that the external virtual work done by such a dis- 
tributed q load is simply its resultant unit couple times a, we may hence- 
forth consider that we apply a unit couple to the cross section and not 



Fig. 13 12 
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trouble about showing the distributed load in detail. Applying Eq. 
(13*6) in this case, therefore, yields the following: 


(1) (a«) + 


R ■— J* WlqlS/Ip 


El 


From this point on, the rest of (lie solution is similar to that for a vertical 
deflection. 


Example 13*5 Compute the vertical deflection at A , due to load P applied at point B. 


MqMp ^ 




+ 

From A to By 

0 < X < Uy Mq = —X, Mp = 0 
From B to C, 

0 < X < {L a)y Mq = — (ci -f x)y 

Mp = -Px Mp 

(i*)(S^l) = 0 + ^j //'"“[-(a + a-)] 

[-Px]dx 
P 
Wi 

P VaiL - ay (L - o)» 

El\ ' 2 3 


a^i x^'Y' " 

2 3 \o 


Mo 


5i - {L - a)K2L + a) 


a 

fL-aJ 1 



! 

L ___ J 

c 

i 

onsf El 

X 


X 




1 


Example 13*6 Compute the vertical deflection of a, due to the load shown. 
E — dO'X 10^ kips per sq in. I = ^00 in.* 


s', to' lo' 


Mp 


Mo 


•79>7 


Const El 
/O^ 


= j m 

^ MqMp II + 

From a to by 


X 


SK 


Mp ^ 0 


5k 


From h to c, 


0 <x <i0y M<? « ^ - 5, Mp ^ 5x 


tk 


From dio Cy 

0 <X <i0, Mq ^ 


Mp » 5x 
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El 




-f -•]>[- A'-ri 




Ba == 


-1250^'" 


(30 X X 


/ 200 \ 
X iW 


El 

y, = -0.030 ft 


Discussion : 


up 


The origin for measuring x in any given portion may he selected at wUU hut note that 
the same origin must be used for x in the expressions for both Mq and Mp for a given 
portion. An origin should be selected that m nimizes the number of terms in the exproi- 
sions for Mq and Mp and that also reduces the labor in substituting the limits of integration. 


Example 13*7 Compute the change in slope of the cross section at point a caused by 
the load shown. E — 30 X iO^ kips per sq in. h ^ i50 in.^ 1 2 — 200 in.* 


r' 


Ix 


Mp 

S><- 




l2=/331i 

IO>< 

_L 


\e 

”^7 


'20 


±f< 

20 


ds 

El 


^ (?« = MqMf 


dx 

El 


+ \l + // + // 


From a to 6, 


0 < X < 5, 


Mq ^ i - 


20* 


Mp « 5x 


From b to a, 


5 <x <10, 1.331u Mq ^ 1 - 


20 * 


Mp ~ 5x 


From e to d. 


0 < X < 5, 


x 

w 


From d to c, 


0 < X < 5, 


1.331u 




20 ' 


Mp *= 25 4" 5x 


- IT , [ / o ’ (' - ») (' ■ ») <’'> m 

+ /.“ (») + /.’ 6 + m) (2= + w ra] - E {[t - S].' 
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W, U + 7X? L 2 - 25) - ( J2 ) J 


4- 


i2 

i 

1J3 


EI, [®2- 


5+715 ^^*^-5 - 62.5 + 62.5) j = ~ (52.5 + iiOM) = ~ 
(203.7)*'’ 


f (5)+f(25) + f]j 


(30X70»X754)V'’(^^^,^J' 


1 = 4-0.00^5 radian 


203.1^'' 
Elv 

clockwise 


Discussion : 

The selection of the origins fo* measuring x is not necessarily the best in this solution 
but was intended to illustrate se^^eral of the possible ways of handling the problem. When- 
ever cancellations are made before integration or before substitution of limits, be very sure 
that the cancellation is legitimate — check to see that both the terms and the limits are the 
same. 


Example 13-8 Compute the change in slope of the cross section of point B. E and I 
constant. 


(e')(aT) = jf M<j 

From A to B, 0 < x < L 


dx 

El 


- _ X , , wL wx^ 

Afg — ~~ 2 ^ 2 


ie'XccB ) = [j) [-2 — Y)m 


_ J£- 
” El 
wIJ 
2lfEI 


wLx 
2 

r x^ __ wL^ 


8L\o 2^El 
counterclockwise 




Mp 

wL 

2 








w 

r~ 



\ 


X 



u/jB 

*T“ 






Pi 


1 


f /”' 

" 




Pt 


Pi' 
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p* 
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Consider now the more general case of a beam or rigid frame where 
the cross sections of the members are subjected to an axial force as well 

as shear and bending moment. 
Several cases of this type are shown 
in Fig. 13 13. The deflection of 
such structures may also be caused 
by temperature changes as well as by 
the axial forces and bending moments 
developed by the P loads. As a 
result, both terms in Eq. (13 *4) must 
be considered in evaluating the internal virtual work. The law of virtual 
work as applied to such cases may be expressed as follows : 
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Fq€o ds + 


/ 


MqMp 


ds 


(13-7) 


where the axial strain eo, including the effect of both axial force and 
temperature, is 


Co = + 


Fp 

AE 


Usually the entire structure may be split iip into several portions over 
each of which Fg, Fp, A, and t are constant. Likewise, to evaluate the 
second term on the right side of Eq. (13*7), the integration may be split 
up into several parts, each of v hich covers a portion over which the func- 
tions representing Mq, Mp, and I remain of the same form. I’he portions 
used in evaluating the first term in Eq. (13 *7) are not necessarily the 
same portions as those used to evaluate the second term. In any event: 
Eq. (13 -7) may be represented more conveniently in the following form 

^ Qg = ^ AL+^j (13-8) 

where 

AL = J eods = dL + 

The summation signs on the right side of Eq. (13 -8) indicate that such 

terms must be summed up for all the 
separate portions of all members of 
the structure. 

The application of Eq. (13 *8) to 
a specific problem involves the 
techniques already illustrated in Ex- 
amples 13 • 1 to 13 • 8. Example 13 • 9 
will show how to arrange the com- 
putations. Most beam or frame 
deflection problems involve finding 
some component of the deflection of 
a point or the change in slope of a cross section. Sometimes, however, 
it is necessary to find the relative deflections of two adjacent cross sec- 
tions such as a and a' in Fig. 13 • 14. The relative horizontal, vertical, 
or angular displacements at points a and a' may be found by selecting 
the Q systems shown in sketches A, B, or C, respectively. 



/r 


Fig. 1.1- 14 
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Example 13*9 Compute the change in slope of the cross section on the left side of 
the hinge at c due to the load shown. 




(r'Kcc^) = If 

Je + If 

Note: FqFp may be evaluated for 


El 

dx 

'El 


same portions AB, BC, ED, and 
DC. Dashed line indicates lower 
fibers for applying beam convention 
to signs of Mq and Mp. 


From A to B, 

L ^10' 0-^ 10 

Fo = + ^ W, ^ 

Fp = -60 Mp -= -48y 

From B to C,, 

L = 8’ 0^ I-. a 

Fp = ~^8 Mp - -/m + 60x 


From E to D, 

L = 10 o~^ y-^ 10 

Fp = -60 Mp = -USy 
From D to C, 


L == 8 

Fg = 
Fp - 


20 2 + i6 


-148 


Fq /,80 + 60x 


/20^ 



uniagt) = ± [2 p pfj i-i8y) + /„* ( - I - ^ + eox) dx 

+ ff{-'2+X) ^ 

= i? [ ('-Hr + - HI] + 31 
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3^520 , 38 .^ 
(/* )(«ci) = -eT + ^ 


(3,520)"’ 


(3oxmxM^"^'’(j^P^y 

^ (33.&)"‘' 

(30 X io> {~yy 


= +0.00676 + 0.00006/4 = +0.006820 radian, .'. clockwise 


Discussion: 

In problems involving both bending and axial distortion^ be particularly careful of 
units. Note that the contribution of the axial-distortion term is only about i per cent of 
that due to bending distortion. This is more or less typical of the relative size of these 
two effects in frame-deflection problems. It is therefore usually permissible to neglect the 
effect of axial distortion in such cases. 


A truss with riveted joints is essentially a rigid frame. In the discussion in 
Art. 4 -2, it will be recalled that the members of such trusses are subjected to shear 
and bending moment as well as axial forces even when the loads are applied at 

the joints. However, as far as the 
stresses and strains in the members are 
concerned, a given riveted truss may be 
considered to be equivalent to a corre- 
sponding pin-connected truss as shown 
in Fig. 13 15. This equivalent truss, 
however, is loaded not only with the 
Pz Pz given joint loads but also by couples on 

the ends of each bar, which are equal to 
the moments at the ends of the corre- 
sponding members of the riveted truss. 
More detailed analysis shows that, in 
most cases, these end couples by 
themselves produce very small bar 
stresses in the members. In other 
words, the bar stresses in the equiv- 
alent pin-connected ,truss are pro- 
duced almost entirely by the joint loads. 
In the previous article, it is pointed out that the joint deflections of a pin- 
connected truss are a function only of the axial change in length of the members 
and do not depend on the bending distortion of such members. The deflection 
of the joints of the equivalent pin-connected truss under both the joint loads 
and the end couples is therefore essentially the same as that of an ideal pin- 
connected truss acted upon by only the joint loads. Hence, a riveted truss is 
assumed to be an ideal pin-connected truss when the deflection of the joints are 
computed. It should be realized, of cx>urse, that the bending of the members of 
riveted trusses does affect the deflection of points other than the joints. 
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At no place in the previous discussion has the case of a beam or a 
frame with a curved axis and varying cross sections been considered. 
The detailed consideration of such structures is beyond the scope of this 
book. If the curvature and variation of the cross sections are not great, 
the normal stresses in such structures may be assumed to be distributed 
linearly and the deflection of the structure may therefore be computed by 
applying Eq. (13*7). In such cases, the integrals on the right-hand side 
of this equation can seldom be evaluated exactly, and their values must 
be approximated by a summation process. For this purpose, the axis 
of the structure is divided into a number of short portions of equal length 
As. The values of Fq, Co, Mq, Mp, and I are computed for the cross 
section at the center of each of these short portions. The products of 
FqCo As and MqMp As/EI may then be evaluated for each portion. The 
sum of these products for all of the portions approximates the value of the 
right-hand side of Eq. (13*7). 

The accuracy of this summation 
process increases as the length 
of the individual portions is 
decreased. 

13'8 Development of 
Moment-area Theorems. The 
moment-area theorems may often 
be used more conveniently than 
the method of virtual work in the 
computation of slopes and deflec- 
tions of beams and frames, par- 
ticularly when the distortion is 
caused by concentrated rather 
than distributed loads. These 
theorems are based on a considera- 
tion of the geometry of the elastic curve of the beam and the relation 
between the rate of change of slope and the bending moment at a point 
on the elastic curve. 

Referring to Fig. 13 16, consider a portion ACB of the elastic curve 
of a beam that was initially straight and in the position AoBo in its 
unstressed condition. Draw the tangents to the elastic curve at points 
A and B. The tangent at A intersects the vertical through B at D. The 
angle Arjiu is the change in slope between the tangents at points A and 
B. Recognize that the deflection and curvature have beeti exaggerated 
tremendously in this sketch. Actually, the inclination of any tangent to 
the elastic curve* is so small that an angle such as r a is approximately equal 
to its sine and its tangent, and its cosine is approximately equal to unity. 
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Consider a differential element of this curve having a horizontal pro- 
jection dx, and draw the tangents to the elastic curve at each end of this 
element. The change in slope between these tangents is the angle dr, 
and its value may be obtained by considering Fig. 13 *17. 


dr 


(fcdr)/E Medx M , 

c El c ~ El 


It is then evident that the total change in slope between the tangents at 
A and B is the sum of all the angles dr for all the elements dx along the 
elastic curve ACB, or 

^ Ja ^ Ja 'Si 

Let RST be the bending-moment curve for the 
portion AB, every ordinate of whi^h has been 
divided by the El of the beam at that point. 
Such a curve is called the M/EI curve^ It is 
evident that the integral in Eq. (13 9) may be 
interpreted as the area under the M/El curve 
between A and B. Hence, from Eq. (13 9), the 
first moment-area theorem may be stated : 

The change in slope of the tangents of the elastic 
curve between two points A and B is equal to the area 
under the M/ El curve between these two points. 

In view of the fact that the distortion and 
slopes are actually small, it is evident that the 
intercept on the line BD (drawn normal to the 
unstrained position of the beam) between the tan- 
gents at the ends of the element dx may be written as x' dr, and 
consequently 

d = J ^ x' dr = ^ 

The last integral may be interpreted as the static moment, about an axis 
through point B, of the area under the M/EI curve between points A 
and b. Hence, from Eq. (13 10), the second moment-area theorem may 
be stated: 

The deflection of point B on the elastic curve from the tangent to this 
curve at point A is equal to the static moment about an axis through B of 
the area under the M/EI curve between points A and B, 

Note that this deflection is measured in a direction normal to the 
original position of the beam. 




Fig 13 17 
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The two theorems may be used directly to find the slopes and deflec- 
tions of beams simply by drawing the moment curve for the loads causing 
distortion and then computing the area and static moments of all or part 
of the corresponding M/EI curve. This procedure is illustrated in 
Examples 13 - 10 to 13 12. It will become apparent from these examples 
that these computations may be facilitated by introducing some new 
ideas. The analogy based on these ideas is discussed in the next article 
and will be called the elastic-load method. 

These theorems may be extended without difficulty to members that 
were not initially straight. The consideration of such cases is beyond 
the scope of this book. 


Example 13-10 Usin^ the moment-area theoreim, compute the deflection at points 
b and c and the slope of the elastic curve at point h. E and I are constant. 


Applying second moment-area theoremy 



9ym . 

( 4 ) = {down) 

(// + 6?) = {down) 


Applying first moment-area theoremy 


At 

Th 


- m (i) 


El 


_ ^ 

El 
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Example 1.1 • 11 Using the rnornenl-area theorems, compute the slope of the elastic 
curve at points a and m, and the deflection at m. 


Since slopes are small, tan tq = va 
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Example 13 *12 Using ifte moment-area theorems ^ compute the deflections at points 
b and c, and the slope at point c. Constant E amd /. 





Discussion : 

Note that it becomes more difficult to handle signs properly when a beam is bent by 
both plus and minus bending moment. To minimize these difficulties t it is advisable to 
sketch the elastic curve as accurately as possible. The curvature can be sketched correctly 
by simply following the bending-moment diagram — plus bending moment makes the 
elastic curve concave upward and minus bending moment makes it concave downward. 
It will be found advantageous to handle these more difficult problems by the elastic-load 
method, for thereby the sign difficulty may be handled more or less automatically. 

Note also that, in a portion such as bd where a straight-line portion of the moment 
carve goes from plus to minus, it is often advantageous for computation purposes to replace 
the actual moment curve by the dashed lines shown. In this case^ the plus and minus 
triangles under the actual moment curve are replaced by the plus triangle with an altitude 
of 37.5 and a base of iO and the minus triangle with an altitude of 25 and also a base of iO. 
A little thought will verify that this procedure is legitimate for the compulation of the net 
area or of the net static moment of the area about any vertical axis. 
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13*9 Elastic-load Method. The ideas involved in the elastic- 
load method may be developed by considering the clastic curve ACB of a 
member AB, which was originally straight and has been bent as shown in 
Fig. 13 18. Let RST be the M/EI curve. Applying the second 
-moment-area theorem, 

M , 


then, 


Ta 


=/: 


M 

El 


dx 


This equation simply states that ta is equal to the static moment, about 
an axis through B of the area under the M/EI curve between A and 

B, divided by L. It is interesting 


(a) 


^r?y /oacf/ng 


to note, however, that the form of 
this computation for ta seems very 
familiar to us. Suppose that we 
imagine that the M/EI diagram, 
BaST, represents a distributed verti- 
cal load applied to a simple beam 
supported at points A and B as 
shown by the dashed lines in Fig. 
13 186. Then the computation 
for the vertical reaction at point A 
would involve taking moments 
about an axis through point B, and, 
as a matter of fact, this vertical 
reaction at point A would be exactly 
equal to the value of ta as com- 
puted above. 

This analogy may be carried still 
further if we consider the form of the 
computation for Tm and bm- Note that Tm gives the slope of the tangent 
with reference to the direction of the chord AB of the elastic curve and 
that bm gives the deflection of point m from the same chord AB, Con- 
sider first Tm ; then 

Tm = Ta — At 

But, according to the first moment-area theorem, Ar = M /El dx, 

and hence 

M 



Fig. 13 18 


ta 


/: 


El 


dx 
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Continuing to consider the M/El diagram as the loading and ta as the 
reaction at point A on the imaginary beam, we see from this equation 
that Tm is equal to the reaction ta minus the load applied between A 
and m. In other words, Tm may be interpreted as being the shear of 
point m of this imaginary beam. Likewise, 

dm = ((1 )(ta) — 5'm 

But, from the second moment-area theorem, d'm = x"{M/EI) dx, 
and hence 

5m ^ (TA)(a) - x" dx 

To continue the analogy, from this equation it is apparent that dm may 
be interpreted as the bending moment at point m of tlie imaginary beam. 

From these considerations, it may be concluded that the elastic curve 
of a beam AB is exactly the same as the bending-moment curve for an 
imaginary simple end-supported beam of the same span AB, which is 
loaded with a distributed transverse load equal to the M/EI diagram of 
actual beam AB, Further, the slope of the tangent to the elastic curve 
at any point is equal to the corresponding ordinate of the shear diagram 
for the imaginary beam AB loaded with the M/EI diagram. When used 
in this manner, the M/EI diagram is referred to as the “elastic load,” 
and therefore this procedure for computing the deflection and slope of a 
beam is called the elastic-load method. 

By using this analogy, the problem of computing deflections and slopes 
of a beam is reduced to a procedure well known to a structural engineer. 
All he has to do is to compute the reactions, shear, and bending moment 
on an imaginary end-supported beam loaded with a distributed trans- 
verse load. The following examples illustrate the convenience of the 
elastic-load method. 

The example used in developing these ideas has unyielding supports 
at points A and B, As a result, these points do not deflect, and there- 
fore the chord of the elastic curve joining points A and B remains hori- 
zontal and coincident with the undistorted position of the axis of the 
beam. The slope and the deflection dm give, therefore, the true slope 
and deflection with reference to the original position of the beam. The 
elastic-load method may be applied, of course, to any portion AB of a 
beam whether the chord AB of the elastic curve remains fixed in position 
or not. * Remember, however, that the shear and bending moment 
obtained by the elastic-load method give the slope and deflection meas- 
ured with reference to the chord AB. If the chord has moved, the quantities 
so obtained do not give the true slope and deflection measured with refer- 
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ence to the original position of the beam until they are corrected for the 
effect of the chord movement. 

In the general case where the chord may or may not move, the pro- 
cedure of applying the elastic-load method may be summarized in the 
following statement: 

The slopes and deflections of an elastic curve measured with reference to 
one of its chords A B are equal, respectively, to the shears and moments of an 
imaginary end-supported beam of span AB haded with a distributed load 
consisting of the Ml El diagram for that portion AB. 

In order to take full advantage of the elastic-load method, it is desir- 
able to follow the same sign convention and principles as those used in 
drawing regular load, shear, and bending-moment curves. Since upward 
loads are considered as positive in such computations, plus M/EI ordi- 
nates indicate upward loads. Plotting the shear and bending-moment 
curves for the imaginary beam according to the usual beam convention, 
plus bending moment would be plotted above the axis and minus values 
below. Plus bending moment on the imaginary beam therefore indicates 
deflections above the chord, and minus values indicate deflections below 
the chord. Likewise, plus shear on the imaginary beam indicates that 
the elastic curve slopes upward, proceeding from left to right, and minus 
shear that it slopes downward. 
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Example 13*13 Compute slopes and deflections of this beam, using the elastic4oad 
method. 




SMd = 0 


(1) 

120 X 3 

- 360 X U = 

= 5,040 

(2) 

120 X 6 

= 720 X 9 ^ 

= 6,480 

(3) 

30 X 3 

- 90 X 8 = 

= 720 

(^) 

150 X 3 

- 450 X 4 - 

- 1,800 



1,620 

ui,om 




18 




780 t 



XMa = 0 



360 

X 4 - /,440 



720 

X 0 - 6,m 



90 

X 10 ^ 900 



m 

' X 14 « 6,300 




15,120 

18 

« 540 i: 

Ta 

= -780 


0 = i. 


^360 

-780 X 0 - 

-U,680 

n 

- -U20 

+360 X 2 = 

720 


^720 


-3,960 - 


+ 90 

-420 X 5 = 

-2,520 

Te 

= +390 

+ 90X2 = 

+ 180 



+720 X 3 = 

+2,160 

Ti 

- +8^0 


-4,140 = Sc 



+390 X 5 = 

+2,340 



+450 X 4 = 

+ 1,800 




0 = Sj 

Max 

irnum 8 occurs where r = 0 

, lhai is, at the 

point where shear w zero on imaginary beam. 

This 

is between 

b and c where 



Elr « -- 

420 + 120ti + 1 

f30\ xi* 

ve) 2 


= -420 + 120xi - 2.5x,* = 0 


xj + 4^xi 

- 168 



(xi + 24)2 

- 168 + (24)2 

= 744 


Xt + 24 

- +27.25 

\ xi - 5.25' 



At this point, 

EIS..., = -3,960 - {420){3.28) + (i20)(3.28) + (5) (3.28) 

= -3,950 - 1,378 + 646 + 29 = -4,663 kip-ff 


Discussion: 

Note the units of these various numbers. M is in kip-feet. Therefore, the areg> under 
the M curve is in kipfeet^, and the static moment of this area is in kip-feet^. Thus, if h 
and I are also substituted in kip and foot units, values of b will be in feet and ofr in radians. 
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Example 13*14 Compute slopes and deflections of this beam. 

E ^ 30 X 10‘ k/"\ = 000 in.* h = 300 in.* 



The chord bd of this beam remains 
horizontal. Slopes and deflections with 
reference to this chord are therefore the 
actual slopes and deflections. Use the 
elastic-load method to obtain these, 
using an imaginary beam supported at 
h and d. The reaction at b on this beam 
gives the true slope of the tangent to the 
elastic curve at point b. With this slope 
known, it is easy to apply the moment- 
area theorems directly to obtain slopes 
and deflections in the contilever portion 
ab. 

+ 

2M, = 0 

U) 96X6^-576X 4=+ 2,30^ 

(2) 72X6= mx 3/f56 

(3) iUX6= 864X16= -13,82^1 

+ 720 14,976 

24 

- 







XMa = 0 

576 

X 

20 

= -11,520 

432 

X 

16 

= 6,912 

864 

X 

8 

= 6,912 




2,304 




24 


rb 

= 

-96 




-576 




+432 


Tc 

= 

-240 


+864 
Td = +624 

0 = h 

-96 X 12 ^ -1,152 
-576 X 8 = -4,608 
+432 X 4 = +1,728 

—4,032 = 5c 
-240 X 12 = -2,880 
+864 X 8 = +6,912 

0 = da 

Then ai point a, 

EliSa = 96 X6- 96 X3X4 

= —576 (down) 
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EliT * - (ifSxi) 

Substituting now for E and /i, 

^max “ 


(l)-» 

(i2)(10.22y 
(2) (5) 


= f04, X, = 10 . 22 ' 
-6,385 + 2,12/j - -4,26/ (rfouin) 


(60 X /0= X /44)V'’ 


7< “ (^/oM>«) 


13*10 Application of Moment-area Theorems and Elastic- 
load Method to Deflection of Beams and Frames. To utilize the 
moment-area approach at its maximum efficiency, it is often desirable to 
combine the direct application of the two theorems with the use of the 
elastic-load procedure. This has already been illustrated in Example 
13 14 and will be further illustrated in the examples that follow. To 
plan the method of attack in a given problem, it is advisable first to sketch 
the elastic curve of the structure. A certain amount of practice is neces- 
sary to develop proficiency in sketching such curves. However, even 
the novice can get the curvature correct by simply following the bending- 
moment diagram of the member and noting whether the bending is plus 
or minus. 

Once the elastic curve has been sketched approximately, it then is 
easy to plan the solution. To obtain deflections with respect to a tan- 
gent, use the moment-area theorems directly. To obtain deflections 
with respect to a chord, use the elastic-load method. In applying the 
elastic-load method as described here, the portion of the elastic curve of 
the actual beam corresponding to the span of the imaginary beam must never 
include an intermediate hinge. At such hinges, there may be a sharp 
change in the slope of the clastic curve. This sudden change is not 
included in an elastic load that consists simply of the M/EI diagram. 
Such cases may be handled by an extension of the elastic-load method 
called the conjugate-beam method or by the combined use of the moment- 
area theorems and the elastic-load method as illustrated in the following 
examples 
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Example 13*15 Compule the maximum dejlectwn of this beam. 



After studying the sketch of the elastic 
curve, it is apparent that Sb may be com- 
puted by applying the second moment- 
area theorem to the portion ab. This 
deflection establishes the position of 
the chord be. The deflections and 
slopes with reference to this chord may 
he obtained using the elastic-load method 
applied to an imaginary beam of span 
be. 


Elh = \{m)m{5) + mmks)] 

Rotation of chord be = — = 105 

(1) 2/40 X ^ - l/f/tO XIO ^ UAOO 
(5) 2/40 X 3 ^ 720 X 4 « 2,880 

17,28 0 

18~ 

l,/4/40 X8 ^ 11,520 


720 Xi/4 ^ 10,080 
21,600 


* 1,200 


The point of maximum 5 occurs where 
the tangent to the elastic curve is hori- 
zontal, i.e., where the tangent slopes 
down to the right with respect to the 
chord be, or Firm = — 105. 


Firm — 

Fl5'm = 

FIdm - 


-960 + (20x0 

= -m x\ = 85.5 
xi == 9.2/4' 

-{960) {9.2/4) + 

- -6,225 

-6,225 - {105) {18 - 9 . 2 / 4 ) 
= -7,1/46 


Discussion I 

Note that it is not permissible to apply the elastic-load method to an imaginary beam 
of span ac because of the presence of the hinge at b. 
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Example 13*16 Compute the slopes and deflections of this beam. Constant EL 



Discussion : 

The chord dg of the elastic curve does not moue, and therefore slopes and deflections 
determined with reference to it by applying the elaetic-load method to the imaginary beam dg 
are the true slopes and deflections of the beam in this portion. These computations are 
straightforward and produce the results shown for the location and magnitude of the maxi- 
mum deflections in the portion dg. 

The reactions of this imaginary beam establish the slope of the tangent of the elastic 
curve at d and g. Is is then easy to use the second moment-area theorem to compute the 
additional deflection of the hinges at c and hfrom these tangents. The total deflections of 
these hinges from the original position of the beam are shown. 

It is also easy to apply the second moment-area theorem to the cantilever portion Jk 
and thus compute the deflection of the hinge at j. 
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In this manner, the position of the chords ac and hj is established, and it is now possible 
to compute the (rue slopes and deflections in these portions. The position and magnitude 
of the maximum deflections in these portions are shown. The slopes and deflections with 
respect to the chords ac and hj may be obtained by applying the elastic-load method to the 
imaginary beams of the same spans. 

Note that there can be no point in the portion ac which deflects more than c, for the 
.slope of the chord is greater than the slope of the tangent at c with respect to the chord. 


The moment-area theorems and the elastic-load method may also be 
used advantageously in the computation of frame deflections. The 
frame deflections computed in this manner, however, do not include 
the effect of axial changes in length of the members. Fortunately, it is 
usually permissible to neglect the effect of axial distortion in most frame- 
deflection problems (see Example 13 9). 


Example 13*17 Compute the deflections of this frame: 




(i) /t8 Xi2 =■ 576 X - 288 
(5) 48 X 6 = 288 X ^^4 = 

240 

( 1 ) 576 x^y2A ^288 ^ 

(2) 288 X 2^4 = 240 ' 

To find point of maximum deflection, 


Ehm 

EId,n 


= 0 = -240 + m (0 

j-» = 120, X = 10.98 
- -{2m{i0.98) + (4) 

= -1,676 a) 


Ei&i = (4S)(6-) - (4«)(3)(4) 

= -288(1) 

EIS. = (4S)(f2) = 576 (-*) 


Since the joint at c is rigid, the tangents to 
the elastic curves of all members meeting 
at that joint rotate through the same angle. 
Since there is no bending moment in the 
column, the elastic curve is a straight line 
inclined at the same angle as the tangent 
of the elastic curve of the beam. 
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Example 13-18 Compute the deflection at point e on this frame: 



It should be apparent from these examples and the problems at the 
end of the chapter that the moment-area methods may be applied most 
advantageously when the moment diagram is composed of a series of 
straight lines, i.e., when the beam is acted upon by concentrated loads. 
In such cases, the area under the M/El curve may be broken up into 
rectangles and triangles, and the necessary computations are quite simple. 
When the load is distributed, however, and the moment curve becomes a 
curved line, the computations become more difficult. When the load is 
uniformly distributed, the moment curve is parabolic, and the M/EI 
diagram may be broken up into triangles, rectangles, and parabolic 
segments. In the case of more complicated distributions, however, it is 
usually necessary to divide the M/EI diagram into a series of short 
portions each of which may be broken up into essentially triangles and 
rectangles. Sometimes it is desirable to use Simpson’s rule to improve 
the results of approximate summation. 

Sometimes it is advisable to use graphical methods in applying the 
elastic-load method. Suppose, for example, that the M/EI diagram 
is very irregular in shape owing either to a complicated loading of the 
structure or to variation in the moment of inertia of the beam. In such 
cases, the shear and moment diagrams produced by the irregular elastic 
load acting on the imaginary beam may be obtained graphically in the 
manner discussed in Art. 5 • 10. 

13 *11 Williot-Mohr Method. When the method of virtual work 
is used to compute truss deflections, only one component pf the deflec- 
tion of a joint can be calculated at a time. To obtain the magnitude 
and direction of the true absolute movement of a joint, both horizontal 
and vertical components of its movement must be determined. There- 
fore, two separate applications of the method of virtual work are usually 
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required in order to determine the resultant deflection of each truss joint. 
One grapliical solution using tlie Williot-Mohr method, however, will 
determine the resultant deflection of all joints of the truss, and therefore 
this method obviously has a very important advantage in the solution of 
certain deflection problems. 

The fundamentals of tlie Williot-Mohr method may be developed by 
considering the simple truss shown in Fig. 13 19. Assume that the changes 
of length of the members, AL, have been c< imputed for the given condition 
of distortion, using Eq. (13* 5a), (13 Sb), or (13 -Sc). The deflected 
position of the truss may then be df'lermined in the following manner as 
indicated by the dashed lines in Fig. 13 • 19a. First, remove the pin at 
joint D, and allow the change in length of member AB to take place. 
This will cause member DB to move parallel to itself as shown, and all 
points on this member will move horizontally to the right an amount 



AB 

Fi«. 1:M9 


equal to ALa^. Now, upon allowing members AD and BD to change 
length, the D ends of each will move as shown if they remain connected 
to member AB oX points A and B\ respectively. Before pin D can be 
replaced and the truss connected together again, it is necessary to make 
the D ends of members AD and BD coincide again. This may be done 
by rotating AD about A and BD about B' until the arcs intersect. The 
deflection of any joint can then be determined from the original and 
deflected position of the joint. 

This procedure is straightforward but difficult to apply in practice 
because the deflections and changes in length are actually very much 
smaller than have been indicated in this sketch, so that a very large 
scale drawing is necessary in order to obtain any accuracy. Since the 
distortions are small, however, the angular rotation of any member is 
also small, in fact so small that it is permissible to assume that, during 
the rotation of a member, a point moves along the tangent drawn normal 
to the original direction of the member rather than along the true arc, 
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as shown by the dot-dash lines in Fig. 13 19a. If AL had not been 
tremendously exaggerated in this sketch, the dashed and dot-dash lines 
would coincide for all practical purposes. Introducing this simplifica- 
tion makes it possible to obtain the joint deflections without drawing the 
entire lengths of the members because it is no longer necessary to draw 
the arcs about the centers of rotation. 

The simplified diagram shown in Fig. 13 196 is similar to tJie portion 
of Fig. 13 19a marked with the same letters. It involves only the 
changes in length of the members and the tangents to the arcs of rotation 
and enables one to find the relative wiovements of the various joints. 
Such a diagram is called a Williot diagram after the French engineer who 
suggested it. As before, imagine that tl)e pin at D is temporarily 
removed, and allow the changes in length to take place one at a time. 
Upon selecting a suitable scale foi AL and designating the points in this 
diagram by the lower-case letters of the corresponding truss joints, the 
diagram is started by locating point a'. In this simple truss, it is known 
that joint A remains fixed in position and member ylB remains horizontal. 
Joint B therefore moves horizontally to the light lelative to A an amount 
equal to ALab as indicated by the lelative positions of points a' and 6'. 
Owing to the sliortening, ALaj>, tlie D end of member AD, .moves down- 
ward to the left parallel to AD with reference to joint A, as represented 
by the vector a'm'; similarly, owing to the sliortening, ALjuh tke D end 
of member BD, moves downward to the rig ht p arallel to BD with refer- 
ence to joint B, as represented by the vector 6'n'. In order to make the 
D ends coincide, member AD must be rotated about A and member BD 
about B. During these rotations, the D end s are assu med to move along 
the tangents as represented by the vectors m'd' and n'd', respectively 
Note that these tangents are perpendicular to members AD and BD, 
respectively. The vectors a'd' and a'6' represent the deflections of 
joints D and B, respectively, with respect to joint A. In this case, since 
joint A is actually fixed in position, these vectors represent the true 
absolute movements of these joints. Of course, the lengths of these 
vectors are measured to the same scale as that used in plotting AL. 

The construction of the Williot diagram for a more elaborate truss is 
carried out in essentially the same manner as described above. Tem- 
porarily, all members are assumed to be disconnected. Then, after the 
members are imagined to undergo their changes in length, they are reas- 
sembled one at a time, and the Williot diagram is constructed to show the 
resulting joint displacements. In such cases, the true relative movement 
of the two ends of a bar are not known as was true of joints A and B 
in the above simple case. The Williot diagram may be drawn, however, 
on the arbitrary assumption that some bar remains fixed in direction. 
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i.e,, that the relative movement of the joints at the end of this bar is 
parallel to the bar and equal to the change in its length. When these 
two points are located, a third point corresponding to the third joint of 
a truss triangle formed by these three joints may be located in the man- 
ner described above. The remainder of the construction may be carried 
out proceeding from joint to joint, always working with a triangle two 
joints of which have already been located, and locating the new joint from 
these two points. If tlie assumed orientation is correct, the vectors 
corresponding to certain known deflection conditions will be oriented 
correctly. If these vectors are not consistent with the known conditions, 
the Mohr correction diagram must be added to the Williot diagram. 

Tlie Williot diagram for the truss of Fig. 13 • 20 has been drawn on the 
assumption that joint a is fixed in position and member affixed in direction. 
If this orientation is correct, the vectors drawn from point a' to points 
6', c', rf', etc., will be tlie true deflections of joints b, c, d, etc., respectively. 
Joint c on the truss, being a roller support, can have no vertical deflection 
and is constrained to move horizontally. On the basis of the assumed 
orienta tion , however, joint c moves upward to the right as shown by the 
vector a'c', and tiie other joints have moved as indicated to an exag- 
gerated scale by the dashed lines on the line diagram of the truss. This 
means that the assumption that member ab remains fixed in direction is 
in error, and it is now necessary to rotate the truss, as a whole, clockwise 
about a to bring joint c back down on the support. The amount of 
rotation required may be determined by knowing that the true deflec- 
tion of c must be a horizontal vector. This true deflection is the resultant' 
of vector a'c' and the vector ropnjsenting the movement of c during 
the rotation of the truss about a. During a small angular rotation of the 
truss about a, joint c may be assumed to move along the tangent to the 
true arc and hence normal to the line ac on the truss, or, in this case, 
vertically. If this vector, giving the movement of c with reference to a 
during rotation, is added on the diagram as the vertical vector c"a' 
drawn through a', then the resultant of the vect or r"a' (j) and the vec- 
tor a'c' (/) must be Ihe horizontal vector c"c' (-->), which is the true 
deflection of joint c, and thus point c" is located. 

During the rotation of the truss about a, not only joint c but all other 
joints may be assumed to move normal to the radius from the joint to 
the center of rotation a an amqunt equal to that radius times the angle of 
rotation. In Fig. 13 - 21a, the arrows on the joints indicate the direction 
of the joint movements as the truss is rotated clockwise about a through a 
small angle a. If all these vectors are drawn to scale and acting toward 
point a", as shown in Fig. 1 3 216 , the moveme nt of joint b during rota - 
tion is represented by vector 6"a", of joint c by c"a^', of joint dby d"a", 
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etc. After these double-prime points have been connected as shown, 
consider any corresponding portions of these two figures such as triangles 
dac and d"a"c". Since c"a" is perpendicular to ca and d"a" is perpen- 
dicular to da, therefore angle dac = angle d"a"c". Since c"a" = aca 



Mohr correefion diagroim 

Veciors givinq true def/eefions of truss Joinfs 


Fig. 13-20 

and d"a" = ada, then c"a^' ld"a" = ca/da. Therefore, triangles dac and 
d''a"c" are similar. In this manner, it may be ^hown that Fig. 13 -21a 
is similar to Fig. 13-216. Such considerations lead to the following 
conclusion: 
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Fig. 13-21 


If a rigid body is rotated about some center of rotation 0 through a small 
angle, and if the movements of two points i and k are plotted as vectors 0^'i'^ 
and 0"^" from or to a point 0", and if the shape of the body is then plotted 
to a scale with points i" and k" as a base, each line on this scale sketch will 
be perpendicular to the corresponding line on the actual body and the line 
drawn from any point on this scale sketch to the point 0" will represent, 
as a vector, the movement of the corresponding point on the real body during 
the rotation about 0. 

This principle is the basis for the Mohr correction diagram. 

In the example in Fig. 13 -20, the Mohr correction diagram a'6"c"- 
d"e"/" is superimposed on the Williot diagram, using the vector c"a' as a 

basis, every line on it being at 90° 
to the corresponding line of the 
line diagram of the truss. The 
vectors from the double-prime 
points to the pole a' give the 
movements of the corresponding 
joints during the rotation of the 
truss about joint a. The true 
deflection of any joint may now be determined as the resultant of the 
vector from the corresponding double-prime point to a' and the vector 
from a' to the corresponding single-prime point, i.e,, the true deflection 
of any joint may be found in magnitude and direction from the vector 
drawn /rom the double-prime point on the Mohr correction diagram to the 
single-prime point on the Williot diagram. 

13*12 Application of Williot-Mohr Method. The Williot 
diagram will be more compact and will require a smaller Mohr correction 
diagram if the orientation that is assumed to start the Williot diagram is 
reasonably correct. In many cases, it is quite apparent that certain 
bars do not change direction very much. For example, in the case of an 
end-supported truss the center vertical remains essentially vertical and 
is therefore a good member to assume fixed in direction in starting the 
Williot diagram. This is illustrated in Example 13 -19. 

It is also interesting to note that the Mohr correction diagram may 
be eliminated entirely if the relative movements of the two ends of a 
bar are computed first by the method of virtual work. For example, 
consider the truss shown in Fig. 13 -22. Joint a in this case does not 
move. Consider one of the bars that meet at joint a, such as bar ab. 
The relative movement of the two ends of this bar is the resultant of the 
relative movements parallel and perpendicular to the bar. The relative 
movement of the two ends parallel to the bar is simply equal to its change 
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in length, while the relative movement normal to the bar may be com- 
puted by the method of virtual work. In this case, since point a does not 
move, all that is necessary is to compute the movement of point 6 nor- 
mal to the bar, or vertically. Once this has been done, these two vec- 
tors may be laid out as shown, and the vector a'6' then gives the true 
relative movements of joints a and b. The Williot diagram may now be 
drawn on the basis of the positions of points a' and b\ locating first point 
IV from the triangle abB, etc. Since this diagram has been oriented 
correctly, the absolute movements 
of all the joints may be obtained 
from it directly without adding 
the Mohr correction didi.rram. 

This procedure is illustrated in 
Example 13*20. 

The Williot diagram nia\ be 
drawn without difficulty in the 
manner described in Art. 13 11 
for any simple truss. It should 
be noted, however, that certain 
difficulties are encountered in ap- 
plying these ideas to a compound 
truss such as that shown in Fig. 

13 -23. Suppose that the Williot 
diagram is started in this instance by assuming joint g fixed in position 
and bar gG in direction. Points F\ /', e\ and E' can be locat(‘d without 
difficulty on the left side and similarly points H\ h\ i, and 7' on the right. 
It is impossible to proceed beyond these points, however, by using the 
previously discussed procedures. One way of overcoming the difficulty is 
to recognize that the relative movement of joints C and c parallel to the 
line CDe is simply equal to the sum of the changes in length of bars CD 

and De and, similarly, that the rela- 
tive movement of joints c and e along 
line ede is equal to the sum of the 
changes in length of cd and de. On 
this basis, temporarily consider that 
there are no joints at D and d and 
that bars cD and Dd have been omitted, and proceed as usual to locate 
points C' and c'. Having located these points, reinsert the omitted bars, 
and backtrack to locate points D' and d\ If ihe work has been done 
correctly, it is now possible to locate e' from D' and d' and see whether or 
not it coincides with the existing location of point e\ Points 6', and 
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a' can now be located without difficulty, and the remaining points to the 
right of il may be located in the manner just described for the points to 
the left of Ee. 

The application of the Williot-Mohr method to the case of a three- 
hinged arch requires a somewhat different technique, which is illustrated 
by Example 13 -21. 


Example 13*19 Draw the Williot-Mohr diagram for this truss: 


, S(»JO'=/SO' J 



1 

? 'e'/a \ 


i 


'‘'Pk 

' \ N 

1 

._j 

Assume point c fixed in position. 
Assume bar cC fixed in direction. 



^K-y/sfe \-y3f 



Point 

Defiection 

Horizontal 

Vertical 

A 

0 

0 

B 

0.063" ^ 

0.130" 1 

a 

0.125" ^ 

0.050" 

D 

0 

0.125" ,, 

E 

0.125" -> 

0.700" ,, 

b 

0.125" 

0.130" 

c 

0.063" <- 

0.112" ,, 

d 

0.250" ^ 

0.083" 

e 

0.313" ^ 

0.962" I 

f 

0.^38" <- 

1.513" I 
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Difscuseion: 

The vectors on the Willioi diagram drawn from c' to A\ B', h\ C\ etc,, give the move- 
ments of joints A, B, 6, C, etc.y it being assumed that Joint c remains fixed in position and 
bar cC remains fixed in direction. In such a case^ the resulting joint deflections would be 
as shown to an exaggerated scale by the dashed lines on the line diagram. Obviously^ the 
assumed orientation is incorrect; for joint A has moved off of the hinge support^ and 
the movement of joint d is not parallel to the supporting surface. Note^ however y that 
the assumed orientation is not badly in error. 

Joint A may be brought back to the hinge support by translating the truss as a rigid 
body parallel to the vector A* c^ a distance equal to the scaled length of this vector. During 
such a translaliony every joint woaO^ nave the distance indicated by the vector AV. After 
such translaliony the resultant movement of any joint, such a<i E, would he the vector sum 
of the vector A'c^ and the vector c'E\ andy therefore, the vector A^E'> Therefore, it is 
apparent thai the resultant movertrnts of the various joints after joint A ha> been restored 
to its correct position are hv the vectors drawn from point A' to B', b'. O', c' D\ d\ 
etc. Obviously, the truss is still not oriented correctly, for the vector A d' does not indicate 
the proper direction for *he movement of joint d. The truss must therefore be rotated 
counterclockwise about A so that d tunics the amount given by the vector d^^A'- Then, the 
total movement of joint d us the vector sum of vectors d" A' and A'd'y that is, the vector JTTy 
which is in the proper direction. 

The Mohr correction diagram may then he completed as shown by the dotted lines, the 
line d"A' being used as a base line. The final true resultant deflection of any joint is 
then given by the vector drawn from the corresponding double-prime point to the corre- 
sponding single-prime point. 


Example 13*20 Draw the Willioi diagram for the same truss as shown in Fig, 
13 ’20. In this instance, however, first compute the true relative position of the two ends 
of a bar so that the Willioi diagram may be drawn with the correct orientation and the 
Mohr correction diagram will thereby be eliminated. 


In this case joint a is truly fixed in position. Com- 
puting simply the vertical deflection of joint b gives 
us the only additional information necessary to 
plot the true relative position of joints a and b. 
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The presence of the hinge at point c introduces certain complications in applying the 
WillioUMohr method to this problem. After making the assumptions indicated^ draw 
the W illiot diagrams in the usual manner for the two separate halves. On this basis, the 
vector afc'L ihe left diagram indicates a certain deflection for Joint c. Similarly, the 
vector PFg on the right diagram indicates a different deflection for Joint c. If the assumed 
orientations are correct, the deflection of Joint c will be the same whether determined from 
the left or the right diagram. Since these vectors are not equivalent, the left half must be 
rotated about a, causing Joint c to move normal to the radius ac. Similarly, the right half 
is rotated about e, causing Joint c h 'mwe normal to the radius ec. These rotations must 
be such as to produce the same resultant displacement jf Joint c for either half. They 
are determined as indicated in the center vector diagram being given by the vectors c^J^ 
for the left half and c^rC*' for tht right half. These vectors, therefore, establish the bases 
c'^lu' c^^rc^ for the Moh correc ion f^iagrams for the left and right halves, respect ively. 
The true deflections of the various joints may now be obtained from the vectors drawn from 
the double- to the single-prime points. 



13*13 Bar-chain Method. The bar-chain method is similar to the 
Williot-Mohr method in that by one application of the method we are able to 
compute the deflection of several joints 
of a truss simultaneously. This method 
was first suggested by H, Miiller-Breslau 
and is essentially an adaptation of the 
elastic-load method, applied to trusses 
instead of beams. 

To develop the fundamentals of this 
procedure, consider the case of the 
simple truss shown in Fig. 13 24a, 
where it is desired to compute the verti- 
cal component of the deflection of the 
lower-chord panel points. For the 
given cause of distortion, the changes in 
length of the members may be computed 
from Eqs. (IS - 5a), (13 56), or (13 -Sc). 

As a result of these changes in length, 
the angles of the truss triangles will 
change by certain small amounts, and 
the truss may change shape as indicated 
to an exaggerated scale by the dashed 
lines in Fig. 13 246. The changes in 
the angles of the triangles may be com- 
puted rather easily by means of the expressions developed below. The bottom 
chord of this truss may be isolated and its deflected position drawn as shown in 
Fig. 13 • 24c. This suggests to us immediately that the problem of computing the 
deflected shape of this bottom chord resembles that of computing the elastic curve 
of a straight beam by the moment-area or elastic-load method. In the case of a 
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beam, however, the elastic curve is a smooth, continuous curve the slope of which 
is continually changing, whereas the deflection curve of this bottom chord is 
composed of a series of straight lines which change slope only at the truss joints. 
This series of straight lines is called a bar chains and from this terminology the 
method gets its name. 

In a beam, the change in slope between the tangents at the ends of a dif- 
ferential element of the elastic curve, dxy is equal to M/El dxy which is the dif- 
ferential area under the M/EI diagram at that element. At any joint m of the 
bar chain, however, the change in slope between the adjacent bars of the chain is 
equal to the change in the angle 6my that is, Admy and between joints there is no 

change in slope. When the moment- 
area method is apphed to a bar chain, 
the M/EI diagram should be replaced, 
therefore, by a series of ordinates, one 
at each intermediate joint equal to M 
at that joint. Hence, the elastic load 
used for the bar chain consists of a 
series of concentrated loads such as 
those shown in Fig. 13 24d. The 
technique of applying the moment-area 
or the elastic-load method to obtain 
the slope and deflection of the bar 
chain, however, is exactly the same as 
in the case of beams. The angle d 
should be considered as the angle in- 
cluded on the lower side between two 
adjacent bars of the chain. LB should 
be considered plus (and therefore an 
upward elastic load) when 6 increases. 

It is easy to compute the change in 
6 if the angle changes of the truss 
triangles are known. For example, at 
joint m in tliis case, ABm is numerically equal but opposite in sense to the algebraic 
sum of the angle changes in angles <^>i, <#> 2 , and <^ 3 . An expression to be used for 
computing such changes in the angles of the truss triangles will now be developed. 

Consider the triangle shown in Fig. 13 • 25. Suppose that we want to compute 
the change in angle <t> caused by these bars increasing in length by ALi, AL 2 , and 
ALs. The increase A4> in angle may be computed by the method of virtual 
work, using the Q system shown. Let ai represent the clockwise rotation of 
bar ( 1 ) and <^2 the counterclockwise rotation of bar ( 2 ). Then, evaluating the 
external virtual work done by this Q system, 

^Q8 - (l)(a 7 ) + (l)(aT) = ( 1 )(«T + ^T) - WM 




since 




~ increase in == A<t» 
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205 = 2FqM 

(1) A* - Q) ii, + (- + (_ 

From the geometry of the triangle, the following relations exist : 

hz — L 2 sin ami hz — Li sin 0 i 

Likewise, 


L 3 = /i + L = hz eot 01 + hz cot pg hz{col 0i + cot 02 ) 


(a) 

(^>) 

(c) 


Substituting from Eqs. (h) ami (r) in Eq (a), 

A<t> = (cot /Si 4- cot 02 ) — cot /S 2 — cot /3i 
*■'8 Ij2 jLi 

Or this may be written in the following convenient form, noting that AL = eL: 

A(t> = (c3 — ei) cotjSi + {ez — 62 ) coti92 (13 11a) 

Thus, the angle change A(j) is equal to the difference in the strain of the side 
opposite and one adjacent side multiplied by the cotangent of the angle between 
these sides, plus the difference in the strain of the side opposite and the other 
adjacent side of the triangle multiphed by the cotangent of the angle between 
these two sides. When the strain is due to an axial-stress intensity/, this equa- 
tion may be expressed more conveniently as, 

E A<t> = (fz — /i)cot/Si -+* (/s fz) cot ^2 (13 '116) 

A plus value of A</) indicates an increase in angle (#> and minus values a decrease. 

After the angle changes of a simple truss have been computed by using either 
Eq. (13 • 11a or 13 lib), A0 may be computed at any joint of the bar chain. The 
moment-area method or the elastic-load procedure may then be applied to find 
the vertical components of the deflection of any bar chain tliat is initially straight 
and horizontal. This is illustrated in Examples 13 22 and 13 -23. It should be 
recalled that, in applying the elastic-load method, the shears and moments of the 
imaginary beam give the slopes and deflections of the deflection curve, measured 
with reference to the chord corresponding to the support points of this imaginary 
beam. Thus, in Example 13 * 23, where the chord af rotates, the true deflections 
may be obtained by drawing the known line of zero deflections through points a 
and d and correcting the deflections measured from the chord af in the manner 
indicated. 
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Example 13*22 Using the bar chain method^ compute the vertical component of the 
deflection of joint b of the trwts in Fig, 13 • W. 





\lJ60 


TkIO^. 

6x10^. 


-176 


■^J.76 


mo 




The figures shown on the line diagram are 
e X 10^, The strains have all been multiplied 
by 1,000 to obtain more convenient numbers. 
The final results will then he divided by 1,000 to 
obtain the true answers. 


4 

et — ei 

cot ^ 

e% — C2 

col 

62 

A4> 

ahf 

-OJtie - O JilG 

0 

-O.hie - 0.ltU2 

1 

-0.858 

She 

-O./siG - 0.442 

i \ 

-0 /its - 0 

0 

-0.858 

ebd 

-O Jtie - 0 

0 

-0.^16 - 0.590 

1 

-1.006 

dbc 

-0.208 - 0.590 

1 

-0.208 -0.833 

0 

\ 

-0.798 

2/A<^ 

' 




-3.520 







Since, in this case, AO is equal in magnitude 
but opposite in sense to A 4> at joint b, 

AOb = +3.520 


and, therefore, an upioard elastic load. 
1.760 X 25 -44.0 


h * O.OMft {down) 
= 0.528 in. 
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Example 13*23 Using the bar-chain method, compute the vertical components of 
the deflection of the bottom-chord panel points. 


A -V B C D 


For convenience, multiply e by and 
divide final results by iO^ to obtain true 
answers. 



^0 

0 


4 - 

(<i-ei)XfO* 

cot ; 

fn 

(2) 

{1)X 

(e,-e^)XfO* 

col 

fl2 

(4) 

(5)X 

A(f>X 

A9X 

(i) 

(2) 

(5) 

(''/) 

10^ 

10^ 

abA 

-0.520-0 « -0.520 

0 

0 

-0.520 - 0.625^-1.1^45 1 

1.3 

-1.527 

-1.527\ 


AbB 

-0.3^7 -0.625 -0.972 

0.75 

-0.729 

-0.3/47-0 ^-03/47 

0 

0 

-0 729 

+ 1.301 

BbC 

-0.3/47-0 ^-0.3/47 

0 

0 

-0.3/47+0./4l7-^ +0.070 

0.75 

+ 0.052 

+0.052 


Cbc 

+0.260-\-0.Ui7 -\-0.677 

U 

+0.903 

+0.260+1.0/41 =-+1.301 

0 

0 

+0.903 


bcC 

-0./ti7 + 1.0/4l=-+ 0.62/4 

0.75 

+O./468 

-0./4i7 -0.260=- -0.677 

1.3 

-0.903 

-O./435 

-0 81/4 

Ccd 

-0.208 - 0.260 -O./468 

1.3 

+0.62/4 

-0.208+1.0/41-= +0.833 \ 

0.75 

+0.625 

+ 1.2/49 


cdC 

^0.260 + i.0/4l^-\-i.30i 

0 

0 

+0.260+0.208- +O./468 

1.3 

+0.62/4 

+0.62/4 


CdD 

+0.69/4+0.208^-^0.902 

0.75 

+0.^76* 

+0.69/4+0.260- +0.95/4 

0 

0 

+0.676 

-/4.509 

DdE 

+0.69/4+0.260 +0.95/4 

0 

0 

+0.69/4 +0.625- +1.319 

0.75 

+0.989 

+0.989 


Ede 

+ 1 .0/4O + 0.625 • +1.665 

1.,) 

+2.220 

+ 1.0/40+0.3/47 - 4- 1^387 

0 

0 

4 - 2.220 


deE 

-0.625 + 0.3/47 -0.278 

0.75 

-0.208 

-0.625-1.0/40- -1.665 

1.3 

+ 2.220 

+ 2.012 

- .2188 

Eef 

+0.625-1.0/40^ -O./4I5 

1.3 

-0.553 

+0.625 + 0.3/47- +0.972 

0,75 

+0.729 

4-0.f76* 



542 


DEFLECTIONS OF STRUCTURES 


[§X5-I3 



^- 2.990 

-0.8U 

+2.176 

-lf.509 

-2.333 

-2.18 8 

-^.521 

+ 4.521 

0 


Using imaginary beam of span af, 
XM; 7 

1.301 X 4 = 5.204 

-0.814 X .? == -2.442 
-4.509 X 2 ^ -9.018 
-2.188 XI ^ -2.188 
5 -8.444 

6.2101 1.689 ] 

XMa 

1.301 X i = + 1.301 
-0.814 X2 = - 1.628 
-4.509 X 3 ^ -13.527 
-2.188X4 -- - 8.752 
5\- 22.606 
\521] 






0 

— 

5a X 

10^ 

+ 1.689 

X 

15 = 

+ 

25.34 







+ 

25.34 


h X 

m 

+2.9iH) 

X 

15 - 

+ 

44.85 







T 

~7Jl9 

=3 

dc X 

10^ 

+2.176 

X 

15 = 

+ 

32.64 







+ 102.83 


Sd X 

10^ 

-2.333 

X 

15 = 

- 

35.00 







+ 

~67.83 

SB 

SeX 

10^ 

-4.521 

X 

15 = 

— 

67.86 





4- 0.03 == 5/ X 10^ 


Certain modifications must be introduced into this approach before it can be 
applied to a bar chain that is not initially straight and horizontal. Suppose that 
we wish to compute the vertic.al components of the deflection of the lower-chord 
bar chain of the truss shown in Fig. 13 -260. The effect of the changes in the 6 
angles on the deflection of this bar chain can be computed in the same manner 
as if the bar chain were initially horizontal. This is evident when one considers 
the lower-chord bar chain shown in Fig. 13 266. Imagine that we allow only the 
angle db to change and that at the same time we hold the portion of the bar chain 
to the left of joint 6 fixed in position. The vertical component of the movement 
of point E would then be equal to x' A^b, the same value as it would have been if 
the bar chain were initially straight. Continuing in this manner, we may show 
that the vertic^al deflection of this lower-chord bar chain produced simply by 
the angle changes may be computed in the same manner as if the bar chain 
were initially horizontal, using the imaginary beam shown in Fig. 13 • 26c. 

The total deflection of this lower-chord bar chain is produced, however, not 
only by the angle clianges A^ but also by the changes in length of the members 
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of the bar chain themselves. For example, consider the effect of an elongation 
of bar cd. If all the joints of the bar chain were locked so that no angle changes 
could occur and if the bars to the left 


of c were held fixed in position, the 
elongation of bar cd would cause all 
joints to the right of c to move verti- 
cally an amount equal to ALcd sin a, 
as indicated by the ordinates to the 
solid line in Fig. 1 8 • 26d. In order to 
return point E to its proper pijsition, 
the entire bar chain must be rotated 
about point A as a rigid body amsing 
the vertical displacements shown by 
the dashed line in Fig. 13 26d. The 
net effect of the two displacements 
shown in Fig. 13 *26^ is shown ix' Fg. 
13 -266. This displacement diagram 
would be the b e n d i n g-inomeiil 
diagram for the loads shown in Fig. 
1 3 • 26/. In the same manner, it could 
be shown that the contribution of the 
change in length of any bar of the 
chain to the vertical deflection would 
be equal to the bending moment pro- 
duced by two similar equal and oppo- 
site loads acting at the joints at the 
ends of that bar. 

These considerations lead us to the 
following conclusion: To compute the 
total deflections of a bar chain that is 
not initially straight, the bending 



Fio. 13 26 


moments may be computed on an imaginary beam that is acted upon by a 


modified elastic loading as indicated in Fig. 13 • 26g. At any intermediate joint 


m of the bar chain, this loading is equal to the angle change Adm modified by 


certain contributions proportional to the strains in the adjacent members of the 


bar chain. Let this modified elastic load at joint m be called Wm. Then, 


Wn, = A0„, — Cl tan ocl 4- tan olr (13 12) 

in which ei and ai represent the strain and initial slope with the horizontal of the 
adjacent member of the bar chain on the left of joint m 
cr and an represent similar quantities for the adjacent member on the 
right of joint m 

Adm represents the change in angle ^m, which, as defined above, 
is the angle included on the lower side between the two adja- 
cent members of the chain 
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It is impcwtant for the proper sign convention to be adhered to in using this 
equation. 

is plus when indicating an upward elastic load 
is plus when Sm increases 
e is plus when the member elongates 

a is plus when the initial slope of the member is up to the right 


Example 13*24 Using the bar-chain method, compute the vertical components of 
the deflection of the Umer-t hord panel points. 



4 

(et-ei)XifP 

cot 01 

(f)X 

iet-ei)X10> 

cot 0i 

(3)X 

A0X 


(1) 

(2) 

(2) 

(3) 

(5) 

(4) 


f0> 

AbB 

-0.3^^S--0./'f90^-0.83S 

1.0 

~0H3H 

-0.3 '*8-0 ->>-0.358 

0 

0 

-0.838 


BbC 

-OM-O ’>»-0.3'i8 

0 

0 

-0 540+0.490- +0.f 42 

1.0 

+0./42 

+ 0./42 

+0.005 

Che 

- 0.260 + 0/a90 « -^0.230 

1.0 

+ 0.250 

-0.260-0.990 ~ -1.250 

0.^ 

-0.517 

-0.187 


beC 

- 0.^90 - 0.900 - - l.ftHO 

0.500 

-0.7 '$0 

-0.490+0.200- -0.250 

1.0 

-0.230 

-0.970 

+ 0.050 

Ced 

+ 0.2//5 4-0.26*0- +0.505 

1.0 

+ 0.505 

+0.245 - 0.990- -0.745 

0.500 

-0.373 

+ 0.132 


rdC 

~ 0.260 - 0.990 - - i.250 

o.,t 

-0.4f7 

-0.260-0.255 - -0.505 

1.0 

-0.505 

-0.922 


CdO 

\ -0.695-0.2^f5 - -0..9//0 

1.0 

-0.9rt0 

- 0.695 +0.540 - - 0.54 7 

0 

0 

-0.950 

+5.295 

DdB 

- 0.095 + 0.54« - -0.547 

0 

0 

- 0.695 - 0.736 >->-1. '*31 

1.0 

-1.531 

-1.531 



Then, Wm = — cl tan ai -h cr tan ur 

Wh X 10^ = - {0.m){-i.0) + (0.990)(~0J) * ^iM3 

Wr X iO^ « ^0.838 - (0.990){-0J) + i0.990){0.3) « 

X m « -\'3.293 - (p,990)(f>.3) -f if>.73e){i.O) « ^3.699 
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Finding ihe rectclions on the imaginary beam 
AE. 


1M3 X 
i.m X 
3M9 X 


+ 

3,m 

2.996 

3.699 


L043 t.496 1699 



■V3.699 

•\-3.nu 

-3.78U 


-56.76 = 5d X iO^ 
-^3.78^ Xi5 ^ ’\-56.76 

0 = 6ij X 


Example 13 *24 illustrates the application of this method to a bar chain that is 
not initially straight. It is important to note that the shear produced on the 
imaginary beam by the elastic load has no significance in such cases. Of course, 
in cases where the bar chain is initially straight and horizontal, such shears give 
the slope of the members of the deflected bar chain. The elastic load for the 
general case of a polygonal bar chain as expressed in Eq. (13 12), however, was 
determined so that the bending moment on the imaginary beam gave the deflec- 
tion of the bar chain, but no significance was attached to the shear produced by 
this load. These statements may be verified by the computations in Example 
13 • 24. In this case, since bar Bb does not change length, the vertical deflections 
of joints B and h are the same. The rotation of bar AB is therefore 0.002456 
radian clockwise. Angle BAb is reduced by 0.000490 radian. Bar A6, there- 
fore, is found to rotate clockwise 0.001966 radian, but this value is not equal to 
the shear of 0.002456. Likewise, it wiU be found that none of the other rotations 
of the members of the bar chain are equal to the corresponding shears. Of course, 
the rotation of bar Ab being known, the rotation of the remaining bars of the 
chain may be found by working from joint to joint along the chain and using the 
Ad values already computed. In this manner, bar be is found to rotate 0.001083 
radian clockwise; cd, 0.000245 radian clockwise; and dE, 0.003048 radian 
counterclockwise. 
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The bar-chain method may be easily applied in a similar manner to any simple 
truss. A suitable bar chain is selected joininfr those joints the vertical deflection 
of which is desired. For any such bar chain, the elastic loads may be computed 
from Eq. (13 *12). In the special cases where the bar chain is initially straif^ht 
and horizontal (as illustrated in Examples 13 22 and 13 23), a will be zero for all 
bars and Wm equals simply Adm- Note that I^q. (13 12) cannot Ijc used if the bar 
chain includes a vertical member since, then, a - 90° and tan a = oo. It is 
never necessary to include such a member, however, since the difference in the 
vertical deflection of the ends of smdi a vertical is simply equal to the change in 
length of that meiribcT*. 

This method may also be applied to compound trusses such as that shown in 
Fig. 13 *23. In such cases, however, it^is necessary t ) insert imaginary bars 
between such joints as D and hJy E and F, etc., so as to divide the truss into tri- 
angles for the computation of the angle changes. The changes in length of any 
one of these bars may be obtained by computing the relative deflection of the 
joints at the end of the bar by the method of virtual work. The method may 
likewise be applied to three-hinged arches such as that r>f Example 13 21. Here 
again, however, it is necessary to insert an imaginary bar between C and D before 
the angle changes may be computed. The cliange in length of this imaginary 
bar is equal to the relative deflection of joints C and i), which may likewise be 
computed by the method of virtual work. 

13*14 Castigliano’s Second Theorem. In 1879, Castigliano 
published the results of an elaborate research on statically indeterminate 
structures in which he used two theorems which bear his name. Casii- 
gliano's second theorem may be stated as follows: 

In any structure the material of 7 chich is elastic and folloim Hooke's 
law and in which the temperature is constant and the supports unyielding, 

the first partial derivative of the strain energy 
with respect to any particular force is equal 
to. the displacement of the p>oint of application 
of that force in the direction of its line of 
action. 

In this statement, the words force and displacement should be inter- 
preted also to mean couple and angular rotation, respectively. Further, 
it also is implied that, during the distortion of the structure, there is no 
appreciable change in its geometry. The application of this theorem is 
therefore limited to casejs where it is legitimate to superimpose deflections. 

To derive this theorem, consider any structure that satisfies the stated 
conditions, such as the beam shown in Fig. 13 *27. Suppose that this 
beam is loaded gradually by the forces Pi, P 2 , . . . , Pn- Then, the 
external work done by these forces (let iis call this We) is some function 
of these forces. According to the principle of the conservation of energy, 
we know that, in any elastic structure at rest and in equilibrium under 



Fig. 13*27 
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a system of loads, the internal work or strain energy stored in tlie struc- 
ture is equal to the external work done by these loads during their gradual 
application. Designating the internal work or strain energy by W/, we 
may therefore write 

= WE=f{Pi,P2. • • • {a) 

Suppose now that the force is increased by a small amount t!ie 
internal work will be increased, and the new amount will be 

W'r = Wr + ^ dP^ ib) 

The magnitude of the total internal work, liowevcr, does not depend 
upon the order in which the forces are applied — it depends only on the 
final value of these forces. Further, if the material follows Hooke’s 
law, the distortion and deflection caused by the forces Pi, P2, . . . , Pn 
and hence the work done by them are the same whether these forces are 
applied to a structure already acted upon by other forces or not, as long 
as the total fiber stresses due to all causes remain witliin tlie elastic limit. 
If, therefore, the infinitesimal force rfP„ is applied first and the forces 
Pi, P2, . . . , Pn nre applied later, the final amount of internal work will 
still be the same amount as that given by J^^q. (/>). 

The force dPn applied first produces an infinitesimal displacement 
dbn, so that the corresponding external work done during the application 
of dPn is a small quantity of the second order and can be neglected. If 
the forces Pi, P2, . . . , Pn are now applied, the external work done just 
by them will not be modified owing to the presence of rfPn and hence will 
be equal to the value of We given by h]q. (a). However, during the 
application of these forces, the point of application of Pn is displaced an 
amount dn, and therefore dPn does cxlernal work duriTig this displace- 
ment equal to (rfPn)( 5 „). Let the total amount of external work done by 
the entire system during this loading sequence be IT'*. Then, 

W'e = We + dPndn {c) 

But, according to tiie principle of the conservation of energy, W'e equals 
W'l, and therefore 

+ rfPnSn =W, + dP„ (d) 

However, since We is equal to Wx, Eq. (rf) reduces to simply 

dWr _ 

dP» 


(13 13 ) 
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This latter equation is the mathematical statement of Castigliano’s 
second theorem. 

In order to use Castigliano’s theorem, it is first necessary to develop 

suitable expressions for the strain energy stored, or the internal work 

done, by the stresses in a member. Consider first the case of the strain 

energy stored in a bar by an axial stress F as this stress gradually increases 

— I — j from zero to its final value. Consider 

j -[ ^ a differential element of such a bar 

j i bounded by two adjacent cross sec- 

ciL I \4CdL)f. tions as shown in Fig. 13 • 28. Suppose 

" ^ that this elerncTit is acted upon by a 

Fir 13-28 • , ^ 

stress Ft, some intermediate value 

between zero and the final value of the stress F. Suppose this stress is 

now increased by an amount dFt, causing the element to change in length 

by an amount A{dL)t, where 

A / IT \ tn dL f V 




Fig. 13-28 


Neglecting quantities of the second order, the internal work done during 
the application of dFt is equal to (Fi)[A(rfL)f], and therefore the total 
internal work dWi done in this element during the increase of the stress 
F from zero to its final value is 

dW, = F. MdL), = F, ^ dF, = dL if) 

For the entire member, the internal work will be the sum of the terms 
dWr for all the elements dL, or I — i— r- 




F'^L 

2AE^^ 2AE 


For all the members of the structure, 
the internal work will be the sum of 
such terms for every bar of the struc- 
ture, or 



Fig. 13 '29 


Strain energy stored by axial stresses, Wi = 



(13 14) 


This equation may now be used to develop an expression for the strain 
energy stored in a beam by the fiber stresses produced by a bending 
moment M. Consider a differential element of a beam having a length 
dL, as shown in Fig. 13 • 29. This element of the beam may be considered 
to be a bundle of little fibers each having a length dL, a depth dy, and a 
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width normal to the plane of the paper of 6. The axial stress on such a 
fiber would be 

F /6 dy = ^ h dy (h) 


The strain energy stored in all such fibers of the beam may be evaluated 
by applying Eq. (13 14), summing up the contributions of all the fibers 
across the element dL, and then summing up these quantities for all the 
elements in the length of the beam, or 


-L 


J\p 

0 -2EI 


/ Cl 

~C: ^ beam elements of the structure, 


Strain energy stored by bending moment, Wi — 



(13 15) 


As discussed previously in Art. 13 5, it is usually permissible to neglect 
the strain energy stored by the shear stresses in a beam, 

13*15 Computation of Deflections, Using Castigliano’s Second 
Theorem. Castigliario’s second theorem is used principally in the analysis of 
statically indeterminate structures, although it is sometimes used to solve deflec- 
tion problems. The technique of applying this method in the latter case is 
essentially the same as that of solving such problems by the method of virtual 
work. In fact, the following illustrative problems will demonstrate that the 
actual numerical computations involved in either of these methods arc almost 
identical. 

Example 13 25 illustrates how to apply this method when the deflection of the 
point of application of one of the loads is required. If tliis load has some numeri- 
cal value, it should temporarily Ije denoted by a symbol, instead. Then, after 
the partial differentiation of the bending-moment exprcwssion has been performed, 
the symbol may be replaced by the given numerical value. 

Sometimes we wish to compute the deflection at a point where no load is 
acting. In such cases, we may temporarily introduce an imaginary force (or 
couple) acting at the point and in the direction of the desired deflection com- 
ponent. Then, after the partial differentiation of the strain energy has been 
performed, we may let the introduced force equal zero and proceed with the 
numerical calculations. In this way, we obtain the desired deflection produced 
by only the given loads. Example 13 26 illustrates this procedure, . 

By introducing suitable imaginary loads in this manner, it is possible to 
compute any desired deflection component. The technique of selecting the 
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Before emluatmg the product in the last column of this tabulation, set P equal to zero 
since only the contribution of the constant portion of F need he included in the product 
Thus, 

«(,-D - = +0 00183 ft (together) 

/I (30 X m'-'" 

Note that those har^ which have zero stresses due to either the irnaqinary loads P or the 
given applied loads do not contribute to the products in the last column and therefore do 
not need to be included in the tabulation 


13*16 Deflection, of Space Frameworks. The deflections of the 
joints of a space framework may be computed without difficulty by either 
the method of virtual work or Castigliano’s second theorem. The 
expressions developed previously in order to apply these methods to 
planar trusses may likiwvise be applied to space frameworks (which are 
simply three-dimensional “ trusses”)? illustrated in Example 13 28. 


Example 13*28 Compute the z component of the deflection of joint d due to the 
load shown The cross-sectional area of all members is 2 sq in E 30 X fO kips per 
sq in 
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Using the method of virtual work. 
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13*17 Other Deflection Problems. All tlie examples in this 
chapter have illustrated the computation of the delleciion of statically 
determinate structures. All the methods presented may be applied, 
however, to both statically determinate and indeterminate structures. 
Of course, the stress analysis of an indeterminate structure must be 
completed before the deformation of the elements of the structure may 
be defined. Once this has been done, however, the computations of the 
resulting deflections of the structure are essentially Lhe same as if it were 
statically determinate. Several examples illustrating such computations 
are included in Art. 14 - 17. 

In this chapter, the discussion of beam deflections has been limited to 
cases where the centroidal axis of the beam is straight and where all the 
cross sections have axes of symmetry that lie in the same plane as the 
loads. Further, no discussion has been included concerning the deflec- 
tions produced by shear. All such cases arc beyond the scope of this 
book and are included in more advanced treatments of this subject. 
It should be noted, however, that either the method of virtual work or 
Castigliano’s second theorem may be extended without difficulty to 
cover such cases. It is also possible to apply these methods to members 
that involve torsion. 

13-18 Cambering of Structures. Cambering a structure consists in 
varying the unstressed shape of the members of the structure in a manner such 
that under some specified condition of loading the structure attains its theoretical 
shape. The purpose of such a procedure is twofold. (1) It improves the appear- 
ance of the loaded structure. (2) It ensures that the geometry of the loaded 
structure corresponds to the theoretical shape used in the stress analysis. 

To illustrate this procedure, consider the problem of cambering a truss. In 
this case, the truss members are fabricated so that they are either longer or 
shorter than their theoretical lengths. Since the members receive their maxi- 
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mum stress under different positions of the live load, trusses cannot be cambered 
so as to assume their theoretical shape when each member receives its maximum 
stress. As a practical compromise, trusses are usually cambered so that they 
attain their theoretical shape under dead load or under dead load plus some 
fraction of full live load over the entire structure. 

To camber a truss exactly, we compute the change of length of each member 
under the stresses produced by the cambering load and then fabricate the com- 
pression members the corresponding amounts too long and the tension members 
the corresponding amounts too short. Then, when the truss is erected and 
subjected to its cambering load, it will deflect into its theoretical shape. The 
advantage of this exact method is that any truss so cambered can be assembled 
free of initial stress. The disadvantage is that most members are affected and 
the required changes in length are sometimes small and diflicult to obtain. 

The practical method of cambering trusses, therefore, is to alter only the 
lengths of the chord members. For example, if each top-chord member of an 
end-supported truss is lengthened in- 1*01* every 10 ft of its horizontal projec- 
tion, this is equivalent to changing both top and bottom chords by one-half of 
this amount. This change in length is the same as that produced by a stress 
intensity of 29,000,000 X J 32 X H 20 = 22,600 psi. Since only the chords are 
being corrected, they must be overcorrected to allow for the contribution of the 
web members to the deflection. Assuming that the chords contribute 80 per cent 

of the deflection, the change in length 
specified above corresponds to that 
caused by a load which would produce 
a chord stress intensity of 

0.8 X 22,600 = 18,000 psi 

In other words, the rule of thumb sug- 
gested above corresponds to a camber- 
ing load essentially equal to dead load 
plus full live and impact over the entire 
structure. 

This approximate method of cam- 
bering may be applied without difficulty 
to statically determinate trusses. It 
must be applied with caution, however, 
to statically indeterminate' trusses; 
otherwise, the assembled truss may 
have to be forced together, initial 
stresses thus being introduced into the 
truss. 

13*19 Maxwell’s Law of Reciprocal Deflections. Betti’s Law. 

Maxwell’s law is a special case of the more general Betti’s law. Both 
these laws are applicable to any type of structure, whether beam, truss, 
or frame. To simplify this discussion, however, these ideas will be 
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developed by considering the simple truss shown in Fig. 13 -30. Sup- 
pose that this truss is subjected to two separate and independent systems 
of forces, the system of forces Pm and the system of forces Pn* The Pm 
system develops the bar stresses Fm in the various members of the truss, 
while the Pn system develops the bar stresses Fn. Let us imagine two 
situations. First, suppose that the Pm system is at rest on the truss and 
that we then further distort the truss by applying the Pn system. As a 
second situation, suppose that just the reverse is true, i,e,, that the Pn 
system is acting on the truss and that then we further distort the truss 
by applying the Pm system. In both situations, we may apply the law 
of virtual work and thereby come to a very useful conclusion known as 
Betti’s law. 

For purposes of this derivation, we shall assume that the supports of 
the structure are unyielding and that the temperature is constant. 
Also, let 

5mn == the deflection of the point of application of one of the forces 
Pm (in the direction and sense of this force) caused by the 
application of the Pn force system 

dnm = the deflection of the point of application of one of the forces 
Pn caused by the application of the Pm force system 

Consider now the application of the law of virtual work to the first situa- 
tion. In this case, the Pm force system is in the role of the Q forces and 
will be given a ride as a result of the distortion caused by the Pn system. 
Thus, applying Eq. (13 • 5), 


^PmSmn = ^Fm M 
where AL = F,JL/AE, and thus 

^ Pm5m„ = ^ ^ (c) 

In the second situation, however, the Pn force system will now be in 
the role of the Q forces and will be given a ride as a result of the distor- 
tion caused by the Pm system. Then, applying Eq. 13 - 15, 

XPndnm = ^Fn AL 

where AL = FmL/AE, and thus 


( 6 ) 
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From Eqs. (a) and (6), it may be concluded that 

^PmS„.n = ^PnSnm (13 • 16) 


which when staled in words is called BeitVs law. 

In any siriiciure the material of v^hich is elastic and follows Hooke's law 

and in which the supports are 
unyielding and the temperature con- 
stant ^ the external virtual work done 
by a system of forces Pm during the 
distortion caused by a system of 
forces Pn is equal to the external 
virtual work done by the Pn system 
during the distortion caused by the 
Pm system. 

Betti’s law is a very useful 
principle and is sometimes called 
the generalized Maxwell’s law. 
This suggests that Maxwell’s law 
of reciprocal deflections may be 
derived directly from Betti’s law. 

Consider any structure such as 
the truss shown in Fig. 13-31. 
Suppose that the truss is acted 
upon first by a load P at point 1 ; 
then suppose that the truss is acted 
upon by a load of the same magnitude P but applied now at point 2. Let 
6 i 2 = deflection of point 1 in direction ab due to a load P acting at 
point 2 in direction cd 

621 = deflection of point 2 in direction cd due to a load P acting at 
point 1 in direction ab 
Applying Betti’s law to this situation, 



and therefore 


(P)(5i2) = (P)(52i) 

5i2 = §21 


(13 17) 


which, when stated in words, is called Maxwell's law of reciprocal 
deflections: 

In any structure the material of which is elastic and follows Hooke's law 
and in which the supports are unyielding and the temperature constant^ the 
deflection of point 1 in the direction ah due to a load P at point 2 acting in a 
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Fig. 13-32 


direction cd is numerically equal to the deflection of point 2 in the direction 
cd due to a load P at point 1 acting in a direction ah. 

Maxwell’s law is perfectly general and is applicable to any structure. 
This reciprocal relationship exists likewise between the rotations pro- 
duced by two couples and also 
between the deflection produced by 
a couple of P and the rotation pro- 
duced by a force P. This generality 
is illustrated by the beam in Fig. 

13 • 32 . That ba> = he is a straight- 
forward application of Maxwell’s 
law. Note also that the rotation 
Oac in radians produced by a force 
of P lb is numerically equal to the 
deflection 8ca in feet produced by a 
couple of P ft-lb. In the latter 
case, be careful of the units. 

It is important to bec'ome fami- 
liar with the subscript notations 
used in the above discussion to 
denote the deflections. The first subscript denotes the point where the 
deflection is measured and the second subscript the point where the load 
causing the deflection is applied. 

13*20 Influence Lines for Deflections. Suppose that we wish to 

draw the influence line for the 
vertical deflection at point a on the 
beam in Fig. 13 - 33 . The ordinates 
of such an influence line may be 
computed and plotted by placing a 
unit vertical load successively at 
various points along the beam and 
in each case computing the result- 
ing vertical deflection of point a. 
In this manner, when the unit load 
is placed at any point m it produces 
a deflection 8am at point a; or when 
placed at some other point n, it 
produces a deflection 8an at point a. 
Note, however, the advantage of 
applying Maxwell’s law to this problem. If we simply place a unit verti- 
cal load at point a, the deflections 8ma and 8na at points m and n will be 
equal, respectively, to 8am and 8an according to Maxwell’s law. In other 


mi 

/ 

a 


a 

^ 

It 

/ 

m 

1 

/ 

It 



Fig .13 -33 




3S8 


DEFLECTIONS OF STRUCTURES 


[§13-21 


words, the elastic curve of the beam when the unit load is placed at point 
a is the influence line for the vertical deflection at point a. Thus, by 
computing the ordinates of the elastic curve for one simple problem we 
obtain the ordinates of the desired influence line. 

This idea may be used to obtain the influence line for the deflection 
of any point on any structure. To obtain the influence line for the 
deflection of a certain point, simply place a unit load at that point, and 
compute the resulting elastic curve of the structure. 

13*21 Problems for Solution. 

Problem 13*1 Using the method of virtual work, compute the vertical 
component of the deflection of joint d due to the load shown, for the structure of • 
Fig. 13 -34. Bar areas in square inches are shown in parentheses. 

£* = 30 X 10^ kips per sq in. 



Problem 13*2 Using the method of virtual work, compute the horizontal 
component of the deflection of joint c due to the load shown, for the structure of 
Fig. 13 -35. Bar areas in square inches are shown in parentheses. 

£* = 30 X 10^ kips per sq in. 

Problem 13*3 For the structure of Fig. 13 36, find the horizontal com- 
ponent of the deflection of joint d if bar cf is shortened 1 in. 


c 



Fig. 13*36 
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Problem 13-4 For the structure of Fig. 13 *37, using the method of virtual 
work, determine the relative movement of joints Ms and U 4 along the line MzUu 
(a) due to the loading shown; (6) due to a uniform increase in temperature of 
50®F in the bottom chord. Bar areas in square inches are shown in parentheses. 
= 30 X 10^ kips per sq in. e = 1/150,000 per °F. 

^2(40) U3f40)^4f40)Usf40)^e 


( 30 ) T { 30 > 1 ( 30 ) I ( 30 ) ( 30 ) ( 30 ) I ( 30 ) I ( 30 ) 


100 ^ /OO^ 100^ tOO^ 100^ wof< ioof< 
de /s'^no' 


Fig. 13*37 

Problem 13-5 For the structure of Fig. 13 38, using the method of virtual 
work, find the vertical deflection of point a due to the load shown. Cross- 
sectional areas of members in square inches are shown in parentheses. 

= 30 X 10® kips per sq in. 





2^jo'=eo' 

Fig. 13 38 
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Fig. 13*39 


Problem 13-6 For the structure of Fig. 13 *39, cross-sectional areas of 
members in square inches are shown in parentheses. F = 30 X 10® kips per 
sq in. Compute the angular rotation of member 6/ due to the loads shown. 
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Problem 13*7 For the structure of Fig. 13 *40, Ei of member gf - 20 X 10'* 
kips per sq in., and of all the other members = 30 X lO** kips per sq in. 
Cross-sectional areas in square inches are shown in parentheses. Using the 
method of virtual work, 

a. Compute the vertical component of the deflection of point c due to the load 
shown. 

h. If a turnbuckle in member gf were adjusted so as to shorten the member 
0.5 in., what would be the vertical and horizontal components of the movement 
of point c due only to this adjustment? 


140 ' 


Fig. 1 . 3- 40 Fig. 13-41 




Problem 13*8 Refer to Fig. 13 41. During repairs to the right abutment 
of this truss, it was necessary to support the truss temporarily at joint L*? on a 
hydraulic jack. If the gross dead reaction at L 4 is 50 kips, compute the distance 
the jack must raise the truss at joint L 2 in order to free the support at L 4 and lift 
it 2 in. above its normal position. Cross-sectional areas of bars in square inches 
are shown in parentheses. E = 30 X 10 * kips per sq in. 



Problem 13*9 Refer to Fig. 13 *42. Cross-sectional areas of members in 
square inches are shown in parentheses. E of member ed ^ 20 X 10* kips per 
sq in. Eu and E of all other members — 30 X 10* kips per sq in. — E^. 
Using the method of virtual work, determine the direction and magnitude of the 
resultant deflection of joint d due to load shown. 

Problem 13*10 For the structure of Fig. 13 *43, the cross-sectional areas 
of members in square inches are shown in parentheses. E of guy = 20 X 10* 
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kips per sq in. *= Eu and E of all other members =« 30 X 10» kips per sq in. 
*= ^ 2 . 

a. Compute the vertical component of the deflection of joint c due to the loads 
shown. 

h. How much would the len^h of the guy ab have to be changed, by adjusting 
a turnbuckle in the guy, to return joint c to its undeflected vertical elevation? 

Problem 13*11 Using the method of virtual work, determine the vertical 
deflection and the change in slope of tlie cross section at point a of the beam of 
Fig. 13 44. E and / are both constant 



Fig. 13 44 Fig 13-45 


Problem 13*12 For the girder of Fig. 13 45, using the method of virtual 
work, 

a. Compute the vertical deflection of point b due to the load shown. 

b. Compute the change in slope of the cross section at point d due to a uni- 
formly distributed load of 2 kips per ft applied over the entire span. 


E = 30 X 10^ kips per sq in., h = 300 in.^ 1 2 = 500 in.** 



Problem 13*13 Compute the vertical deflection of point a of the frame of 
Fig. 13 46, considering the effect of distortion due to both direct stress and bend- 
ing. E = 30 X 10® kips per sq in. 

Problem 13*14 For the structure of Fig. 13 47, / of member ad = 3,456 in.^ 
and E — 30 X 10® kips per sq in. Using the method of virtual work, compute 
the vertical component of the deflection of point b. 

Problem 13*15 For the truss of Fig. 13 48, the cross-sectional areas of 
members in square inches are shown in parentheses. E *= 30 X 10* kips per 
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sq in. Compute the relative deflection of point a and joint Ls along the line 
joining them, due to the loads shown. 



Fig. 13 -48 Fig. 13 49 


Problem 13-16 Refer to Fig. 13 49. Using the method of virtual work, 
compute the horizontal component of the deflection of point d due to the follow- 
ing support movements: 

Point a: Horizontal — 0.36 in. (to left) 

Vertical = 0.48 in. (down) 

Point b: Vertical = 0.96 in. (down) 

Problem 13-17 Refer to Fig. 13 50. Using the moment-area method, 

а. Compute the vertical deflection of points a, c, and d and the slope of the 
elastic curve at points h and c in terms of E and /. 

б. If E = 30 X 10* kips per sq in. and / = 300 in.^, compute from part a 
the vertical deflection of a in inches and the slope at b in radians. 



Fig. 13-50 Fig. 13-51 


Problem 13-18 Refer to Fig. 13 51. Using the elastic-load procedure and 
the moment-area theorems, 

a. Find the vertical deflection at 3-ft intervals along the beam in terms of E 
and I. 

b. Find the position and magnitude of the maximum vertical deflection in 
span ce. 

E and / are constant. 

Problem 13-19 Refer to Fig. 13 -52. Using the moment-area method, 
find, due to the load shown, the position and magnitude of the maximum vertical 
deflection in member be. E « 30 X 10* kips per sq in. 
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Problem 13*20 Refer to Fig. 13 53. E and I are constant throughout, 
E = 30 X 10® kips per sq in., and I ~ 432 in.^ Due to the load sho>\n, compute 
the vertical component of the deflection of point a on the bracket attached to 
this beam. 

Problem 13-21 Refer to Fig. 13 -54. E and / are constant, E — 30 X 10® 
kips per sq in., and I = 192 in.'* Compute the location and magnitude of the 
maximum vertical deflection of the beam ah. 
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Fig. 13-54 


Fig. 13-55 


Problem 13-22 Refer to Fig. 13*55. E = 30 X 10® kips per sq in., and 
I = 1,440 in.'^ If the support at h settled downward H in., determine the loca- 
tion and magnitude of the maximum upward deflection in the portion of the beam 
ah resulting from both the load shown and the settlement . 



Fig. 13-56 
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Problem 13 • 23 Refer to Fig. 13 *56. Compute the. position and magnitude 
of the maximum vertical deflection of this structure, using the moment-area 
theorems or their elastic-load adaptation. E and I are constant, E = 30 X 10® 
kips per sq in., I = 1,200 in.^ 

Problem 13 *24 Refer to Fig. 13 57. £’ = 30 X 10® kips per sq in., and 
I = 576 iri.*^ Compute the maximum vertical deflection of this beam, using the 
moment-area theorems or their elastic-load adaptation. 



Problem 13 • 25 Refer to Fig. 13 58. Conipute the position and magnitude 
of the maximum vertical deflection in this beam. E and I are t onstant, E' = 30 X 
10® kips per sq in., I = 432 in.^ 


60 ^ 



Fig. 13-58 


Problem 13*26 Refer to Fig. 13 *59. Using the moment-area theorems 
or their elastic-load adaptation, compute the position and magnitude of the 
maximum vertical deflection in the portion be of this structure. E and I are 
constant, « 30 X 10® kips per sq in., / = 1,440 in.'* 



Fig. 13-59 


Problem 13*27 Refer to Fig. 13 60. Assuming that the couple of 120 
kip-ft applied at h causes the moment reaction of 60 kip-ft acting as shown at 
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support a, compute the position and magnitude of the maximum vertical deflec- 
tion of this beam. ^ = 30 X 10® kips per sq in., and I = 576 in.** 


C(~00d) d(.00d) e 



Problem 13*28 Refer U> Fig. 13 61. Find the horizontal and vertical 
components of the deflection of the joints of this truss, using the Williot-Mohr 
method. Construct the Williot diagram, assuming point h fixed in position and 
bar hd in direction. Record the results in inch units. U se a scale of 1 in. — 0.20 in. 
and place point h' in the lower right-hand corner of the page about 1 in. from the 
bottom and 3 in. from the right-hand edge. AL's of bars in inches are shown in 
parentheses. 

Problem 13*29 Using the Williot-Mohr method, find the horizontal and 
vertical components of all the joints of the trusses in the following problems: 
(a) Prob. 13-6; (b) Prob. 13 7; (c) Prob. 13 4; (d) Prob. 13 9; (e) Prob. 13 10. 

Problem 13*30 Using the bar-chain method, compute (a) the vertical 
deflection of the bottom-chord panel points of the truss of Prob. 13 15; (fe) the 
vertical deflection of the top-c'hord panel points of the truss of Prob. 13 7 ; (c) the 
horizontal deflection of panel points r, d, e, /, and g of the truss of Prob. 13 6; 
(d) the horizontal deflection of panel points a, j, /i, and g of the truss of Prob. 
13 6; (e) the vertical deflection of the joints of the bar chain LoU 2 lJ\L^ of the truss 
of Prob. 13 4; (/) the vertical deflection of the lower-chord panel points of the 
three-liinged arch of Example 13 21. 



CHAPTER 14 


STRESS ANALYSIS 
OF INDETERMINATE STRUCTURES 

14*1 Introduction. In the last 25 years, statically indeterminate 
structures have been used more and more extensively. This is no doubt 
due to their economy and increased rigidity under moving or movable 
loads. The details of reinforced-ooncrete and welded construction are 
such that structures of these types arc usually wholly or partly continuous 
in their structural action and are therefore usually statically indetermi- 
nate. A knowledge of the analysis of indeterminate structures has thus 
become increasingly important as the use of these types of construction 
has become more extensive. Typical examples of indeterminate struc- 
tures are continuous beams and trusses, two-hinged and hingeless arches, 
rigid-frame bridges, suspension bridges, and building frames. 

Statically indeterminate structures differ from statically determinate 
ones in several important respects, viz,: 

1. Their stress analysis involves not only their geometry but also 
their elastic properties such as modulus of elasticity, cross-sectional area, 
and moment of inertia. Thus, to arrive at the final design of an indeter- 
minate structure involves assuming preliminary sizes for the members, 
making a stress analysis of this design, redesigning the members for these 
stresses, making a new stress analysis of the revised design, redesigning 
again, reanalyzing, etc., until one converges on the final design. 

2. In general, stresses are developed in indeterminate structures, not 
only by loads, but also by temperature changes, support settlements, 
fabrication errors, etc. 

In order to understand the stress analysis of indeterminate structures, 
it is imperative to understand first the fundamental difference between 
an unstable, a statically determinate, and a statically indeterminate 
structure. For this reason, a short review of certain fundamentals is 
justified. Suppose that bar AR is supported only by a hinge support at 
A as shown in Fig. 14 la. If the 10-kip load shown is then applied to 
the bar, it will obviously rotate freely about the hinge at A. A bar 
supported in this manner will therefore be an unstable structure. By 
means of an additional roller support at J3, however, as shown in Fig. 
14 1fc, we obviously prevent rotation about A and therefore have 
arranged the structure so that it is stable; by inspection it is also a siaU 
ically determinate structure. 
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If we add still another roller support at C, as shown in Fig. 14 • Ic, we 
then have more reactions than the minimum required for static equi- 
librium and no longer have a statically determinate structure but, 
instead, a statically indeterminate structure. With this new arrangement, 
not only do we prevent the bar from translating or rotating as a rigid 
body, but also by the addition of the 

roller support at C we prevent this A j B 

point from deflecting vertically. 

This observation, howe^ ec, immedi- , 

ately suggests one method by which ^ \ B 

compute the vertical reaction at C. If ^i>) - - t ,., - 

the support at C is t^^mporaiily re- 
moved, suppose that the 10 -kip load 

acting on the beam supported simply A C j jg 

by the remaining supports caus(is a ^ ^ r?9r, 

downward deflection of 3 in. at 0, as i . 

shown in Fig. 14- 2a. If the support at C is now reestablished, it will 
have to provide an upward reaction in order to return point C to a 
position of zero deflection. Just how much tliis upward reaction will 
have to be may be determined by first finding how much a 1 -kip load 
will deflect point C, If a 1 -kip load acting at point C on the beam 
supported at A and B deflected this point in. as shown in Fig. 14 *26, 

then an upward force of 6 kips at 
I point C, together with the 10 -kip load, 

^ C I B will produce a net deflection of zero at 

point as shown in Fig. 14- 2c. 
The vertical reaction at point C of the 
A — — B shown in Fig. 14 • Ic must there- 

fd) 5 acting upward. Once 

this reaction has been determined, the 
remaining reactions at A and B may 
C I B easily be computed by statics. 

^ 14*2 Use of Superposition 

\$k Equations in Analysis of Indeter- 

^ minate Structures. Many simple 

indeterminate structures may be 
analyzed in the manner just discussed. Such an informal approach is 
confusing, however, in the case of more complicated structures. It is 
therefore desirable to develop a more formal and orderly procedure to 
facilitate the solution of the more complicated problems and also to 
handle the simple problems with maximum efficiency. 

The ideas and philosophy behind a more orderly approach may be 


4^^ B 
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developed by considering a specific example such as the indeterminate 
beam shown in Fig. 14 -3, the supports of which are unyielding. This 
beam is statically indeterminate to the first degree, i.e,^ there is one more 
reaction component than the minimum necessary for static equilibrium. 
One of the reaction components may be considered as being extra, or 
redundant. In tliis case, consider the vertical reaction at h as being the 
redundant reaction. 

Suppose that we remove the vertical support at b and replace it by 
the force Xb which it supplies to the actual structure. We then have 

left a cantilever beam acted upon 
by the applied load and the un- 
known redundant force Xb. This 
statically determinate and stable 
cantilever beam that remains after 
the removal of the redundant 
support is called the primary 
structure. 

If the redundant force 
acting on the primary structure 
has the same value as the vertical 
reaction at h on the actual struc- 
ture, then the shear and bending 
moment at any point and the 
reactions at point a are the same 
for the two structures. If the 
conditions of stress in the actual 
structure and the primary struc- 
ture are the same, then the condi- 
tions of distortion of the two 
structures must also be exactly the 
same. If the conditions of distortion of the two structures are the same 
and the deflections of the supports at point a on each are also identical, 
then the deflections at any other corresponding points must be the same. 
Therefore, since there is no vertical deflection of the support at h on the 
actual structure, the vertical deflection of point b on the primary struc- 
ture, due to the combined action of the applied load and Xh, must also 
be equal to zero. 

It is possible, however, to express this latter statement mathematically 
and thus obtain an equation from which the value of the unknown 
redundant Xb may be determined. Assuming the positive direction of 
the redundant Xb to be upward, let us introduce the following notation: 


u/ 


Consfarrt El 

L 


F 


ACTUAL STRUCTURE 
w 


PRIMARY STRUCTURE 


f77 r r 




CONDITION X=0 
Mo 


CONDITIONX6=+1>' 1/* 

Fig. 14 3 
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Let Ab = upward deflection of point b on the primary structure, due to 
all causes 

Aio = upward deflection of point b on the primary structure, due only 
to the applied load with the redundant removed, hereafter called 
“condition X = 0” (see Fig. 14 3) 

Abb = upward deflection of point b on the primary structure, due only 
to redundant Xh 

It is impossible to compute Abb until the magnitude of X}, is known. If, 
however, we also let 

Bbb — upward deflection of point b on the primary structure, due only 
to a unit upward load at b hereafter called “condition Xh - +l 
kip” (see Fig. 14 3) 

then we can say, as long as the principle of supei position is valid, that 
Xh will cause a deflection which is Xb times that produced by a unit value 
of Xhj or 

Abb = XbBbb (a) 

It is a physical fact, however, that Ab, the total deflection due to all 
causes, is equal to the superposition of the (‘ontribution of the separate 
effects, viz,, the applied load and the redundant Xh. Thus, 

Ab = Aba + Abb {b) 

or, substituting fiom Kq. (a). 


Ab = Abo + XhBbb (14 1) 

This equation is called a superposition equation for the deflection of point 
h on the primary structure. 

Since Ab must be zero, we may solve Eq. (1 4 1) for Xb and obtain 

= (14 2) 

It is a simple matter, of course, to compute the numerical value of Aba 
and dhb by any of the methods available for computing beam deflections 
Tn substituting these values in Eq. (14 2), they should be considered plus 
when the deflections are upward as specified above. \ plus value for Xh 
will then indicate that it acts upward; a minus value, that it acts down- 
ward. The organization of the numerical computations in problems 
such as this is illustrated by the examples in Art.*^ 14 4. 

14* S General Discussion of Use of Superposition Equations in 
Analysis of Indeterminate Structures. The method of attack sug- 
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gested in Art. 14 • 2 is the most general available for the stress analysis of 
indeterminate structures. There are other methods, of course, that are 
definitely superior for certain specific types of structures, but there is 
no other one method that is as flexible and general as the method based 
on using superposition equations. It is applicable to any structme, 
whether beam, frame, or truss or any combination of these simple types. 
It is applicable whether the structure is being analyzed for the effect 
of loads, temperature changes, support settlements, fabrication errors, 
or any other cause. 

There is only one restriction on the use of this approach, viz., that the 
principle of superposition is valid. From the discussion in Art. 2 12, 
it will be recalled that the principle of superposition is valid unless the 
geometry of the structure changes an essential amount during the 
application of the loads or the material does not follow Hooke’s law. 
All the other methods discussed here are likewise subject to this same 
limitation, however. 

Before presenting numerical examples illustrating the applanation of 
this method to certain typical problems, it is desirable to emphasize and 
extend the ideas suggested in Art. 14 2. The student may find that he 
has difficulty understanding the somewhat generalized discussion that 
follows. If he will read this article, however, absorbing what he can, 
and then study the examples in Arts. 14 *4 and 11-5, he should then be 
able to understand the remainder of this article when he rereads it. 

Suppose that we wish to analyze some particular indeterminate 
structure for any or all of the various causes which may produce stress 
in the structure. The structure may be of any type or statically inde- 
terminate to any degree. In any case, the very first step in the analysis 
is to determine the degree of indeterminancy. Suppose the structure is 
indeterminate to the nth degree. We then select ri redundant restraints; 
remove them from the structure; and replace them by the n redundant 
stress components that they supply to the structure. All these n 
redundants Xa, Xb, . . . , Xn will then be acting together with the 
applied loads on the primary structure that remains after the removal of 
the n restraints. 

A wide choice of redundants is available in most problems, but it is 
usually possible to minimize the numerical calculations by choosing them 
judiciously. Sojne of the principles to follow in selecting the redundants 
are discussed in Art. 14-6. Suffice it to say for the present that the 
redundants must be selected so that the resulting primary structure is 
stable and statically determinate.^ 

^ Occasionally it is advantageous to select a statically indeterminate and stable 
primary structure (see Art. 15 -3). 
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Having selected the redundants, we then may reason that, if the 
redundant forces acting on the primary structure have the same values 
as the forces supplied by the corresponding restraints on the actual 
structure, then the entire conditions of stress in the actual and primary 
structure are the same. As a result, the conditions of distortion of 
the two structures are the same. If, in addition, the deflections of the 
supports of the primary structure are the same as the deflections of the 
corresponding supports of the actual structure, then the deflections of 
any other corresponding points on the two structures must be identical. 
It may be concluded, therefore, that the deflections of the points of appli- 
cation of the n redundacts on the primary structure must be equal 
to the specified deflections of the corresponding points on the actual 
structure. 

If n superposition equations are written for these n deflections, they 
will involve among them all the n redundants as unknowns. Since all 
these n deflection equations must be satisfied simultaneously by the n 
unknowns, simultaneous solution of these equations leads to the values 
of the ri unknown redundants. 

In applying this method, it is convenient to have a definite notation 
for the various deflection terms involved in the solution. The total 
deflection of a point m on the primary structure, due to all causes, is 
denoted by Am. The various supplementary deflections contributing to 
this total are identified, however, by two subscripts, the first of which 
denotes the point at which the deflection occurs and the second of which 
denotes the loading condition which causes that particular contribution. 
Thus, the deflection of a point m produced by certain typical causes 
would be denoted as follows: 

Am — total deflection of point m, due to all causes 
Amo = deflection of point m, due to condition A = 0 
Amr == deflection of point m, due to change in temperature 
Ams = deflection of point m, due to settlement of supports of primary 
structure 

AmE = deflection of point m, due to fabrication errors 

8ma = deflection of point m, due to condition Xa = +l kip 

5m6 == deflection of point m, due to condition A?> — 4- 1 kip 

5mm = deflection of point m, due to condition Xm = +I kip 

Etc. 

Note that the deflections produced by unit values of the various redun- 
dants are denoted by a small delta (5). 

Any redundant may be arbitrarily assumed to act in a certain sense, 
thus establishing the positive sense of that redundant. Any deflection 
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of the point of application of that redundant should then be measured 
along its line of action and should be considered positive when in the 
same sense as that assumed for the redundant. 

Thus, using the above notation and sign convention, we have the 
following form for the n superposition equations involving the n redun- 
dants — one equation for the known total deflection of the point of appli- 
cation of each of the n redundants: 

Aa = Aao + Aar + AaS + Ao£f + Xadaa + Xh^ab + • • • -j- Xji^an 

Ab = Abo + A^r ”}■ AbS + AhE + Xa^ha Xbdlb + * ' * + X„Sbn 


An^= Ano + Anr + AnS + AnE + Xa^na + Xh5„b + * * * “f Xr5r,„ 

If the known values of Aa, A?,, . . . , An are substituted and the various 
deflection terms on the right-hand side of these equations are evaluated 
by any suitable method, then the n equations may be Solved simultane- 
ously^ for the value of the redundants Xa, Xb, etc. 

Note that the values of Xa, Xb, etc., obtained from this solution are 
dimensionless. This is obviously so, since Xa, Xb, etc., must be pure 
numbers in order that all the terms in each of Eqs. (14 *3) may have the 
same deflection units. In order to assign units to these values for 
Xa, Xb, etc., it is necessary to note the units of the unit values of these 
redundants that were used in the computation of Saa, Sab, etc. 

Note further that the redundants selected may be forces or couples. 
The deflections designated by A or 5 may therefore represent a linear or 
angular deflection depending on whether they represent the deflection 
of the point of application of a force or a couple. In the examples that 
follow, the positive direction of any particular deflection is indicated by 

the small arrow appended to the symbol, as A^, Ap , etc. 

14*4 Examples Illustrating Stress Analysis Using Superposi- 
tion Equations. The following examples illustrate the application of 
the superposition-equation approach to the stress analysis of typical 
indeterminate structures acted upon by specified external loads. 

After determining the degree of indeterminacy, one has considerable 
latitude in selecting the redundants. However, never make the mistake 
of selecting a statically determinate reaction component, bar stress, shear, 
or moment, as a redundant. If such a quantity is statically determinate, 
it is necessary for the stability of the structure; to remove it would leave 
an unstable primary structure. Such an error will never go undetected, 
however, since an attempted stress analysis of the primary structure 
would lead to impossible or inconsistent results. 

^ A convenient tabular method for solving simultaneous equations is discussed in 
connection with Example 14-22. 


(14-3) 



5U-4I EXAMPLES ILLUSTRATING STRESS ANALYSIS m 

The reader should consider alternate selections of the redundants in 
the following examples and try to decide whether in each case there is 
some other selection involving less numerical calculation than those 
used. The question of selection of redundants is discussed further in 
Art. 14-6. 

The positive sense of a redundant may be chosen arbitrarily. The 
deflection of the point of application of this redundant should likewise 
be considered positive when in the same sense. Consideration of any of 
these examples should mak^ it apparent that the final interpretation of 
the direction of the redundants will not be affected by the initial choice 
of its positive sense 

In applying the supetposition approach, any suitable method may 
be used to compute the various deflections involved. Of course, as in 
any deflection problem, care must be exercised in handling units and 
signs. Note again that the values of Xa, Xh, etc., obtained from these 
solutions are simply numerical values, /.e., that they are dimensionless. 
Such numerical values indicate, for example, that Xa is, say, 10.5 times 
larger than the unit load in condition Xa — kip. Thus, if this is a 
1-kip unit load, Xa should be considered as 10.5 kips in stating the final 
results or in using it in subsequent computations. 

The units will always be consistent if the same force and distance 
units are used throughout a given problem. If, however, we mix up 
feet, inches, pounds, and kips in problems involving more than one type 
of distortion, we may run into difficulty. Similar difficulty will be 
encountered if units are mixed in dealing with problems involving tem- 
perature changes, support settlements, etc., such as are discussed in 
Art. 14*5. 
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Example 14*1 Compute the reactions of this beam. E and I constant. 



Structure is indeterminate to first degree. 
Select Xi as redundant. 

Then 

Afc =“ Aj,«, 4* Xb^tib =* 0 

Evaluate Abo o,nd Stb by method of virtual work. 

Abo • 

Mq «= h’fb Mp = Mot 
(/‘)(Ail) = I 
From b to a, 



-^40,000 , 2t667 ^ 

El ~Er 


Xb = 4-/5 


upward 


TheUt by statics, the reactions at a are found 
to be as shown. 
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Example 14-2 Compute the reactions and draw bending moment diagram for this 
beam, E and I constant 


Structure is indeterminate to first degree. 

Select Xe as redundant 

Then, 

a] - = 0 


Evaluale A„ and iet by the elatlu load primar y 


method. 

Xcol Compute first the reaction at c on 
imaginary beam. 

216 X 3 = 64/? X 4 » 2,592 
216 X 4.5 « 972 X 9 ^ 8,7^ 
ilMO 
-iT = 

Then, 

EMco « 756 X 18 ^ 13J88^ 

, _ 13, 7 88^'' 

m — 

Sc,: Compute first the recLction at c on 
imaginary beam. 

%X18X 7.5 - 90 

Then, 

Elhcc ^90X18 18X9X12 

- 5,564 1 

, _ +5564*'’ 

.. 5c. - 

Then, 

13,788 , 5,564 ^ . 

~Er El 

* • ^ —3.87 down 

The reaction at a and b can now be 
computed easily by statics. Likewise, 
the BM diagram may be constructed 
without difficulty. 



stsisL ^ 


ConclX‘0 j 


/8788 





Concl.X«Hf<] 


y.2f< 2 . 2^1 EJ 


Resulfs : 



•31.36^ 



Zl 

m.2 

X 
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Example 14*3 Compute the reactions and bar stresses for this truss. Cross-sectional 
areas in square inches are shown in parentheses. E ^ 30 X iO' kips per sq in. 


Indeterminate to first degree. Select Xb as redundant. 
Then, 

■^l + Xb^hb = 0 

rf Evaluaie Abo and hb by the method of virtual work. 

^ y <?a ^ AL = 2 FqFp 

a/ooj ol r/Oj\c , i ^ j 



hb: Fq = Fb, Ft = F 


(/‘)(aA)=;gy 


^ V i 


A — 
CondX’O p^\:fS^ 

Uo 


^ , -i-osTs/ \+osrs 


Bcur 


A 

L 

A 

Fo 

Fb 

FbFo 7 

A 


XbFb 

F 

Units 


r/2 

,/ni 

k 

k 

k^t/n. 

a2///^2 

k 

k 

ab 

30 

10 

3 

- 60 

-0 375 

+ 07 5 

FO 422 

-f- 0 35 

- 53 65 

he 

30 

10 

3 

- 60 

-0 375 

+ 67 ^ 

FO 422 

+ 0 35 

- 53 05 

ad 

50 

12 5 

ft 

A- 100 

+ 0 625 

+ 2.>0 1 

+ / 563 

-10 0 

+ 89 4 

dc 

50 

12 5 

-4 

-100 

+0 025 

-250 ! 

FI 563 

-10 6 

-110 6 

bd 

W 

10 

// 

0 

-1 0 

0 

+ 4 0 

'FIO 93 

F 16 93 

2 






+ /.?5 

F7 970 




' -0.375 ? -Q375 


Bssalk rfy/i 


, -SJSS T -SJSS 


(I*’) (Abo) — g > A/,0 


(^*‘)(Sbb) = 


7.97^ 

E 


iQPi 7 07 

, /. ^ ^ = 0, - -16.93 /. rfowm 

/20^ tj pj .==========- 


7 f 54 ^ 7693 ^ 8846 *^ rcmammgr reactions and the bar stresses can now be 

computed by statics. The bar stresses could likewise be com- 
puted easily in a tabular manner by noting that by super- 
position 

F ^Fo + XbFb 
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Example 14*4 Compute the reactions of this truss. Cross-sectional areas in square 
inches are shown in parentheses. E = 30 X iO^ kips per sq in. 


30 ^ 




-h! y-/ 



Indeterminaie to first degree. Select Xc as redundant. 

a 7 = + Xchc = 0 

Evaluate Aco and dee by the method of virtual work. 

A..: = Fc, Fp = F., (f‘)(AD = 

Fq = F., Fp = Fr, (f‘)(C) = J ^ FI ^ 

Owing to symmetry of the load, structure, and redundant, only one-half of the bars have 
to be included in the tabulation. 
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Example 14*5 Compute the bar stresses in the members of this truss. E and A are 
constant for all members. 




This truss is statically determinate exter- 
nally ^ hut indeterminate to the second degree 
with respect to its bar stresses. Cut 
bars bC and Cd, and select their bar 
stresses as the redundants. Then 

/ 

Ai* = A.. + X.Kn + = 0 (f) 

A^ \ = A|,o + Xaha + XlfSib = 0 (2) 

By Maxwell* s laWy ^ah and by 

symmetry of the structure and in the 
selection of the redundants baa = 5w). 
Therefor Cy only four deflections need to be 
computed: Aao, A*o, baby and baa- Using 
the method of virtual worky we find: 

{P){EA^ao) = SFaFX - 
{i^){EA^bo) “ 

(i^){EAbai;) = ^FaFbL - 

{i^)(EAbaa) » ^FlL « -f 

Substituting these values in (1) and (2) 
and canceling out EAy 

-2,040 + 86.^fXa 4* i2.8Xb = 0 
+700 + i2.8Xa + 86./4Xb = 0 

Solving these simultaneously y 

Xa = -i2.G y Xb = +25.5 

In any b , 


F ^F„-{- XaFa + XbFb 
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Bar 

L 

Fo 

Fa 

Fb 

FoFaL 

FoFiL 

KL 

FJFoL 

FaXa 

F,Xi 

F 

Units 

. 


k 

k 

k 

k‘’ 

k^' 

k^' 

k^' 

k 

k 

k 

be 

i5 

+45 

-0.6 

0 

-405 

0 

+ 5./f 

0 

-15.3 

0 

+29.7 

cd 

i5 

+ i5 

0 

-0.6\ 

0 

-135 

0 

0 

0 

+ 7.6 

+22.6 

BC 

i5 

-30 

-0.6 

0 

+270 

0 

+ 5.4 

0 

-15.3 

0 

-45.5 

CD 

15 

-30 

0 

-0.6 

0 

+270 

0 

0 

0 

+ 7.6 

-2?. 4 

bB 

20 

+80 

-0.8 

0 

-1,280 

0 

+ 12.8 

0 

-20 . 

0 

+59.6 

cC 

20 

0 

-0.8 

-0.8 

0 

0 

+ 12.8 

+ 12.8 

-20. k 

+ 10.1 

-10.3 

dD 

20 

0 

0 

-0.8 

0 

0 

0 

1 ^ 

0 

+ 10.1 

+ 10.1 

bC 

25 

-25 

+ 1 

0 

-625 

04 

+25.0 

0 

+25.5 

0 

+ 0.5 

Be 

25 

0 

+ i 

0 

0 

0 

+25.0 

0 

+25.5 

0 

+25.5 

cD 

25 

+25 

0 

+ i 

0 

+ 625 

0 

0 

0 

-12.6 

+ i2.4 

Cd 

25 

0 

0 

+ 1 

0 

0 

0 

0 

0 

-12.6 

-12.6 

Z 





-2M0 

+760 

+S6.4 

+ 12.8 









Discussion : 

In tabulating the computations in such a truss, it is unnecessary to include bars having 
neither an Fa nor an Ft stress. Be sure to include the redundant bars, however. Why? 

There may be some question about cutting truss bars as ivas done in this problem. 
Students sometimes worry about the two ends of a cut bar being unstable, since as shown in 
the above line diagrams there is nothing to prevent these two ends from rotating about the 
pin joints. To be strictly correct, we should show the cut in such cases as shown in Fig. 

Since the shear and moment in a straight bar hinged at both ends are statically 

< > 

Fig. 14-4 

determinate, the restraints of this type cannot be removed. Thus, when we say that we cut 
such a bar, we mean that we remove its capacity to carry axial stress but retain its ability 
to carry shear and moment. This could be accomplished by cutting through the member 
and then inserting a nest of rollers in the manner shown. 

It is impractical, however, to show such a detail every time we remove the capacity 
to carry axial stress from a bar that is hinged al its ends. In such cases, therefore, we shall 
imply such a detail but show the cut as has been done in the line diagrams in this example. 

These remarks are likewise applicable to the tie rod in Example 1U 8. 
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Example 14*6 Compute the reactions and draw the bending-moment diagram Jor 
this beam. E ^ 30 X iO^ kips per sq in. 



This beam is statically indeterminate 
to the second degree. Meet moments at 
supports as redundants. Then^ 

^ = Abo “h Xh^bii 4" Xc^bc '=* 0 (i) 

^ = Xc+ x,,5„. + Vc\. = 0 (2) 

Note dhc — by Maxwell* s law. Use 
moment-area theorems to compute Abof 
^COt ^hbt Kb, and 5cc. 


EI\Tiq — 
mv{9){G) 


15 

L 2 

+ 

mil) 

2 

EI]T20 ~ 

72 r 

(m) 

151 

2 


\EUAbo = 


+ ^] = 
EIiTsO = 

72r (6)(^) 

15 1 2 

+ T]- 

EI]TiO — 

Q {81) {18) ^ 

El nib = 

( i\ mm 
\i5) 2 

El mi, — 
fi\ mm 
\3) 05) (2) 


252 }EhAco - +75^*' 


)EIi6bb - +^.57*'* 


\3) (15) (2) 


m(5) ^ 5 
05) {2) 6 

.-. EhScb = 


E1\T4c “ 


{i5){m 


)Eh6^ » +4.tf7*" 


imm) 

(f«)(2) 
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Sabsiituting these values in (1) and (2) and canceling out Eh, 

720 + 6.67Xt + 0:83Xc « 0 
738 -h 0.83Xt -f ^£7Xc - 0 

Solving these simultaneously, 

With these moments known it is easy to isolate various portions of the beam and, b}' 
using statics, to compute shears, reactions, and bending moments, leading to the results 
shown. 

Discussion : 

When we select the support, •noments at h and c as the redundanis, we remove the 
moment restraints from fht aetual structure at these points, i.e., we insert hinges at these 
points. 

Note the manner in which the varying J is handled in this problem One I is selected 
as a base, and all other Vs are expic^sed in terms of the standard I. Once this is done, 
the actual values of the various J's need never be substituted in the solution of this problem. 
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Example 14*7 Compute the reactions and draw the bending-moment diagram far 
this frame, E and I are constant. Consider only bending distortion. 
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Structure is indeterminate to the first degree. 
Cut the tie rod, and select its bar stress as the 
redundant. Then, 

= 0 

Evaluate Aoo and Ka by the method of virtual 
work including distortion due to b(}th bend- 
ing and axial stress. 

^ (?S = + % 

From A to B, 

0 < X < 12 L ^ 12 
Mo == 5x Fo ^ 0 

Ma o.tsx Fa = -0.6^ 

From C to E, 

0 < X < 6 

Mo = ibx Fo ^ 0 

Ma = -O.^x Fa ^ 0 

From E to B, 

6 < X < 12 

Mo = 120 - 5x Fo ^ 0 

Ma - -O.^x Fa = 0 


s' 

^ ~ j 

I 6' 6' 6' I (?' 


B 

Primary sfrucf 


Cond X-0 


From D to B, 

L ^ 10 

Mo ^ 0 Fo -- 0 

Ma ^ 0 Fa - -f i* 


G6^ . 


(/‘)(A.,) + = 0 + P (5x)t-0 4r) 

+ 1^* (5x)(-0.ix) (120 - 5r)(-0.4x) ^ 

je/jAa. = -3,168 "' 

_ Vp.-L A- V /■ .. ■ rf* {-o.6y(t2) . 

(1 )(«..) - 2 ,^“ AE'^ 2j } FI EA, EAi 

+ 2 (-O.ixyM- ••• = +20(;.05*'‘ 

yo /ii2 ■ 

Since 

h /600\/iii\ I30y' . I, (600\(lii/i\ (300\'' 

“ {mO yw) = [mj “ w; vt; “ Km) 

then, 

- Xa 0 Xa = +f5.3g Unsion 

If the distortion due to axial stress had been neglected, then 

- 3168 _ „2 

O’ Mar. «»« 


X. 
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14*5 Additional Examples Involving Temperature, Settle- 
ment, etc* The following examples illustrate the application of the 
superposition-equation approach to the stress analysis of typical indeter- 
minate structures subjected to temperature changes, support movements, 
fabrication errors, etc. 

Fundamentally, these pioblems are no more difficult to handle than 
those involving simply tlie effect of loads. Always remember, how- 
ever, that the deflections Aar, Aa<s, etc., refer to deflections of points on 
the primary structure, due to a change in temperature of the primary 
structure, due to the settlement of the supports of the primary structure, 
etc. These deflections when superimposed correctly must add up so 
that the total deflection of point a on the primary structure is equal to 
the known deflection of the corresponding point on the actual structure. 


Example 14*9 Chrnpute bar stresses due to an increase of 60^F in the temperature 
at bars aB, DC, and Cd. No change in the temperature of any other bars, e — ij 150,000 
per °F. E = 30 X 10-' kips per sq in. Cross-sectional areas in square inches are shown 
in parentheses. 



This truss is indeterminate to the first degree. 
Cut bar 6U, and select its bar stress as the redun- 
dant. Then, 

/ 

= Aa?’ -|- A'oSaa — 0 
Using the method of virtual work, 

/ 

X.T-. Fg = h\ ) 

= '^Fa.lL = 


Fg = Fp = F„ (/‘Xail) = 1 2 F-i J 


Bar 

71 

1 

A 

L 

A 

Fa 


i 

FdL 

XaFa 

Units 




k 


Off 


k 

BG 

15 

10 

1.5 

-0.6 

+ 0 5// 

+60 

-5^t0 

- 7.5 

be 

15 

10 

1.5 

-0.6 

+0.5/# 

0 

0 

- 7.5 

Bb 

20 

10 \ 

2 

-0.8 

+ 1.28 

0 

0 

-10.0 

Cc 

20 

10 

2 

-0.8 

+ 1.28 

0 

0 

-10.0 

Be 

25 

10 

2.5 

^1.0 

+ 2.5 

0 

0 

+ 12.5 

bC 

25 

fO 

2 5 

+ 1.0 

+ 2 5 

0 

0 

+ 12.5 

2 





+8.6^ 


-540 



A,,. = 

. = +0.000288 f I 
30 X W */"* — ~ 

-0.0036 + 0.000288X. = 0, X. <= +12.5 


tension 
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Example 14*10 Compute the bar stresses of the two-hinged trussed arch in Example 
caused by forcing member AS into place even though it had been fabricated loo 

short 


In this case, 


\\ = 4- X3c« = 0 


Using the method of virtual work, Ace rnay be evaluated as follows, using information from 
Example 4* 


(f*)(A,^) - SFeALis = ( + A.^ = -O.OiO/y 

From Example ^4-4, 

^ = +o.(Hm625' 

30 X m »/"’ 


-o.om' -t- 0.0006635'Xr = 0 X, = +15.7 •H- 

The bar stress in any member can then be computed, since 


F == X,Fc = 15 7F, 
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Example 14*11 Compute the bar sfressss in this truss due to the following support 
movements: 

Support at a, 0.24 in. down. 

Support at c, O.^iS in. down. 

Support at e, 0.36 in. down. 

Cross-sectional area in square inches shown in parentheses. 

E = 30 X 10^ kips per .sq in. 


Selecting the vertical reaction at c as the 
redundant, 

Af = A,s -f Xcdcc = -0.04' 



Using the method of virtual work, 

Ac,: 2(?6 = 0 

+ (0.5*) (0.02') 

+ (0.5*) (0.05') « 0 
A.S = -0.025' 


which checks value obtained by geometry 
as shown on sketch. 


5„: 

Because of symmetry only one-half of the 
bars of the truss need be listed in the 
tabulation. 


Bar 

L 

1 

A 

1 


Units 

t 

//2 

////2 

JLoiL/x 

30 

i5 

2 -0.3V5 -^-0. 281 -{-26.0 

LiU 

30 

15 

2 -0.375 -\-0. 281 -\-26 0 

UiUi 

30 

15 

2 -\-0 75 -{-1.125 -52.1 

LoUl 

50 

25 

2 -\-0.625-\-0.781 -hU.l 

UxLt 

50 

25 

2 - 0.625 -^rO. 781 ^hU.l 




. + 5.25 


+6.50"'/''' 
30 X 10""'"' 


+0.000216' 


-0.025 + 0.000216X. - -O.O's' 
„ -0.015 . . 

“ mom ” 
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Example 14*12 Compute the reactions and draw the bending-moment diagram for 
the beam in Example 74 • due to the following support movements: 

PL a: 0.02 fl down 
PL b: 0.04 fl down 
PL c: 0.05 ft down 
PL d: 0 

E — 30 X 70^ kips per sq in. 


In this case, 

^ ~ 5^bS + Xb&bb ■+* ~ 0 (7) 

^ == Acs + XbScb “h XcScr *= 0 (2) 

Using either the method of virtual work 
or the geometry of the adjacent sketch, 

Ab, — —0.000667 radian 
Acs == --0.00,?444 radian 

From Example 1^ -6, 

, 0.007*'’ , _ 4.007*'’ 

- Eli ~ Eh 

, , _ O.OJJ*'’ 

Obe *“ *ci> rt r 


a Ij 6 3It c ZTi d 

7 ^ 7 ^ 



Upon siibstituling these values Eqs. (7) and (2) become 

6.667 Xb -h 0.833Xc = 0.000667Eh 
0,833Xb + 4.007A:c = 0.003H^Eh 

from which, since 

El = {30 X /O’ X IM)”'’' = 0.208 X /O* *'* 

Xi, = +0.00000eS5£/i = +ij± 

Xc = +0.000736EIi = +153.2 

The reactions and BM diagram may then easily be computed. 


14*6 General Remarks Concerning Selection of Redundants. 
From the previous discussion, we recognize that there is considerable 
latitude in selecting redundants, the only restriction being that they shall 
be selected so that a stable primary structure remains. By proper selec- 
tion of the redundants, however, we may minimize the numerical com- 
putations. This objective may be achieved by adhering to the two 
following policies: 




STATICALLY INDETERMINATE STRUCTURES [§14-6 


1. Take advantage of any symmetry of the structure. 

2. Select the primary structure so that the effect of any of the various 
loading conditions is localized as much as possible. 

Consideration of several alternate selections of the redundants for 
the continuous truss shown in Fig. 14-5 will illustrate the validity of 
these statements. This structure is indeterminate to the second degree. 
Any selection of the redundants will involve two equations of the follow- 
ing form: 

Aa === Aao + XaSaa 4 = 0 I / 

Afc = Afto + Xaha + Xhhb = 0 ) 

Only the following five different deflection terms are involved, since 
hab equals hba'- 

(1) (A„) = ^ h\F„ (1) (6„.) = ^ F* 

( 1 ) = 

(1) (A^) = ^ (1) (d^) = ^ FJ^\ A 

Before these terms can be evaluated, Fo, Fa, and Ft stresses must be 

computed. 

If the structure is symmetrical and 
if symmetrical redundants are selected, 
then the Fi stresses can be obtained 
from the Fa stresses by symmetry. 
Further, 8bh will be equal to in such 
a case, leaving only four deflection 
terms to be evaluated. The evalua- 
tion of these terms will involve less 
computation if the redundants are 
selected so as to restrict the effect of 
the various loading conditions to as 
few bars as possible. The latter will 
be true whether or not the structure is 
symmetrical. 

All the three alternate selections of 
the redundants shown in Fig. 14 *5 
take advantage of symmetry. The 
various loading conditions affect the 
portions of the structure indicated in 
each case. Comparison of these 


I I 


ACTUAL STRUCTURE 


Y ^ 


\Xa. ^ VCi, 
a 




PRIMARY STRUCTURE NO.I 




r — n 

PRIMA 


RY STRUCTURE N0.2 

/SA 


1 

it * ^ 

fg .1 „ 

' JTV 



PRIMARY STRUCTURE NO. 3 
Fio. 14-5 
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primary structures shows clearly that selection 3 is the best since it is 
most effective in localizing the effects of the various loading conditions. 

There are several other items to be noted at this time. In the dis- 
cussion of Example 14 5, it was pointed out that the sliear and moment 
are statically determinate in a straight bar which is hinged at both ends. 
If such a bar is cut, only its axial stress may be statically indeterminate 
and, therefore, considered as a redundant. On the other hand, the 
shear, moment, and axial stress are often all statically indeterminate in a 
member that is rigidly conn* led at its ends to the rest of the structure. 
If such a member is cut, the shear, moment, and axial stress may all 
be considered as redundarts, provided that a stable structure remains 
when the restraints corrt spending to all three of these elements are 
removed (as an illustration, see Example 14 11). 

14*7 Analysis of Indeterminate Structures, Using Casti- 
gliano^s Theorem; Theorem of Least Work. The previous approach 
to the analysis of an indeterminate structure involves writing super- 
position equations for the deflections of the points of application of the 
redundants. Instead of doing this, however, expressions for these 
deflections may be set up, using Castigliano’s second theorem. The 
latter approach is actually very similar to the former. It is a somewhat 
more automatic procedure, however, and is therefore preferred by some 
students and engineers. Since Castigliano’s tlieorem should really be 
limited to the computation of the deflections produced simply by loads 
on the structure, this method lacks the generality of the superposition- 
equation approach. 

Consider, for example, the indeterminate beam shown in Fig. 14 3. 
After the degree of indeterminacy has been established and the redun- 
dant and the resulting primary structure have been selected, the deflec- 
tion of the point of application of redundant Xf, may then be evaluated 
by using Castigliano’s second theorem. In this particular case, only 
bending distortion is involved; therefore, 


but 



dWf 

dX, 


= A 


T 

b 


(a) 


Since point 6 on the actual structure does not deflect, At, on the primary 
structure must equal zero. As a result, 


dXb 




= 0 


(h) 
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However, M, being equal to the total bending moment on the primary 
structure due to all causes, may be expressed as being the superposition 
of the contribution of the applied load only and the contribution of the 
•redundant Xt. Thus, 


M = Mo + XM 
dM 


dX. 


= Mi 


(c) 


Equation (6), therefore, becomes, 

.0 w 

It is easy to evaluate these integrals for the primary structure and then 
solve for 

If the superposition approach is used in this example, Abo and 6bb may 
be evaluated by the method of virtual work and found to be 

( 1 ) (Aio) = Y,j W ) 

(1) (Sii) = I Ml^j ) 

From Eqs. (f?) it is immediately apparent that Eq. (d) is actually a state- 
ment that 

Abo + Xb8hb = 0 (/) 

Thus, if the method of virtual work is used as a basis for evaluating 
Abo and 8hb in the superposition-equation approach, the two methods are 
essentially identical. 

The above illustration involves a structure that is statically inde- 
terminate to only the first degree. In more highly indeterminate struc- 
tures, the procedure is essentially the same. After selecting the n 
redundants and the resulting primary structure, express the displacement 
of the point of application of each redundant by n separate applica- 
tions of Castigliano’s second theorem. This will result in n simul- 
taneous equations involving the n redundants, the value of which may 
then be obtained by simultaneous solution of the equations. The 
procedure for analyzing a multiply redundant frame in this manner is 
illustrated by Example 14 14. 

In the examples of Art. 14 -8, equations comparable with Eq. (b) 
are evaluated in a slightly different manner. Thus it is possible to use 
Castigliano’s theorem somewhat more automatically and effectively in 
certain problems. The procedure suggested in the above illustration 
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may likewise be used to advantage in certain other problems. In cases 
of the latter type, however, there is no advantage to using the Castigliano 
approach instead of superposition equations. 

If in the analysis of indeterminate structures the deflection of the 
point of application of a redundant is zero, then applying Castigliano’s 
theorem as in Eq. (a) reduces to the statement that the first partial 
derivative of the strain energy with respect to that redundant is equal to 
zero. This is equivalent to stating that the value of the redundant must 
be such as to minimize the strain energy. This special case of Castigli- 
ano* s second theorem is often called the theorem of least work and may be 
stated as follows: 

In a statically indeterminate structure, if there are no support move^ 
ments and no change of temperaturCy the redundants must be such as to 
make the strain energy a minimum. 

14*8 Examples Illustrating Stress. Analysis Using Casti- 
gliano^s Theorem. The examples that follow have been chosen 
primarily to illustrate the use of Castigliano’s second theorem in the 
stress analysis of indeterminate structures. If, in each case, we solved 
the problem by the superposition-equation approach, using the method of 
virtual work to evaluate the various deflection terms, we should find 
that the actual computations would be essentially the same as those 
involved in the Castigliano solution. The only difference in the two 
approaches lies in the somewhat more automatic manner of setting up 
the solution when the Castigliano approach is used. 

There is a difference between the two approaches that is worthy of 
note. In a Castigliano solution, the redundants carry their own units 
throughout a solution. For example, in Eq. (a), Xh must be in kips if 
Wi is in kip-feet in order that the change in Wi divided by the change in 
X}, shall equal Ab in feet. As a result, if Xh is in kips, Mb must have 
units of kip-feet per kip if the units in Eqs. (c) are to be consistent. If 
it is recognized, therefore, that the redundants in a Castigliano solution 
carry their own units, dimensional checks should be consistent at all 
times. 

Strictly speaking, Castigliano’s theorem is applicable only when the 
deflection of the structure is caused by loads. It is possible, however, 
ta handle the stress analysis of an indeterminate structure for the effect 
of temperature change, settlement of supports, etc., by proceeding as 
follows: Select the primary structure, and temporarily remove all the 
redundants. Now allow the temperature change or settlement to take 
place on the primary structure. Compute the resulting displacements 
of the points of application of the redundants on this primary structure. 
Such computations may be performed by means of the method of virtual 
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work or some other suitable method. Now apply the redundants. As 
they are applied, they must restore their points of application to their 
correct positions. Castigliano’s theorem may be used to evaluate the 
deflections produced by the redundants. Substituting the previously 
computed values for the restoring deflections, we thereby obtain equa- 
tions containing only the redundants as the unknowns, which may then 
be obtained by simultaneous solution of these equations. While this 
procedure is often not as straightforward as that of the superposi ’on- 
equation approach, there are nevertheless instances where it ma^ be 
used advantageously. 


Example 14*13 (hmpuf( the bar stresses in the members of this truss. Cross- 
sectional areas in square inches shown in parentheses. E = 30 X iO kips per sq in. 



Truss is indeterminate to first degree. Select stress in bar bd 
as the redundant. 



:. ^33.3 -f 8.822Xi « 0, X, ^ -{-3.78 


The remaining bar stresses may be found easily by statics 
or by extending the above tabulalioh. 
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Example 14*14 Solve this frame using Castigliano’ s theorem. Include the effect 
of distortion due to both axial stress and bending. 
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From D to E, 

0 <y < 15, M ^ Xa -yXi, + lOXc, 


L « 15' , F = X. 

Seiiing up Eq. (/), 


^ ^ iE. ^ n EE 1 

dXa dXt dX “ 


(X - xXc)il) ~ + (X - :rX - iOOx + WO){i) ^ 

Ja 4fii J2 4ii 

+ r® (X. - yX, - /OX - «00)(/) ^ + r® (X + tX)(/) ^ 

Jo 1 1 Jo 4 / 1 

+ r® (X. + lOXc - yX,Ki) ^ = 0 

yo ii 


Combining, canceling, and integrating, we obtain 


35Xa - 225Xi « 


setting up Eq. (2) 


(X. - yX, - /OOX - 800)(-y) ^ (X„ - yX, + /0X)(-y) ^ 


(/)(/0) , „ (/)(/0) _ 

+ 2.6A, + 2.6Ai ~ " 


Again combining and canceling before integrating, we obtain 


{~225)Xa + 


However, 


and therefore 


X. + (2,250 + 7.5 Xi S 

1 } = (t^\ = i2. 

A. \1W)\30) fi32' 

-225Xa + 2,250.87 Xi = -90,000 


In a similar manner, Eq. (,?) reduces to 

(3,166.7 + j;) X, = - (125,866.7 + 1,500 

3, 170.1 5X. - -126,050.2 (3) 

Solving Eqs. (1), (2), and (3), 

X - ^30^.2 ^' 

X « - 
X « - 


// </i« of axial distortion tvere neglected, all the terms containing A would he omitted. 
Then, we should find 

Xa - ±30^' 

Xb 9^ 

X - - 

Discussion : 

These results indicate that the effect of axial distortion may he neglected in comparison 
with the effect of bending in the rigidfframe type of structure. 
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Example 14*15 Compute the stress in the tie rod. Include the effect of both axial 
stress and bending. 


This structure is indeterminate to the first 
degree. Select the lie-rod stress as the 
redundant. Then 


\ 

A\ * 0 


M/ 


. . dM dx 


aXi AE 


From B to C, 


M ^ 0, 


F * Xu 


From B to D, 

M = 0.6xXi 

0 <x < 8 


i = 20' 

F = -0.8Xi 

m - -»« 

L = 8' 


From D to A, 

M = O.fixJ^i - iOix - «) 

nc 

ax: = 

8 <x <i6 

F = -0.8X, 

Q o 

L = 8' 



Evaluating Eg. (1), 

f® (0.6xXi){0.6x) P + r (.O SxXi - iOx + 80)(0.6x) ^ 

Jo 12 JO 12^1 

. {-0.8Xi){i6){--0.8) _ ^ 

from which 

Xi {{m.52 + ;^ + i0.2fi = 2,560, 

h ^ _5 

Ai i2' A2 24 
535.32Xy. * 2,560 
:. Xi « + 4 .^ 0 * 


whereas, if the axial stress term were neglected, 

Xx * 4 - 5 . 20 * 
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14*9 Development of the Three-moment Equation. The 

three^moment equation was first presented in 1857 by the French engineer 
Clapeyron. This equation is a relationship that exists between the 
moment at three points in a continuous member. It is particularly 
helpful in solving for the moments at the supports of indeterminate 
beams. 

Designate three points on a continuous member as L, C, and R as 
shown in Fig, 14-6. Suppose that the moment of inertia is constant 
between point L and C and equal to and likewise constant between C 



and R and equal to /«.* The member is assumed to be straight initially, 
and the deflections from the original position are assumed to be Be, 
and Br at points L, C, and Z?, respectively — all to be considered positive 
when upward as shown. 

Let the moments at these three points be Mi, Me, and Mr. Bending 
moments are to be considered plus when causing tension on the lower 
fibers of a member. The bending-moment diagram for the portion 
LC or CR may be considered to be that resulting from superposition of 
three separate effects: the contribution of each of the end moments acting 
separately, which is given by the ordinates of the triangles indicated by 
the dashed lines; and the contribution of the applied load acting by itself 
with the end moments removed, which is given by the ordinates in 
the portion LC and by M* in the portion CR. 

* Theoretically it is possible, though cumbersome, to include the effect of variable I 
in this development. 
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From the sketch of the elastic curve, 

^cL “ tcl and Ocr = tcr — jSi* 

However, since the elastic curve is continuous through point G, 


Hence, 


Sci — OcR 


01 — Tcl — Tcr — 0r 

Since these are all small angles, it is permissible to consider that 
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(a) 


(b) 


If the bending-moment diagram were converted into an M/EI diagram, 
Tcl and Tcr could be evaluated easily by means of the second moment- 
area theorem, 


Tcl 


'MJl . MJl 


Tcr 


eijJl 

= ( 
EIJh \ 


4- 

6 


+ 


6 


3 


/: 

/: 


M^Xl dx 


M^xL dx[ 




(c) 


Let 


(9no)« = dx'^ 


(14-4) 


Substituting from Eq. (14 4) in Eq. (c) and then from Eqs. (6) and 
(c) in Eq, (a), we obtain the so-called '' ihrec-moment equation y'' 




where the load terms are 




(14-5) 

(14 6) 


In using these equations, note particularly that 

(1) Ml, Me, and Mr are plus when causing tension on the lower 
fibers. 

(2) 6l, 6ci and 8r are plus when upward from the original position. 
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(3) Juo and are load terms dependent on the applied load in the 
spans LC and CR, respectively. 

(4) The Mo diagram for a member is the bending-moment diagram 

drawn for the member if it is assumed to be a simple end-supported beam. 
(91lo) L represents the static moment of the area under this diagram, taken 
about an axis through the left end, while represents the static 

moment about an axis through the right end. The sign of both these 
static moments depends simply on the sign of the ordinates of the Mo 
diagram. 


P P 



r^r^-FULL UNIFORMLY DISTRIBUTED LOAD 
Fig. 14*7 


In the special case where II — Ir — /, Eq. (14-5) simplifies to 
MlIl + 2Mc{Il + Ir) + MrIr = — £>o ~~ (Ro 

+ + + (14 7) 

The load terms in the cases of full uniform load and concentrated load 
are shown in Fig. 14 -7. 

14*10 Application of Three-moment Equation, The three- 
moment equation is applicable to any three points on a beam as long as 
there are no discontinuities, such as hinges in the beam within this 
portion. In applying the equation to a continuous beam, if we select 
three successive support points as being L, C, and /?, the deflection terms 
on the right-hand side of the equation will be equal either to zero or to 
the known movements of the support points. We thus obtain an equa- 
tion involving the moments at the support points as the only unknowns. 

In this manner, we may write an independent equation for any three 
successive support points along a continuous beam. We shall obtain n 
independent equations involving n unknown support moments, which 
may then be obtained from the simultaneous solution of these equationa 
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There is a slight ambiguity in handling a fixed end on a continuous beam, 
but the technique of solving such problems is explained in the illustrative 
examples that follow. 

The analysis of continuous beams by this method is straightforward. 
Be careful, however, to follow the sign convention noted in Art. 14-9. 
Likewise, be careful to use consistent units, particularly when there are 
movements of the supports. 


Example 14*16 Compute the reactions and drat, the bending-moment diagram for 
this beam: 


Apply Eg. (14*5), taking a, fe, and c as 
Ly Cy and /?. 


Ma ^ Oy Mb ?y 


£o “ 


(30) (6) (9) (21) 

15 


Me = Oy 

6a ^ bb 6e ^ 0 

2y268y 


0 + 2Mb 

5mb 


(Ho — 


misy 

4 


- 5y832 


Vf 1.51 J 


» -6y156y 


i-0 


-2y268 5y832 

I 1.51 

Mb = -i/4*' 



Example 14*17 Compute the moments at the support points of this beam. E and I 
are constant. 





u 

Ut t i"n~nc rfB 

a 



/8' 1 /s' 



In this casCy there are four unknown 
moments May Mby Me, and Md. Four 
equations are therefore required. A fixed 
end may be handled by replacing it by an 
additional span of essentially zero length as 
shown. The required equations may then 
be obtained by applying Eq. {1U'7) four 
separate times y considering L, C, R in 
turn as indicated. 


6a' = ^6 *= 5c =» 0 


Consider a\ a, and b as Ly Cy and R, 


£« « Oy 


^ ^ (5)W^)(^) ^ (jKjgCgg) _ ^ ^ 

+ SOM. » -i, 330.5 (i) 
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Consider a, and c as L, and R. 

. ^ (5m{i2){28) , (6 ) (15) (5) (35) 

20 20 


iM9.5, 


(0.9) (18)^ 


1,312.2 


/. 20Ma -f 76 Mb 4* 18 Me - -2,771.7 


Consider h, c, and d as L, C, and R. 

JBo « 1,312.2, (Ro - 0 /. 18Mb + 66Me 4 15Mj - -1,312.2 (3) 

Consider c, d, and d* as L, C, and R. 

£o * <Ro - 0, M'd = 0 15Mc 4 30Mi = 0 (4) 


Solving Eqs. (1), (2), (3), and (4) simultaneously leads to the following values for the 
unknown moments: 



Example 14 ‘18 Compute the reactions and draw the bending-moment diagram for 
this beam, due to the following support settlement: 

Support a rotates 0.005 radian clockwise. 

Support b settles 0.0208 ft down. 

E — 30 X 10^ kips per sq in. 



Consider a', a, and b as L, C, and R. 

M'a =0, £o (Ho = 0, 5a = 0, 

5b = -0.0208' 


As a result of rotation of support at a, 5a /II 
approaches -\-0.005. Applying Eq. (14-5), 

2M. (j^) + m (^) = 6E(0.005) 

/. 30Ma 4 15Mb - 0.02166EIu (1) 

Consider a, b, and cos L,C, and R. 

Me =0, 5a = 0, 5b == -0.0208, 

5e ^ 0 

Applying Eq. (1^-5), 

- -6E(-o.om) (1 + 

/. 15Ma 4- 52.5Mb - A-O.OmTiEh (2) 


Solving Eqs. (1) and (2) simultaneously and 
substituiing Eh - 31.25 X 10^ kip-ft^, 


Ma « ^0.000658Eh * +205.8^' 
Mb - ^0.000129iEh ^ 
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14*11 Development of the Slope-deflection Equation. The 

slope-deflection method was presented by Prof. G. A. Maney in 1915 as a 
general method to be used in the analysis of rigid-joint structures. This 
method extended the use of equations, originally proposed by Manderla 
and Mohr for computing secondary stresses in trusses. It is useful in its 
own right; and even more important, it provides an excellent means of 
introducing the method of moment distribution. 

The following fundamental equations are derived by means of the 
moment-area theorems. Thus, these equations consider distortion 
caused by bending moment but neglect that due to shear and axial stress. 
Since the effect of axial stu^fss and shear distortion on the stress analysis 
of most indeterminah* beams and frames is ver^ small, the error that 
results from using these equations as a basis for the slope-deflection 
method of analysis is also very small (for corroboration, see the results 
of Example 14* 14). The fundamental slope-deflection equation is an 
expression for the moment on the end of a member in terms of four quan- 
tities, viz,, the rotation of the tangent at each end of the elastic curve of 
the member, the rotation of the chord joining the ends of the elastic curve, 
and the external loads applied to the member. It is convenient in the 
application of this equation to use the following sign convention: 

1. Moments acting on the ends of a member are positive when clock- 
wise, 

2. Let 6 be the rotation of the tangent to the elastic curve at the end 
of a member referred to the original direction of the member. The 
angle 6 is positive when the tangent to the elastic curve has rotated 
clockwise from its original direction. 

3. Let xf/ be the rotation of the chord joining the ends of the elastic 
curve referred to the original direction of the member. The angle xp 
is positive when the chord of the elastic curve has rotated clockwise from 
its original direction. 

In designating the end moments, two subscripts will be used; these 
subscripts together designate the member under consideration, and the 
first one designates the end of the member to which the moment is applied. 
For example, Mab designates the moment acting on the A end of member 
AB; Mb A, the moment on the B end of that member. The d angles will 
be designated by one subscript indicating the end of the member. The 
^ angles will be designated by two subscripts indicating the chord and, 
likewise* the member. 

Using the above notation and convention, consider a member AB 
that has a constant E and I* throughout its length and that is initially 

* It is theoretically possible, of course, to set up the slope-deflection equation con- 
sidering the effect of variable /. 
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Straight. Suppose that this member is acted upon by the positive end 
moments Mab and Mba and any condition of an applied load, as shown in 
Fig. 14 *8. Let AB be the elastic curve of this beam and A'B' represent 

its original unstrained position. 

Bbj and \I/ab are positive as 
shown. 

The bending-moment diagram 
for this member may be con- 
sidered to be the superposition of 
three separate effects: the con- 
tribution of each of the end 
moments acting separately, which 
is given by the ordinates of the 
triangular portions, M' and M"; 
and the contribution of the applied 
load acting by itself with the end 
moments removed, which is given 
by the ordinates Mo- In other 
words, the Mo ordinates are the 
ordinates of the simple beam 
bending-moment diagram. The total bending moment at any point will 
be the algebraic sum of Mo, M\ and M", but for this present derivation 
it is easier to consider these three contributions separately. 

If the bending-moment diagram is converted into an M/EI diagram, 
Aa and Ab may be evaluated by the second moment-area theorem. 
Then, 

^ L2 .. , U ,, (?TTlo)x 

6£’/ SB/ El 

WJ ~ MI 

in which {Tffto)A is the static moment about a vertical axis through A 
of the area under the Mo portion of the bending-moment diagram and 
(9Tto)B is a corresponding static moment about an axis through B. 

Realizing that the angles and distortion shown in Fig. 14-8 are 
actually so small that an angle, its sine, and its tangent may all be con- 
sidered equal, we see from the figure that 


Any loctciing 
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Solving Eqs. (a) and (6) simultaneously for Mab and Mba and substitut- 
ing in the resulting expressions for Aa/L and Ab/L from Eqs. (c), we 
obtain 

2EI 2 

Mab = “27“ + Bb — ^^ab) + [(S)n:o)A — 2(9TTo)]i? 

2EI 2 

Mba = “2" (20JB + 0A — 3^ ah) + 22 [2(9TIo)a — (?nio)B] 


Up to this point, the con^^’tion of loading has not been defined, and 
Eqs. (d) are valid for any condition of transverse loading. The last 
term in brackets in each of these equations is a function of the type of 
loading, and it is importaiit that its physical significance be recognized. 
Suppose that Sa, Ob, and \(/ab are all equal to zero. Then the last terms 
of Eqs. (d) are, respectively, equal to the moment at the A end and the 
moment at the B end of the member. If, however, 6 a, Ob, and ypAB are all 
equal to zero, it means physically that both ends of tlie member are 
completely fixed against rotation or translation and, therefore, that this 
member is what we call a fixed-end beam. These last terms of Eqs. (d) 
are therefore equal to the so-called “fixed end moments.” Calling fixed 
end moments FEM, 

FEM^b = p [(91I„)^ - 2(3 TI„)b] ) 

FEMs^ = ^ [2(3n;o)A - (stii„)B] \ 

Substituting in Eq. (d) from Eqs. (14-8), we obtain 

Mab = “ 2 ' (2^a A' Ob ^"^ab) + FEMah 
Mba = {20b + ^a ^^ab) + FEMba 


(14-8) 


(14-9) 


Closer inspection of Eqs. (14 -9) reveals that these two equations can 
be summarized by one general equation by calling the near end of a 
member N and the far end F. Also, if we let 

Knf ^ stiffness factor for member NF = (14* 10) 

LJNF 

then the fundamental slope-deflection equation may be written as follows : 

Mnf - 2EKnf{20s + Of - ^ypNF) + FEM^ri. (14^1) 

Of course, the FEM may easily be determined for any given loading. 
If, in addition, the rotation of the tangent at each end and the rotation 
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of the chord joining the ends of a member are known, the end moments in 
the member may easily be computed from Eq. (14 11). In Art. 14* 12 , 
the use of this equation in the solution of indeterminate beams and frames 
is discussed. 

The FEM for any given loading may be evaluated by means of Eq. 
(14-8) in the following manner: 

Concentrated load (set Fig. 14 9) : 




{'3rto)B = 


Pah 


a {2 


b i 

, b\'] 


_2 

-) + 

2 < 

+ 3 ) 

— 

[ 6/2 

b\ , 

a i 



m 

r) + 

- 

9 ’ 

+ sjj 

= 


Pah 


(26 + a) 


FEM^» = 

^ (2a + M - 2 ™ (2/) + 0 ) 

Pab^ \ 
( 

FEM«^ = 

’ 2 'lf (2« + W-'’i*(2(. + a)' 

, Pa'‘h { 


(14 12) 



Fig. 14-9 



Full uniform load (see Fig. 14 10 ) : 

{yKo)A = {^o)b 


wL^ 

lA 


FEMAi, = 
FEMba - 


12 

12 


(14- 13) 


It will be noted that the proper signs of the FEM work out automatically 
from these calculations. In most cases, we know the direction of the end 
moments by inspection, and in this way we are usually able to verify 
the signs of the FEM. 
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Note again the sign convention to be used in applying the slope- 
deflection method. Note also that the above equations have been 
derived for a member that is initially straight and of constant E and /. 

14* 12 Application of Slope-deflection Method to Beams and 
Frames. Consider first the application of the slope-deflection method to 
continuous beam problems, such as the beam shown in Fig. 14* 11, the 
supports of which are assumed to be unyielding. Think of this beam as 
being composed of two members, AB and BC, rigidly connected together 
at joint B. We could write t xpressions for tlie end moments at each end 
of each member, using Eq. (14- 11). 

These four end moments Mab, Mb a, 

Mscy and Mcb would then be expressed 
in terms of the 6 and ^ angles and the 
FEM, which could be computed from 
Eqs. (14 12) and (14- 13). 

Since the supports are unyielding, 
we know in this case tiiat 6a, \I^ab, 
and yj/Bc are all equal to zero. F urther, 
since members BA and BC are rigidly connected together at joint B, the 
tangent to the elastic curve at the B end of member AB must rotate with 
respect to its original direction algebraically the same amount $b as the 
tangent at the B end of member BC, Only the values of Ob and 6c are 
unknown, therefore, and involved in the expressions for the four end 
moments. If we could in some way find the values of 6b and 6c, we could 
then compute all the end moments; and, having them, we could compute 
by statics any other moment, shear, or reaction we desired. In other 
words, the stress analysis of this beam would be reduced to a problem in 
statics if we knew the values of 6b and 6c- 

In this case, we are able to solve for these two unknowns by virtue of 
the fact that there are two convenient equations of statics which these 
end moments must satisfy. These equations are obtained by isolating 
joints B and C as shown in Fig, 14 * 11 and writing the equations SM = 0 
for each of these joints. Thus, 

From XMjb = 0, Mba + Mbc — 0 

From SMc = 0, Mcb = 0 

By substituting in these two equations the expressions for the end 
moments obtained by applying Eq. (14 * 11), we shall obtain two equa- 
tions involving the two unknowns 6b and 6c. After solving these 
equations simultaneously for these unknowns, we shall then be able to 
compute the end moments and complete the stress analysis of the beam. 

The actual numerical solution of such a problem is illustrated by 


I -ej t I 1 I iJf 

^ 777 / '/ 7 // 




Mcb^O 


Fin. 14- 11 
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Example 14 - 19. In Example 14 *20, these ideas have been extended and 
applied to a case where the supports move. 


Example 14*19 Compute the reactions and draw the shear and bending-moment 
diagrams for this beam. Unyielding supports. 



Analyzing the 6 and \p angles. 


Oa = 0, ^ab = rf/br = 0 

Ob Oc =? 


Kab = 


FEMab - - 
FEMba = + 

FEMbc = - 


{iO)^ 

mieyih) ^ 
{toy 

12 


FEMcb = 


Using Eg. (i4- ii)y write expressions for 
the end moments 


Mat = 2EKeb ~ 19.2 

Mba = ^fKKOb + 28.8 

Mbc = 8EKeb + 4EKec - ^ 7.5 

Mcb = SEKOc + ^EKOb + 37.5 


Isolate joints b and c; write the joint equations; and substitute for M?,o, Mba dc. 


SMt *= 0, Mba + Mbc = 0 i2EKeb + ^EKOc ~ 8.7 ^ 0 {!) 
XM, ^0, Mcb -25 =9 /. ^EKOb + SEKBc + 12.5 = 0 ( 2 ) 


Solving Eqs. (!) and (2), we find 


Mta 

Mci 


EK0H = +^-^95 , eK$, = -2.31 . 
Hence, substituting back in end-moment expressions. 


Mak = +2.99 - 19.2 = -1S.21 ^' 

Mia = +5.98 - 28.8 = +3'».78 *' 

Mtc = +11.96 - 9.25 - 37.5 = -35.78’ ^ 

Ma, = -18.7^ + 5.98 + 37.5 = +25.0> ‘' 

The remaining results may be computed by statics. 

Discuesion : 

The cantilever portion cd adds no complications since the bending moment in this 
portion is statically determinate. The cantilever does, however, affect the joint equation at 
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joint c. When isolating joints, assume unknown moments to he positive (i.e., to act 
clockwise on the end of the member and therefore counterclockwise on the end of the joint 
stub). Any known moment, however, should be shown acting with Us known value in its 
known direction, 

A convenient way of handling the K factor is to select one K factor as a standard and 
express all others in terms of this. 

Units will always be consistent if all values are substituted in kip and foot units. 

An alternate way of handling the cantilever effect is to reason that the moment of c causes 
tension in the top fibers of the beam and therefore acts clockwise on the c end of member 
be. Hence, Meb = +25 kip-ft w^^ch Ls the same re.mli iis stated by Eg. (2) above. This 
method fails, of coarse, if there is more than one member with an unknown end moment 
connected to this joint. Note that the final re’fults satuffy Eqs. (/) and (P). This check 
does not verify the work prior to uiting up these eqiiaiwns, of coarse. 


Example 14*20 Compute the end moments for the beam in Example i9 caused 
only by the following support movements (no load acting): 

Support a, vertically O.Oi ft down, rotates 0.001 radian clockwise 

Support b, vertically O.O^t ft down 

Support c, vertically 0.0175 ft down 

Assume E ^ 30 X 10^ kips per sq in., / — 1,000 in.^ 


In this case, 

0. = +0.001, 1^,1, = i(f~ - = +0-00:i, i'u 


but 


db = ? and 9c = ? 


iO.Oh - 0.0175) 

15 

- -0.0015 


There are no loads; therefore all FEM\s are zero. Using Eq. (Ih 11) to write expressions 
for end moments, 

Mab - 2EK(0.002 + 06 - 0.009) - 2EKeb - O.OlhEK 

Mfca = 2EK(2eb + 0.001 - 0.009) = /4EKeb - 0.016EK 

Mbc = 2E(2K){29b + 0c + 0.00^5) = SEKd^ + UEKdr + 0.018EK 

Mcb = 2E{2K)(2ec + 06 + 0.00^5) = ^EKO^ + 8EKdc + 0.01 8EK 

From the joint equations, 

XMb-^O, Mb, + Mbc - 0, i2EK9b + ^tEKdc f 0.002Ek = 0 (1) 

ZMc ^ 0, M,b = 0, ^4EKdb + SEKOc + 0.018EK - 0 (2) 

Solving Eqs, (1) and (2) simultaneously, 

Bb - -\-0.0007 9, - -0.0026 

Therefore substituting back 

M,b = -O.OmEK = -262.5 ^' 

Mba - -0,01 32EK - -27^' 

Mb. == +0.0i32EK - 

Mc6 =* 0 « _0 
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since 

EK ^ SOX m X iM X “ ^0,833 kip-ft 

Discussion : 

In this type of problem^ he particularly careful to insert the correct signs for the known 
B and rp angles. Also he careful to keep units consistent. 


Consider the rigid frames shown in Figs. 14 - 12a to d. Suppose that 
we neglect the change in length of the members due to axial stress, as is 
usually permissible in rigid frames, and consider only the effect of bend- 
ing distortion. With this assumption, it is easy to show in each of these 
four frames that the yp angle is zero for every member (with the exception 



Fig. 14 12 


of the statically determinate cantilever portions, of course). In Fig. 
14 * 126, for example, neglecting the axial change in length of members AB 
and BE, it is obvious that joint B cannot move unless the supports move. 
If joint B does not move, we can reason in the same manner that joint C 
cannot move. The xp angles must therefore be zero for all five members 
AB, BC, CD, BE, and CF. 

At any particular joint, the 6 angle will be the same for the ends of all 
members that are rigidly connected together at that joint. In the case of 
this frame, therefore, there will be only four unknown 6 angles, Sb, Be, 
and Bd* Hence, using Eq. (14- 11), we shall obtain expressions for the 
end moments involving these four B angles as the only unknowns. Since 
we may write a joint equation SM = 0 at each joint where there is an 
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unknown B we are thereby able to obtain four equations containing the 
four B angles as unknowns, in the same manner as in Example 14 19. 
After solving for the values of these B angles, we may substitute back to 
obtain the values of the end moments, thus reducing the remainder of 
the stress analysis to a problem in statics. 

In effect, we have shown that the slope-deflection solution of any 
frame in which there' are no unknown ^ angles is essentially the same as 
that of a continuous beam. The solution of the frame in Fig. 14 - 12e is 
likewise in this category, provided that both the make-up and the loading 
are symmetrical. In this special case, the deflections will also be sym- 
metrical and therefore Ihere t an be no horizontal deflection of the column 
tops. As a result, the ^ angles ot all 
three members are zero. 

In the most general type of rigid 
frame, both unknown B and unknown 
^ angles are involved even when we 
consider only the effect of bending 
distortion. In other words, there 
are both joint rotations and chord 
rotations, or “sides way.” Several 
examples of such frames are shown 
in Fig. 14 15. Certain new ideas 
must be introduced to handle such 
problems. For this purpose, con- 
sider the frame shown in Fig. 14 • 13. 

If the supports are unyielding, 
there are only two unknown 6 angles, 

Bb and Be- In this case, however, there is nothing that would prevent 
joint B from moving. Since we are neglecting distortion due to axial 
stress and since the chord rotations of the members are small, joint B 
moves essentially perpendicular to member AB, or, in this case, hori- 
zontally. Suppose that this movement is A. In the same manner, we 
should reason that joint C at the top of column CD must likewise move 
horizontally. , Since the axial change in length of BC is also neglected, 
the horizontal movement of C must also be A. 

The deflected position of the chords is shown by the dashed lines in 
Fig. 14 • 13. Note that these dashed lines indicate, not the elastic curve 
of the frame, but simply the chords of the elastic curve. From the 
sketch it is apparent that 



i/BO == 0 
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and therefore 

In this case, therefore, the ^ angles of the members of the frame may all 
be expressed in terms of one independent unknown, which we can call 
Applying (11 11) in this case leads to expressions for the end 

moments that involve $b, ^c, and 
as unknowns. Two of the three 
equations required to solve for these 
unknowns may be obtained from 
the familiar joint equations at 
joints B and C. The third inde- 
pendent equation of statics that the 
end moments must satisfy must be 
obtained in some other manner. It 
may be derived as follows: Isolate 
each of the columns by cutting 
them out just below the girder and 
just above the foundation as shown 
in Fig. 14 • 14. Likewise, isolate the 
girder by cutting it out just below 
the top of the columns. Then, 
taking moments about the base of each isolated column, 

Mab M-ba 20 Hi == 0 (a) 

Mi)c “h M CD “ 1 “ 257/2 ~ 0 ( 6 ) 

Likewise from = 0 on the girder, 


B 






zo\ 




-Hi 



D 

Fig. 14 It 


2S' 


Hi + 7/2 = 5 (c) 

Substituting for Hi and H 2 in Eq. (c) from E]qs. (a) and (6), we obtain 

Mab + Mba + O.SMdc + O.OMcd = 100 (d) 

which is the required third independent equation of statics. From the 
two joint equations and this so-called “shear equation,” we are able to 
arrive at three equations from which we can solve for Ob, Be, and \pi and 
then to complete the solution as in previous problems. 

Examples 14 -21 and 14 -22 illustrate the slope-deflection solution of 
certain typical frames where sidesway is involved. 
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Example 14*21 Compute the end moments and draw the bending-moment diagram 
for the frame: 


Analyzing the 6 and angles. 


** 

Ob ^ ? 

Kab “= Kcd '■ 
FEMbc = - 
FEWIcb “ 4“ 


0 


= K, 


^BC 
Oq s 

h 
" 15 
{i00){8){12)^ 
{WV 


= \pCD 

- -W' 




Using (14- i I), 

h^AB * 2EKBb “• 6EK\f/i 
Mba *“ ^EKBb — SEKrpi 
Mbc ** I^EKOb + SEKBc 2^^ 
hdcB 12 EKBc “I" 6EKBb “h i^2 
Mod •“ UEKBc — 6EK\pi 
Mdc ** 2EKBc — 6EK\pi 


Joint B: 

XMb = 4 “ Mbc = ^ 

4- - 6:£’A'\^i - 2^^ = 0 

(/) 

Joint C: 




A{» SOO 


Mob 4" Mcd — 500 *= 0 
6EKBb 4- iOEKBc 
- OEKrPi - 308 ^ 0 (2) 


Shear equation: 


Col, AB, Mab 4 " Mba 4" i5Hi *■ 0 

Col DC, Mdc 4- Mcd 4- 15H2 - 0 

Girder, Hi A- » 20 

Mab 4 ” Mba 4 * Mcd 4 ” Mdc-^-SOO^^O (3) 




Solving Eqs. (f), (2), and {3), 


EKBb = +is.63 

EKBc ** 

+W.00 

EKypi « 

-22.54 

Mab « -90,9^' 

Max ““ 

-59.5^' 

Mbc “* 

+59.2*' 

Mcb - 4-55LO^' 

Afac * 


A/i>c *• 

-92.8”' 
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Discussion : 

Note that the dashed lines in the first sketch indicate the deflected position of the chords 
of the elastic curve of the columns, not the elastic curve itself. 

When various portions of a frame are isolated as shown in the second sketch, all 
unknown end moments should he assumed to be positive, i.e., to act clockwise on the ends 
of the members. Shears and axial stresses may be assumed to act in either direction, of 
course; hut it having been assumed that a force such as Hi acts in a certain direction on one 
isolated portion, it must be assumed that the force acts consistently on any subsequently 
isolated portions. 

When plotting bending-moment diagrams for such frames, plot the ordinates on the 
side of the member that is in compression under the moment at that section of the frame. 


Example 14*22 Compute the end moments and draw the bending-moment diagram 
ior this frame: 



To analyze ^Jz-angle relationships, imagine 
that the members are temporarily disconnected 
at the joints and then reassembled one by 
one. First connect member AB at the base. 
If the chord of this member did rotate an 
amount ypAs, the B end would move essentially 
perpendicular to AB along the path BB'. 
Translate member BC parallel to itself so 
that the B ends of AB and BC can be con- 
nected together at point B'. If the chord of BC 
were now rotated, the C end would move along 
a path C"C' perpendicular to its original 
direction. Likewise, if member CD were 

connected to the support at D and the chord 
were rotated, the C end would have to move 
along a path CC' perpendicular to CD, The 
C ends of members BC and CD could he 
Joined at point C' where these paths intersect. 
Then, 

«= *= A ^ iO 

Lab {cos a) L ab 20 i3 ^ 

, C"C' A ^ 

^ ^ Jo ^ 

. _ CC' _ 4 _ A 8 . 

” Lcd ” (C<M fi)LcD 25 ” 
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Therefore all ^ angles can be expressed in terms of one unknown, Since Ba ^ Bd ■» 0, 
the independent unknown are Ob, Be, and 


Kab 


U12 

20.S 


20 - K, 


Kbc = 


300 

iO 


30 = 1.5K, 


Kcd 


807 

2(5.9 


i.bK 


All FEM*s are zero since no loads are applied between joints. Applying Eq. 

Mab - 2EKeB - ^HzEK^Pi 
Mba = ^tEKOB - 

hisc =“ 6EKBb "f" SEKBc “h OEKrf/i 
AIcr “ ‘^EKOb ^ 6EKdc *4" 9EKypi 
Mcd « GEKBc - '^H^EK4'i 
. Mjdc “= SEKBc — "^^sEK^pi 

Joint B: 

XMb « 0, Mba -r Mbc * 0 IOEKBb + 3EKec + ^t.385EKyl^i « 0 {!) 

Joint C: 

XMc 0, Mcb “H Mcd ** w 3EK6b + i2EK$c ■+• 3.^62EK\ffi « 0 (2) 


Shear equation: Col. AB. XiJa = 0, Mab + Mba + 20Hi ~ .5Vi =* 9 (a) 

Col. CD, I^Md = 0, Mdc “f Mcd 4" 2513^ ~ lOV^ 0 (b) 

Girder, 2 Me ~ 0, Mba + Mcd iOVi ^ 0 (c) 

SF, =0, Fi « V 2 id) 

* 0, Hi + Ih « iOO (e) 


Substitute in (a) and {b)for Vi, V 2 , and Hi from (c), (d), and (e); then eliminate Hi from 
the modified Eqs. (a) and (b); and obtain 

Mab + 2.3 Mba H" 2.iMcD + 0.8 Mdc + 2,000 *» 0 
or 

il.2EKeB + iOEKSc - 31.292EKrPi = -2,000 (3) 


Now solve Eqs. (i), (2), and (.?) inihe following tabular form: 


Eq. 

Operation 

EKBb -1 

- EKBc H 

1 

^ EKifi « 

const. X 10 2 

Check 

i 


+ /0 

+ 3 

-f- ^4 . 385 

0 

+ 17.385 

2 


+ 3 

+ 12 

+ 3.462 

0 

+ 18.462 

3 


■^ii.2 

-fid 

-31.292 

-20 

-25.092 

3' 

3 X 0.893 

^10 

+ 13.393 

-27.939 

-17.857 

-22.404 

3" 

3 X 0.268 

+ 3 

-f it.OiS 

- 8.382 

\ - 5.357 

- 6.721 

u 

i -3' 


-10.393 

+32.324 

+ 17.857 

+39.789 

5 \ 

2 - 3" 


+ 7.982 

+ 11.84A 

+ 5.357 

+25.183 

4' 

!$ X 0.768 

\ 

- 7.982 

+24. <725 

+ 13.715 

+30.559 

6 

5 + 4' 



+36.669 

+ 19.072 

+55.742 


i 

1 



+ 1.0 

+ 0.5201 
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7M^EKdc « 5.357 - 6A59 « 0.802, EKSc = -0.1005 
3EK0B « -5.357 + + O.f/0^4 = -0.59^, EKdg = -0.1980 


The above results are for constants that are 0.01 of the actual constants. The actual 
results are 100 times the above. 


EKOb « -19.80 , EKdc - -/0j>5 , 
The end moments are therefore 


EK4^^ « +52.01 



Mab = 39.0 - mo * -279.6 ^' 

Mba * -79.2 - 2U0.0 = -319.2 ^' 

Mbc = - 30 2 + m.l - -f3/P.i ^^ 

Mcb == -50.4 - 00.4 + 400./ - +340.7 *^ 
Mcd « -00.4 - 288.1 = - 3 ^. 5 ^' 

Mdc * -30.2 - 200./ =* -*3/0.7?*' 


Discussion : 

W^5en analyzing the relations between the ^ angles, be sure to record the proper signs for 
them, thus indicating whether the chord rotates clockwise or counterclockwise. 

In this problem, the solution of the simultaneous equations has been carried through 
in detail to illustrate a tabular procedure that is very convenient when there are three or 
more simultaneous equations to he solved. The important features of this procedure 
are as follows: 

1. When eliminating an unknown, select the equation having the highest coefficient in 
that column. Operate on this equation so as to obtain several reduced versions of it, each 
version adjusted so as to match the coefficient of the unknown, which is being eliminated, 
in one of the original group of equations. Proceeding in this manner tends to minimize 
errors rather than to increase them. 

2. Keep track of the operations performed on ecwh equation, to facilitate checking. 

3. In the check column, record the algebraic sum of all the coefficients and constant 
terms in each equation. Operate on this figure the sairie as on all other terms in an equa- 
tion. After any operation, the new sum of the coefficients and constant terms should be 
equal to the new figure in the check column. Note that this is a necessary check but is not 
sufficient to catch occasional compensating errors. 

4. The order of magnitude of the constant should he adjusted so as to be of the same 
order as the coefficients of the iinknoums. This is done to make the check column most 
effective. After the solution of the equations is completed, the values of the unknowns 
may then be adjusted to give the answers corresponding to the actual constants. 


By this time, the student should have started comparing the advan- 
tages and disadvantages of the different methods of stress analysis. He 
should have begun to form some idea as to when to use one method and 
when to use another. For example, he should study the structures in 
Figs. 14 12 and 14 15 and decide in each case whether the approach 
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using superposition equations or Castigliano’s theorem is or is not’ superior 
to the slope-deflection method. 

The amount of computation is more or less proportional to the square 
of the number of simultaneous equations involved in the solution. 
Generally speaking, the superior method is that invoKing the fewest 
unknowns. Thus, comparing the superposition-equation approach 
with the slope-deflection method consists largely in comparing the number 
of redundant stress components with the number of unknown d and yp 
angles. 

rv 

fa) (b) fcJ 


(ej 


(d) 


(g) 

Eig. 14- 15 

14*13 Fundamentals of the Moment-distribution Method. 

The moment-distribution method is an ingenious and convenient method 
of handling the stress analysis of rigid-joint structures.^ All the methods 
discussed previously involve the solution of simultaneous equations, 
which constitutes a major part of the computational work when there 
are more than three or four unknowns. The method of moment dis- 

^ The moment-distribution method was presented by Prof. Hardy Cross in an 
article in Tram?. ASCE, vol. 96, Paper 1793, 1932, and in several prior publications 
and is without a doubt the most important contribution to structural analysis in 
recent years. 
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Iribution usually does not involve simultaneous equations and is often 
much shorter than any of the methods already discussed. It lias the 
further advantage of consisting of a series of cycles, each converging on 
the precise final result; therefore the series may be terminated whenever 
one reaches the degree of precision required by the problem at hand. 

If we refer to Eq. (14 * 11), the fundamental slope-deflection equation, 
we observe that the moment acting on the end of a member is the alge- 
braic sura of four separate effects, viz.: 

1. The moment due to the applied loads on the member if it is a 
fixed-end beam, i.e., the FEM 

2. The moment caused by the rotation of the tangent to the elastic 
curve at the near end 

3. The moment caused by the rotation of the tangent to the elastic 
curve at the far end 

1. The moment caused by the rotation of the chord of the elastic 
curve joining the two ends of the member 

Since the end moment is the superposition of these four eflects, it is 
suggested that it might be possible to allow them to take place separately 

and thus arrive at their sum total. 

To simplify the present discussion, 
we shall confine our attention to struc- 
tures which are composed of prismatic 
members, i.e., members which have a 
constant T throughout their length; and 
also to structures in which there is no 
joint translation and in which, there- 
fore, the yp angles are all equal to zero. 

Consider such a structure as that 
shown in Fig. 14*16. If the supports 
are unyielding, there is no joint rotation 
at a, d, c, or e, but there will be some 
joint rotation at b when the load is applied. However, suppose that 
we first consider the unloaded structure and imagine that we temporarily 
apply an external clamp which locks joint b against rotation. Then, if 
the load is applied, fixed end moments will be developed in member ab 
and these may be computed from Eqs. (14 13). 

The moment FEM^a causes a counterclockwise moment on the locked 
joint b. If the clamp is released, this moment will cause the joint to 
rotate counterclockwise. When this joint rotates, certain moments are 
developed throughout the length of all members meeting at this joint. 
The joint will continue to rotate until sufficient end moments are devel- 
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Oped in the b ends of these members to balance the effect of FEM6«. Of 
course, simultaneously certain end moments have been developed in the 
far ends of these members. When equilibrium is established at joint 6, 
the structure in this case will have attained its final distorted position 
and the total end moment at the ends of the various members will be 
the algebraic sum of the fixed end 
moment and the moment caused 
by the rotation of joint 6. 

The procedure outlined .*bove is 
essentially the moment-distribution 
method. It is convmiei t U* adopt 
a certain terminuioif-y U> simplify 
the description of tlie above proce- 
dure. We are already familiar with 
the term used to describe uie end 
moments developed when the loads 
are applied to the structure with all 
joints locked against rotation — 
such moments are fixed end mo- 
ments. When a joint is unlocked, 
it will rotate if the algebraic sum of 
the fixed end moments acting on 
the joint does not add up to zero; 
this resultant moment acting on 
the joint is therefore called the 
unbalanced moment. When the 
unlocked joint rotates under this 
unbalanced moment, end moments 
are developed in the ends of the 
members meeting at the joint. 

These finally restore equilibrium at 
the joint and are called distributed 
moments. As the joint rotated, 
however, and bent these members, 
end moments were likewise developed at the far ends of each; these are 
called carry-over moments. 

Before evaluating these various moments numerically, it is desirable 
to adopt a convenient sign convention. Three different conventions are 
in use in the literature, but the authors prefer to use the same convention 
as that previously suggested for the slope-deflection method, viz., end 
moments are plus when they act clockwise on the ends of the members. 

Expressions for the fixed end moments have already been developed 


1 

o 


M, 


bd 


^ 6 , 


c- 


o. 


Fig. 14 17 
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ill Art. 14 12. The unbalanced moment acting on a joint n is simply the 
algebraic sum of the end moments at the n end of all members that are 
rigidly connected to this joint. 

Some furthei analysis is necessary to explain how to compute 
the distributed moments. Consider the structure in Fig. 14 16 under the 
condition where joint b is unlocked and allowed to rotate under the 
unbalanced moment M. The structure distorts as shown in Fig. 14 17 
and develops distribut'd moments Mba, Mbd, etc., which restore the 
equilibrium of joint b. These distributed moments, being unknown, are 
assumed to be positive and therefore to act clockwise on tlie ends of the 
members and countercloc’kwisc on the joint. The unbalanced moment 
M is assumed to be tlie rcbultant of positive fixed end moments and there- 
fore also acts counterclockwise on the joint. Since = 0, 

^ha + + Mb<i + A/be + 1/ = 0 (a) 

However, the distributed moments may be evaluated by means of Eq. 
(14 11), it being noted in this case that Ob = ft/ = == = 0 and that 

all yp angles are zero. 

Mba = iEKabOb \ 

Mid — AEKbdOb I ,,s 

Mbc = ^EKbeSb ( 
hfbe = 4fEKbe0b ) 


By substituting in Eq. (a) from l^q. (6), we can solve for Oby substitute this 
value back in Eq. {h), and obtain expressions for Mba, etc. For example. 


Mba — 


-Kba 

Kba + Khd + Kbc + Kbe 


M, etc. 




or, in general, the distributed moment in any bar bm is given by 


Mbm = 



M 


(d) 


where the summation is meant to include all members meeting at joint b. 
Let 

K 

DFbm == distribution fax^tor for the 6 end of member bm = (14 14) 

Then, 

Mbn. = -DFbmM (14 15) 

Equation 14 - 15 may be interpreted as follows: 

The distributed moment developed at the b end of member bn% as joint b is 
unlocked and allowed to rotate under an unbalanced moment M is equal to 
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the distribution factor DF^m times the unbalanced moment M with the sign 
reversed. 

An expression for carry-over moment must also be developed. Con- 
sider any member, one end b of which has rotated Ob, developing a dis- 
tributed moment Mbm as shown in Fig. 14* 18. It should be noted that, 
as joint b was unlocked and allowed to rotate, the joint at m remained 
locked and therefore 6m is equal to zero. Since yf/hm is also zero, applying 
Eq. (14 • 11) leads to the following: 

Hlhm ~ and Afmb ~ ^EKl,tn6b 

Hence, 

(14-16) 

or, in words, 

The carry-over moment is equal to one-half of its corresponding distributed 
moment and has the same sign. 

We have now developed all the fundamental ideas and relations 
required to solve the simpler 

moment-distribution problems. n 

Note, however, that the above 
discussion is restricted to struc- 
tures composed ol prismatic 

members. These ideas are extended to members having variable / in 
Art. 14-15. 

14*14 Application of Moment Distribution to Beams and 
Frames. For the first illustration of the application of moment dis- 
tribution, consider the continuous beam shown in Fig. 14-19, the sup- 
ports of which are unyielding. In this case, the yp angles of both members 
are zero, and support a is permanently locked against rotation. Suppose 
that joints 6 and c are temporarily locked and the loads are applied, 
thereby developing the following fixed end moments: 

FEMa6 = -9.6 kip-ft; FEMtc = -18.75 kip-ft 

FEMba = +14.4 kip-ft; FEM.^ = +18.75 kip-ft 

In preparation for unlocking joints 6 and c and distributing the unbal- 
anced moments, the stiffness factors K are computed, and from them the 
distribution factors at these joints are evaluated. 

At b: 2K = 0.3/, DFt,a = DFt,c = % 

At c: ZK = 0.2/, DFcb = T 

These distribution factors are then recorded in the appropriate box on 
the working diagram in Fig. 14 -19. All the computations for the end 
moments are recorded on this diagram, the numbers referring to a particu- 
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lar end moment being recorded in a column normal to the member and 
running away from the member on the side first encountered in proceeding 
clockwise about the joint. Such an arrangement of the computations is, 
of course, not imperative but will be found highly desirable for frames. 

After recording the fixed end moments, joints b and c are successively 
unlocked and allowed to rotate gradually into their equilibrium positions. 
Upon unlocking joint c, it rotates under an unbalanced moment of + 18.75 
until a distributed moment of — 18.75 is developed to restore equilibrium. 





't-0.07 

i-OJd 

^2.29 

-9.6 


- 19.69 

+b:d4 

- 0.06 


k' 


■*9./S 

- 9.36 

-18.7S 






+ I4A 

+ 16.75 

+ 4.56 

- 16.75 

+ 0.76 

+ 4.56 

+ 0.13 

- 4.58 

+ 0.02 

+ 0.76 

- 0.76 

+ 19 . 69 ^' 

+ 0.12 

' 

- 0.72 


Fig, 14- 19 


Joint c is relocked in this new position and a line is drawn under the 
— 18.75 to indicate that the joint is now in equilibrium. As joint c 
rotated, a carry-over moment of one-half of the distributed moment was 
developed at the h end of member 6c, or in this case — 9.38. 

If joint 6 is now unlocked, it will rotate under an unbalanced moment 
equal to the algebraic sum of the two fixed end moments at this joint 
and the above carry-over moment, or —13.73. Using the appropriate 
distribution factors, the distributed moments that restore equilibrium are 
computed and are found to be +4.58 and +9.15, they are recorded and 
underlined, indicating that the joint is now in equilibrium. Relocking 
this joint in this new position and recording the carry-over moments 
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developed at a and c by the rotation of joint 6, leads to +2.29 and +4.58, 
respectively. 

Returning now to joint c and unlocking it a second time, it will rotate 
under an unbalanced moment of +4.58, developing a balancing dis- 
tributed moment of —4.58. Again half of this distributed moment is 
carried over to the b end of this member. Joint c is locked in its new 
position. Now unlocking joint b a second time, it will rotate under an 
unbalance of —2.29, dev^eloping distributed moments of +0.76 and 
+ 1.53, which in turn inauce carry-over moments at a and c of +0.38 
and +0.76. 

We may preced'd in Hus manner, unlocking first joint c and then 
joint 6, until are so small that we are willing to neglect them. 

This problem has been carried through more cycles than required for 
practical purposes simply to illustrate the procedure. After the moment- 
distribution procedme is completed, the final end moments are obtained 
by adding algebraic.ally idl the figures in the various columns. 

The convergence in the above solution has been rather slow owing to 
the fact that joint c is a hinged end and continually throws back sizable 
carry-over moments to joint 6. Whenever there is such a hinged end at 
the extremity of a structure, the convergence may be improved by 
modifying the above procedure as indicated in Fig. 14 20. 

We start out as before, locking all joints against rotation, applying 
the loads, and developing the fixed end moments. Again as a first step, 
we unlock joint c, and l(‘t it rotate and develop the distributed moment of 

— 18.75, which then carries over —9.38 to joint 6. At this point, we 
leave joint c unlocked so that it can rotate freely and hence can develop 
no end moment. Under thc^se conditions, when we now proceed to 
joint b and unlock it, it will rotate under the unbalanced moment of 

— 13.73 with the joint c unlocked instead of locked. Physically, this 
means that member be is not as stiff as it was previously and hence does 
not take so much of the unbalanced moment. We shall now evaluate 
just how much its stiffness has been reduced. 

Refer to Figs. 14 - 16 and 14 17 and the development of an expression 
for distributed moments. Suppose that the support at c were a roller or 
hinge support instead of a fixed support. Then, there would be a ^ angle 
at c as well as b under the action of the unbalanced moment M, but Mc6 
would be equal to zero. Upon applying Eq, (14 11), the previous 
analysis would be modified as follows: 

Mch = 4fEKbe0c + 2EKbc^b =* 0 


Ob 


from which 
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and then 

Mik, = iEKuOi. + 2EKuBc = ^EKi^di = = iEK^Bi 

where, 

Kfc == reduced stiff ness factor — %Kbc (14-17) 

Hence, our previous expressions for distribution factors may be used for 
this new case provided that a reduced stiffness factor instead of the 
usual stiffness factor K is used for a member where the far end is hinged. 

We shall therefore revise the distribution factors at 6, using the 
reduced stiffness factor for member he. 

At biXK == 0.25/, DFba = 0.4, DF^c = 0.6 

As a result, distributed moments of -|-5.49 and +8.24 are developed to 
balance the unbalanced moment of —13.73. There is no carry-over to 



-‘/9.d9^ ' 

i-d24 
-9.36 
-18.15 

Hb 

414.4 4/8.75 

4 S.49 -(8.75 

4l9.a9^< * 0 

Fig. 14-20 

c, of course, since this joint was left unlocked. Tliere is the usual carry- 
over, though, from h to a. In this particular case, our solution is now 
complete since joint c has not been unbalanced by the unlocking at h. 
All joints are therefore in equilibrium and will not be disturbed if 
the temporary locking device is permanently removed from joint 6. 
Adding up the various columns will, in this case, now give us the exact 
end moments for this beam. 

The revised procedure will not always give exact results as it did in 
this problem, but in any case it will give more rapid convergence than 
the original procedure. Example 14-23 is designed to illustrate the 


-6,85^ ' 
42.75 
I -9.5 
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application of the above ideas to a somewhat more elaborate structure 
that does not involve any unknown chord rotations. In Example 
14 • 24, these ideas are extended to cover a case where the ^ angles are not 
zero but their values are known. 


Example 14*23 Compute the end moments and draiv the bending^ moment diagram 
for this frame. Unyielding supports. 



Distribution factors: 


At B, S/C - 2.8 At c;, sa: 

DFha = 0.268 DFcb 

DFbc = O.m DFcd 

DFbg = 0.286 DFch 


i.OOO 

Fixed end moments: 

FEMab = - 

FEMcd = - = -. 70 *' 


= 3.0 

4/ /), ZK == 

3.788 

= 0.417 

DFbc = 

0.330 

= 0.417 

DFnj - 

0.212 

= 0.167 

DF be = 

0.2^48 

FOOD 

DF Bi — 

0.212 



1.002 

FKJ\/Iba — 

(.?0)(0*)(4) 

[ioy 

- +4.?. 

FKMcb — 

+ 04*' 


FEMnr = 

f.?0*' 



Cantilever moment i 


Meb = -(/0)(ff) - -SO*' 
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Moment distribution: 


*J./ 

■*■ 0.2 




, K-f.2S 

voii 

“I ^ 1 


! BP!?3 S 




K^O.67 

K^=O.S 


K=L25 ' 
=0.938 HO 
$1 3 || -hSO 


Final results: 


Discussion t 

In this structure, when the loads are applied after all the joints have been^locked against 
rotation, a moment will he developed at the E end of the cantilever, in addition to the usual 
fixed end moments at other points in the frame. The moment of 60 kip-ft contributes to 
the unbalanced moment at joints E, just as a fixed end moment would. 

Note that the cantilever arm has no restraining effect on the rotation of joint E; that is, 
in effect, its stiffness factor is equal to zero. Any unbalanced moment is therefore carried 
entirely by the other members that meet at this joint. 

Following the modified procedure, all hinged extremities must be unlocked first. This 
includes not only joints A and H but also E. 

The remaining joints are unlocked in turn and gradually rotated into their equilibrium 
positions. If in doing this we start with the joint which has the largest unbalanced 
moment, the convergence of the solution will be somewhat more rapid, although ike final 
results are independent of the order in which the joints are unlocked. 
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Example 14-24 Solve Example iU 20, using moment distrUnition, 


Suppose that we temporarily lock all 
Joints against rotation and that we then 
introduce the specified support movc’^ 
menis, so that 


6a = -\~0.00i radian 
\pah *= +0.003 radian 
4'bc ^ —0.0015 radian 

In ejfeci, we have bent the members and 
developed certain i nil mi end momenis 
that can be evalu*ded /»> tuifig Eq. 
ii^i1),or 

Mab = 2E(0.iI) (0.003 - 0.000) 
-O.OOiWl == 

Mba - 2Ei0.1I) (0.001 - 0 00.9) 

= -0M16EI - 
Mbc = 2E(0.2I)(+0.00f45) 

= +0.001HEJ - +376^' 
Mcb - +0.0018EI - +376^' 

since 

El = 30 X m X 

=■ 208,333 kipfP 

The remainder of the solution is handled 
in exactly the same manner as if lhe.se 
initial end moments were fixed end 
moments. Thus, the distribution, etc., 
is done exactly as it was in Fig. Id 20. 


K^OtT 


K-02r 



-276 


IT 


Once we understand ihe fundamental philosophy of moment distribu- 
tion and the details of its application to the cases discussed above, it is 
quite easy to extend these ideas to more complic ated cases involving side- 
sway, i.e.f unknown \l/ angles. Consider, for example, the frame shown 
in Fig. 14*21. In this case, there is nothing to prevent a horizontal 
deflection of the column tops. In addition to rotation of joints B and C, 
we therefore have certain unknown chord rotations developed in the 
columns. 

In order to handle this problem by moment distribution, we may break 
it down into two separate parts. First, suppose that we introduce a 
horizontal holding force B which prevents any horizontal movement of 
joint B. With the structure restrained in this manner, we can apply 
all the given loads that are applied to the members between joints and 
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determine the resulting end moments by moment distribution just as 
we would for any structure that involved no sidesway. Having the end 
moments, we can then back-figure the holding force R by statics. This 
part of the solution is called Case A in Fig. 14 -21. 

In'the second, or Case B, part of the solution, we imagine that we lock 
the joints against rotation, push on the frame at joint J5, and introduce 
some arbitrary horizontal displacement A. We can then analyze the ^ 
angles thus introduced into the columns. Using Eq. (14-11), we can 
compute the corresponding initial end moments developed in the mem- 
bers. These end moments will be expressed in terms of EA; but since 
A is arbitrary, we can let EA equal unity or any convenient amount and 


/o^ /ok 



Ho/d jo/nf JB ; 
Prevent sidesway 
Fig. 14-21 



Push Joint S l 
Introduce sidesway 


obtain numerk^al values for the initial end moments. If we then unlock, 
distribute, and carry over through several cycles at joints B and C, we 
shall arrive at a set of end moments for the frame. Again by statics we 
can back-figure the force P that has pushed the frame into this position 
and developed these end moments. 

We are now in a position to superimpose the Case A and Case B 
parts of the solution so as to obtain the answers for the specified loads. 
To simplify the discussion of this superposition, let us assume that R 
was computed to be a force of 2 kips acting to the left and P a force of 
6 kips acting to the right. We must take the Case A moments as they 
are, since some of the external loads for this case are the same as the 
specified ones; but we can combine these results with any multiple of 
the Case B results that we desire. Using the assumed values for R 
and P, if we take twice the Case B loads and superimpose them on the 
Case A loads, we shall obviously obtain the specified load system. The 
final answers for the end moments are therefore obtained by adding 
algebraically twice the Case B moments to the Case A moments. 
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’^ 3 ^ 9.3 

’h 0.9 

^OJ 



Combination of Case A and Case B: Lei k — factor by which we mmt multiply the 
case B .solution. Then, 

66.0k ~ 8.70 = 50, k = 0.89 
final results = case A + (k) (case B) 

Mab - -\-78.9 - m.5 = - 196.7 = -33^3^' 

Mba - 4 - 157 .^ ~ 310.5 = - 152 ^' Mum = A-23.0 + 20.7 = + 4 .?. 7 *^ 

Mbd = -157.8 + 310.5 = +L52.7*^ Med - A- 0 = +^' 

Mdb - 

Discussion: 

When computing the initial end moments developed by a chord rotation, note that 
all joints, including hinged supports, are assumed to be locked against rotation. Note 
further that the stiffness factor K, not the reduced stiffness factor K^, is used in these 
compulations. 

The reduced stiffness factor is used only to compute distribution factors and for no 
other purpose. . 

' The end moments produced by any given horizontal had acting by itself at joint B 
can be computed by straight proportion from the Case B part of the solution. 


The ideas illustrated by Example 14 • 25 may be applied without modi- 
fication to any frame involving only one independent \p angle. Space 
limitations prevent extending these ideas to frames involving more 
than one independent ^ angle, but the extension is not difficult. In a 
frame having n independent \p angles, or, as they, are often called, n 
degrees of freedom, we may break the problem down into a Case A 
solution plus n other cases in each of which only one independent ^ 
angle is allowed to occur at a time. Then n simultaneous equations 
must be set up and solved to find the n factors that are to be used in 
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superimposing these ri cases on the Case A solution. Each of these 
equations is similar to the equation written in Example 14 *25 for this 
purpose. 

An alternate procedure that does not require simultaneous equations 
can be used for cases involving sides way. In this method, we introduce 
joint displacements at the same time as we apply the loads that develop 
fixed end moments. After each cycle of distribution, we check the 
equilibrium equations and back-figure the joint loads. If the joint loads 
do not agree with the givc< aies, we introduce some additional joint dis- 
placements, carr> through another cycle of (distribution, check the forces 
again, etc. 

14*15 Method Applied to Nonprismatie 

Members. The fuadanientai philosophy of the moment-distribution procedure 
developed in Art 14 15 is applicable to any beam or frame whether composed of 
members of const an+ or v arying rJ and 1 The 
expressions for iixcd end moment, stiffness 
factor, and carry-over moment are derived 
specifically, however, for members of constant 
E and I and are not applicable to non 
prismatic members. We shall now develop 
new expressions for these quantities for the case 
of originally straight members of varying E and I. 

1. Carry-over factor C: ’’I'he carry-over 
moment is the moment induced at a fixed end 
of a member when the opposite end is rotated 
by an end moment. It is convenient to express 
the carry-over moment at B as being equal to 
the applied moment at A multiplied by the 
carry-over factor Cab, the order of the subscripts indicating the direction in which 
the effect is carried- over, i.e., from A to J5 in this case, or 

Mba-=CabMab (4-18) 

From this equation, the carry-over factor could be defined as the end moment 
induced at the fixed end of a member when the opposite end is nvtated by an 
end moment of unity. For a prismatic member, the carry-over factor is 
Note further that Cab is equal to Cba only when a member is symmetrical about 
its mid-point 

An outline of the procedure for computing the carry-over factor in any given 
case follows: Consider any member AB as shown in Fig. 14*22, and apply a 
moment of unity at A, thus inducing a moment Cab at B, The resulting deflec- 
tion of point A on the elastic curve from the tangent at B is equal to zero. Upon 
applying the second moment-area theorem, the static moment of the composite 
M/EI diagram taken about an axis through point A must therefore be equal to 
zero. Cab may easily be evaluated from this equation. 
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2. True stiffness factor K': Let us refer to Art. 14 • 13 where the evaluation of 
distributed moments is discussed (page 418) and consider that Figs. 14 • 16 and 
14 17 now represent structures composed of nonprisma tic members. In consider- 
ing the effect of the rotation of joint B under the unbalanced moment M, we can no* 
longer evaluate the distributed moments by Eq. (14-11). We can write, however, 

Mba ^ K' baBb 
Mbc == K^BcBcf etc. 




where K'baj K'bc, etc., are called the true stiffness factors for the B end of member 
BA, for the B end of member BC, etc. From these equations, the true stiffness 

factor K'ba may be defined as the end 
moment required to rotate the tangent 
at the B end of member BA through a 
unit angle when the far end A is fixed. 

For a prismatic member, the true 
stiffness factor is 4iEK. Note that K, 
previously called simply the “stiffness 
factor “ of a member, gives the relative 
value of the true stiffness factors for 
prismatic members. Perhaps K 
should have been called the “relative 
stiffness factor,” but this term is used 
so much that it is desirable to keep it 
as short as possible. Note further 
that, in general, a member has a different true stiffness factor at each end; only 
when the member is symmetrical will the true stiffness factor be the same at 
each end. 

The true stiffness factor K'ab for the A end of member AB shown in Fig. 
14 23 may be computed as follows: By definition, an end moment of K'ab applied 
at A will rotate the tangent at A through 
a unit angle when the far end B is fixed. 

Upon applying the first moment-area 
theorem, the net area under the com- 
posite M/EI diagram must therefore be 
equdl to unity If Cab has previously 
been computed as described above, K'ab may now be determined from this 
equation. 

3. True reduced stiffness factor K'^: The true reduced stiffness factor K'^ab 
may be defined as the end moment required to rotate the tangent at the A end 
through a unit angle when the far end is hinged, K'^ab may easily be computed 
by proceeding as follows, provided that K'ab, Cab, and Cba have already been 
computed: Consider a bar AB, and suppose temporarily that we lock the B end 
against rotation. A moment of K^ab applied at the A end would produce a 
rotation of A of unity and induce a carry-over moment at the far end of CabK'ab* 
If we now lock the A end in this position and unlock the B end, the latter end 


IC 


C 





B 


Fig. 14-24 
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will rotate under the unbalanced moment CabK'ab and develop a distributed 
moment of —CabK'ab- As a result, a carry-over moment of —CbaCabK'ab is 
induced at A. The member will now be in the distorted condition shown in Fig. 
14 ■ 24, and the total end moment at A will be equal to the true reduced stiffness 
factor K'^ab. Hence, 

I^'^AB — K' ab{^ — CbaCab) (14-19) 


For a prismatic member where both C 
from Eq. (14 19) that is equal 
to three-fourths of K' ab^ as it hould 
be. 

4. Check relationship involving 
stiffness and carry-over factor} . \ useful 
relationship between stJ^fn^ss and 
carry-over factors ma> be derived 
and used for che( kiruT puriKxses. 
Consider the member AB shown in 


AB and Cba are equal to one-half, we see 

I 



Fio. 14 25 


Fig. 14 -25, where it is acted upon by two separate loading systems (I) and (II). 


Applying Betti’s law, we find that, 


CabK'ab = CbaK'ba 


(14-20) 


This expression proves very helpful when used as a check on the values of the 
carry-over and stiffness factors. 

5. Distribution factors and distributed moments: If we complete the evaluation 
of distributed moments using tlie expressions in Eqs. (a) of this article and pro- 
ceeding as in Art, 14 - 13, we obtain an expression for the distribution factor which 
is the same as Eq. (14 ■ 14) except that true stiffness factors A' are substituted for 
the stiffness factors K. 

6. Sidesway factor: It is likewise easy to develop expressions for the sidesway 
factor J that may be used to compute the initial end moments developed by a 

chord rotation. We can write the 
following expressions for such end 
moments: 

'^BA Mab == Jau^ab 1 OIN 

MsA^dBAykAu] 

The sidesway factor Jab may be 
defined as the end moment developed 
at the A end of member AB by a chord 
rotation of unity, both ends of the 
member being locked against joint 
rotation. For a prismatic member, the sidesway factor is — 6EK» The sidesway 
factor will be the same at each end only when the member is symmetrical. 

The sidesway factor for member AB in Fig. 14 * 26(1 may be expressed in terms 
of stiffness and carry-over factors by reasoning as follows: Suppose that the 
fixity is removed from the A and B ends temporarily and that the member is dis- 



Fig. 14-26 
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placed as shown in Fig. 14 266. Now lock the A end and rotate the B end until 
is restored to zero, thus developing end moments of —K'ba at B and —CbaK'ba 
at A. Lock the B end in this position and rotate the A end until 6 a is likewise 
restored to zero, thus developing end moments of —K'ab at A and —CabK^ab 
at B. The member will now be in the same condition of distortion as shown in 
Fig. 14 •26a, and the total end moments 
will be equal to the sidesway factor, or 


J AB ^ ~{K'ab + CbaK'ba) 
Jba = -{K'ba + CabK'ab) 


(14 22) 


7. Fixed end moments: The fixed end 
moments in a nonprismatic member may 
be computed as follows: Consider member 
AB acted upon by any loading. Assume 
temporarily that the load is applied to this 
member acting as an end-supported beam. 

For tliis condition, compute the resulting 
rotations of the tangents Bao and Bbo> using the moment-area theorems. Then 
if we imagine that we lock the B end and rotate the A end back to a zero slope, 
and then lock the A end in this position and rotate the B end back the resulting 
end moments will be found to be 



FEM ^« = ^K'abBao 4 - CbaK'baBbo I 

FEMba = — CabK'abBao I 

8. General remarks: The above expressions are strictly applicable only to 
members the axes of which are originally straight. They may be used with 
satisfactory accuracy for members with slightly curved axes provided that the 
structure is arranged so that the axial thrust developed in such members is 
relatively small. Consideration of more accurate expressions for curved mem- 
bers is beyond the scope of this book. 

14* 16 Stress Analysis of Statically Indeterminate Space Frameworks. 
Statically indeterminate space frameworks may be analyzed by means of super- 
position equations or Castigliano’s theorem. Fundamentally, the stress analysis 
of such structures by these methods is accomplished in exactly the same manner as 
for an indeterminate truss. The detail of the analysis is more tedious, of course, 
for the stress analysis of the statically determinate primary structure is more 
complicated when it is a three-dimensional framework instead of a planar truss. 
All the ideas discussed above for indeterminate trusses €ire applicable here, but a 
detailed extension of these ideas to indeterminate space frameworks is not within 
the scope of this book. 

14*17 Deflection of Statically Indeterminate Structures. Once the 
stress analysis of an indeterminate structure has been completed, then the 
strains and the resulting deflections of the structure may be computed without 
difficulty by the same procedures as those discussed and applied to statically 
determinate structures in Chap. 13. 
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For example, suppose that we have computed the bar stresses and the cor- 
responding changes in length of the members of the truss shown in Fig. 14* 28a, 
due to a given loading. Suppose that we then wish to compute the resulting 
vertical deflection of joint / by the method of virtual work. We could proceed 
in the usual manner and apply a unit vertical load at joint / of the actual structure 
shown in Fig. 14 • 28a. Tiiis load would cause Fq stresses in most of the bars of 
the indeterminate truss. After these stresses had been computed, we could apply 
Eq. (13*5) and compute the required deflection of joint/. But tliis procedure, 
though straightforward, is laborious since most of the bars of the truss are 
involved in the computation^. 

Deflection computations tor indeterminate structures may be simplified 
considerably if we t * ( 4’‘nize that the redimdants of such structures have 

been computed 2^ that the siressca, strains, 
and deflectiom of tiie primary and actual 
structures are idenlir‘al. Deflections may 
be computed, therefore, by the stati- 
cally determinate pro nary structure rather 
than the actual indeterminate structure. 

It is much easier to use the primary struc- 
ture, of course. For example, in the above 
structure, suppose that we use the primary 
structure shown in Fig. 14 *286 and proceed 
to compute the vertical deflection of joint / 
by the method of virtual work. In this 
case, the unit load at joint / would develop 
Fq stresses in only four bars, namely, e/, 
fg, eF, and Fg. As a result, when Eq. 

(13 *5) is applied, only these four bars con- 
tribute to the sum of Fq AL, the computa- 
tions being thus tremendously reduced in 
this particular case. 

To some, a descriptive explanation such as is given above is not adequate, 
and they prefer a mathematical demonstration. Although it will not be done 
here, it can be proved mathematically that the results are identical whether the 
unit Q load is considered to be applied to the actual indeterminate structure or to 
the statically determinate primary structure. 

Physically, it seems obvious that the deflections cmnputed for the right span 
of the actual structure must be identical with the deflections of this portion iso- 
lated as a simple span and considered to be acted upon by any given external loads 
and also by external forces corresponding to the bar stresses in the members cut 
by the isolating section as shown in Fig. 14 *280. These ideas are even more 
obvious from a physical viewpoint in the case of the deflections of a continuous 
beam. In such a structure, it seems perfectly natural to isolate each span and 
compute its deflections by considering it as a simple end-supported beam acted 
qpon by any loads which act in that span and also by end moments which are 
equivalent to the bending moments at the corresponding support points of the 
actual continuous beam. 


B C D E F' 
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14*18 Secondary Stresses in Trusses. In Chap. 4, it will be recsdled 
that the elementary stress analysis of a truss is based upon the following assump- 
tions: 

1. The members are connected together at their ends by frictionless pin 
joints. 

2. All external loads and reactions (including the weight of the members) are 
applied to the truss at the joints. 

3. The centroidal axes of all members are straight, coincide with the lines 
connecting the joint centers, and lie in a plane that also contains the lines of 
action of all the loads and reactions. 

A stress analysis based on these assumptions leads to the determination of 
so-called “primary stresses.*' 

Stresses caused by conditions not considered in the primary stress analysis are 
called secondary stresses. Of these the most important are caused by the fact 
that the joints are rigid and hence the members are not free to change their rela- 
tive directions when the truss is distorted. Several classical methods^ are avail- 
able for making approximate analyses for secondary stresses. This problem can 
likewise be solved very efficiently by means of moment distribution. The latter 
method is the only one that will be discussed here. 

A truss with rigid joints is actually a rigid frame. Theoretically, we could 
analyze such a frame by the use of superposition equations or Castigliano’s 
theorem, considering distortion due to both bending and axial stress. Such struc- 
tures would be so liighly statically indeterminate, however, that it would not be 
practical to carry through an exact stress analysis. We have already noted that 
the deflection of the joints is primarily a function of the axial stresses in the 
members since the bending of the members has only a second-order effect on 
their axial change in length. Further, it can be shown that the axial stresses in 
the members of a truss with rigid joints are essentially the same as those in an 
ideal pin-jointed truss, i.e., that the presence of shears and moments in the mem- 
bers has a small effect on the axial stresses.^ This suggests that the axial stresses 
and the resulting joint deflections can be computed assuming the truss to be pin- 
ointed. If the joint deflections are known, all the \p angles of the members can 
be computed and the remainder of the problem solved either by slope deflection 
or moment distribution, in the same manner as for any frame in which only the 
joint rotations or 6 angles are unknown. 

The solution of a secondary stress problem using moment distribution may be 
outlined as follows: 

1. Compute the bar stresses, i.e., primary stresses, assuming the truss to be 
pin-jointed. 

2. Compute the joint deflections and the corresponding chord rotations of 
the members. This can be done conveniently by means of the Williot method or 
the angle-change procedure used in Example 14 26, 

^ A very comprehensive paper on these methods was presented by Cecil Vivian 
von Abo, Trans, ASCEy vol. 89, 1926. 

* See Parcel, J. I., and G. A. Maney, “Statically Indeterminate Stresses,” Ist 
ed.. Chap. VII, John Wiley & Sons, Inc., New York, 1926. 
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3. Compute the initial end moments developed if all the joints are locked 
against rotation and then the above joint deflections and chord rotations intro- 
duced. Likewise, compute any unbalanced moments that may act on the joints 
as a result of eccentricities of the bar stresses. 

4. Distribute and carry over through as many cycles as is necessary. The 
final end moments thus obtained will be the first approximation of the secondary 
end moments, from which the secondary stresses can be computed. From these 
end moments, the shears in the members can be computed as well and also, by 
statics, new values of the bar stresses in the members. 

5. If these new values of th bar stresses are markedly different from those 
computed in step 1, repeat steps 3, and 4, and thus arrive at a second approxi- 
mation for the secondary strcv^ses 

This procedure is iflu'^tratv^' by Example 14 ‘26. 


Example 14 ‘26 C^ompulc Ihe secondary stresses ir the members of this truss. 


Bar 

L 

\ A 

I 

i 

K 

Make-up 

ab 


Hi 


-- 


■ 

be 

300 

Iff 0 

\17ff.0 

6 375 

0 58'} 

A X 5>2 X 

Bb 

336 

15 88 

153 /( 

6 375 

0 fi5b 

5 4*6 X X be 

Be 

m fi 

13 68 

131, ft 

6 375 

0 292 

// 4*6 X X '*8 

Cc 

336 

11 lift 

78 9 

5,375 

0 235 

5 4*5 X 3 X 





5 739 


2\s 15'' ~ 33 9/f 

aB 

itbO ft 

27 68 

960 9 

9 699 

2 135 

1Pl 18 X he 



1 


5 921 


2f* 15" - 33 9^ 

BC 

300 

26 55 

1 

922 7 

9 ff53 

3 076 

! 

iPl 18 X^R 


Notes* (/) Members ah, be, Bb, Be, and | 

Cc assembled so: r I f 



(2) Working lines of members aB 
and BC he on L of channels. 

Step 1: Primary bar stresses and stress intensities shown on line diagram. 
Step 2: Compute ^ angles using angle changes computed by Eq. {13 • 11b). 
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Angle 

St ~/i 

cot /3i 

ft — /2 

coi Oi 

lei 

term 

term 

E^y 

fl-a-6 


1.12 


0 

+ 28.25 

0 

+28.25 

b-B-a 

^13.82+13.50^^27.32 

0.893 


0 

4-24. />0 

0 

+ 25.50 

a-b-B 

-13 50-13.82^ -27.32 

0.893 

-13. 50-11. 71’« -25.21 

1.12 

-24.40 

-28.25 

-52.65 

c-B-b 

+ 13.82- 9. 11^+^. 71 \ 

0 893\ 


0 

4- 4.2/ 

0 

4- 5.21 

B-b-c 

+ 9.11-11.71^-2.60 

1.12 

+ 9.11-13.82-- -/i 71 

0 893 

- 2.91 

- 5.21 

- 7.12 

b-c-B 


0 

+ 11.71+ 9.11’’=+2.60 

1.12 

0 

+ 2.91 

4- 2.91 

C~B-c 


0 

0 -9.11--- 9.11 

1.12 

b 

-10.20 

-10.20 

c-C-B 

+ 9.11- 0 ’-‘+9.11 

1.12 

+ 9.11 + 12.50- +21 .61 

0 893 

+ 10.20 

+ 19.30 

+ 29.50 

B-c-C 


0 

-12.50 -9.11- -21.61 

1 

0.893 

0 

-19.30 

-19.30 


Then, Eipcc = 

0 

E\paB 

- +47.91 

EAboC = 

-19.30 

EAaBh 

- +24.40 

ExpBC *= 

+19.30 

E\pBb 

= +23.51 

EAscb ~ 

4 - 2.91 

EAhBc 

- + 4.21 

E\//bc — 

+ 16.39 

E\pBc 

= +19.30 

EAsbc = 

- 7.12 

EAcbc 

- -10.20 

ErJ/Bh — 

+23.51 

EipBC 

- +29.50 

EAabB — 

-52.65 

EAbcc 

* +29.50 

E\l/ab — 

+76.16 

E\pcc 

- 0 

EAsab — 

+2S.65 



E\J/aB ~ 

+Si7.91 




In this case, is known to equal zero by 
symmetry. All these yf/ angles are there- 
fore oriented correctly. However, any 
yj/ angle may he assumed to be zero and 
all other ^ angles computed to correspond. 
This is obviously permissible since it 
means in effect that the truss has been 
rotated as a rigid body which does not 
alter the condition of stress. 


Step 3: Compute initial end moments and eccentric moments. 

Joint a: 


Bar 

K 

Eyp 

-6EKyp 

ah 

0.583 

+ 76.16 

-266.0^" 

be 

0.583 

+ 16.39 

- 57.3^" 

aB 

2.134 

-47.91 

-613 5*" • 

BC 

3.076 

+ 29.50 

-544.0^” 

Bb 

0.456 

+23.51 

- 64. 3>^" 

Cc 

0.235 

0 

0 

Be 

0.292 

+ 19.30 

- 33.8^" 




«Z 


M. = +(.?7/;)(2.?0) = +823 ‘‘'’ 
Joint B: 




ms" 


M. 


-{37^) {2.20) + {332) {i. 953) 
- 


Step 4: Distribute, carry over, and obtain secondary end moments. These end moments 
are underlined. With the section moduli known, it is simple to compute the 
secondary stress intensities from these. 
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-2604 / 66 ^ 

Note in this case that lx (oust of s\nmi(frY only half the iru^s needs fo he considi red, 
further, it is knoun iherifort, that joints C and c do not rotate These foinfs never 
have to he unlocked 


14*19 Supplementary Remarks ~ Symmetrical and Antisymmet- 
rical Loads, Elastic Center, and Column Analogy. In presenting an 
elementary discussion of any subj(‘(t, the writer must draw a rather arbitrary 
line between the fuiidainentdl and advanced aspects of the field, since there are 
always marginal topics that may or may not be included It is desirable, how- 
ever, to mention some of these topics briefly so as to suggest transitional reading 
material for those who intend to study further. 

Here and there in previous discussions we have mentioned and used symmetry 
to a limited extent. Whenever we are dealing with a sy mmetrical structure, we 
should always be on the alert to utilize symmetry as effectively as possible. For 
example, consider the closed-ring type of structure shown in Fig 14 29 Strictly 
speaking, this structure is indeterminate to the third degree If both the frame 
and the loading are symmetrical about both the x and the y axis, however, then 
we can reason from symmetry that the shear is zero and the axial stress is 6 kips 
compression at the mid-point cross section of the girder. Only the moment 
remains unknown. Because of symmetry, therefore, only one Statically indeter- 
minate quantity remains, instead of three. 

The gain from symmetry in the above situation suggests that we can gain 
considerable simplification even when we have an unsyrnmeirieal load acting on a 
symmetrical structure. Consider such a situation as that shown in Fig. 14 30. 
Suppose that this frame (called a “Vierendeel trues*’) is symmetrical about the 
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vertical axis only. Consider the solution of the frame under the given unsym- 
metrical load as shown in Fig. 14 • 30a. If the slope-deflection method is used, 
there is a total of 11 unknowns — 8^ and 3^ angles. Suppose that the load is 
broken down into two separate systems, one a symmetrical system shown in 
Fig. 14 • 306 and one an antisymmetrical system shown in Fig. 14 • 30c. Obviously, 
the sum of these two systems is equal to the given load, and therefore the sum 
of the results for the two separate systems is equal to the results for the given 
load. 



2k/' 


2k/' 



Fig. 14-30 


Let us now compare the computational work of analyzing the structure for 
the given unsymmetrical load with the sum of the computational works for the 
symmetrical and antisymmetrical loads. For the case of the symmetrical loads, 
there are only five independent unknowns — ^four 6 angles and one xp angle — since, 
by symmetry, 

6a ~ —Bd, Bb = —Be, Be = —Bh, Bf = —Ba, cols == = 0, 

For the case of the antisymmetrical loads, there are six independent unknowns — 
four B and two xp angles — since in this case, by antisymmetry, 

Ba = Bd, Bb = Be, Be =* Bh, Bf — Bg, Xpef = Xpgh 

Since the computational work is roughly proportional to the square of the number 
of unknowns, using symmetrical and antisymmetrical loads almost cuts the com- 
putational work in half. This idea is very useful when we are dealing with 
symmetrical structures and deserves further study. ^ 

* Newell, J. S., Symmetric and Anti-symmetric Loadings, Proc. ASCE, April, 
1939, pp. 249-251. Andr^e, W. L., Das B *= U Verfahren, R. Oldenbourg, Munich 
and Berlin, 1919. 
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The so-called elastic center’ is another useful idea that we have not dis- 
cussed.^ The elastic-center technique is applicable to the closed-ring type of 
structures; a frame such as that shown in Fig. 14 31 would be classified as this 
type if we consider the ground as being the closing side of the ring. We may 
analyze this structure by means of superposition equations, selecting the redun- 
dants as shown in Fig. 14 316, which is the same selection as that used in Exam- 
ple 14 • 14. Proceeding with tliis solution involves three simultaneous equations 
of the following form: 

Aao -f- XaSaa "I" XCb^ah 4" -Yc5ac = 0 
-f- AaSab 4" XbShb 4“ == 0 

Aco 4“ 4“ Xjdbc 4“ A,8cc — 0 

If we can select the three red aidants in such a manner that Sab, Sar, and 6bc are all 
equal to zero, then eacn of tliese equations will contain only one redundant and 



lAs-Jl. 


( 6 ) 

Fig. H .■51 



we will not have to solve them simultaneously. We can do this if we apply the 
redundants at some point o as shown in Fig. 14 -Sic, where the two coordinates of 
point o and the inclination a of the x axis are selected so as to make Safe, and 
Sbe all be equal to zero simultaneously. The redundants acting at point o are 
assumed to be connected by two rigid (nondeformable) arms to the two sides of 
the cut in the girder. Note that the two sets of redundants in Figs. 14 316 and 
c are statically equivalent but do not have the same values, of course. 

The detailed calculations involved in using this elastic-center procedure are 
found to be similar to computing static moments and products and moments 
of inertia of areas. Prof. Hardy Cross recognized this and suggested organiz- 
ing the computations as in computing the stresses in a colunm subjected to com- 
bined bending and direct stress. He called this suggested procedure “column 
analogy.”* 

14*20 Problems for Solution. 

Problem 14*1 Find all the reactions of the structure shown in Fig. 14 32, 
using superposition equations as the basis for the solution. L/A *= 1 for all 
members. 

1 Fife, W. M., and J. B. Wilbur, “Theory of Statically Indeterminate Structures,’* 
pp. 114-120, McGraw-Hill Book Company, Inc., New York, 1937. 

* Cross, H., and N. B. Morgan, “Continuous Frames of Reinforced Concrete,” 
John Wiley & Sons, Inc., New York, 1932, 
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Fig. 11 32 Fk.. 14 33 


Problem 14*2 Compute the stresses in the members of the truss shown in 
Fig. 14 33, using the superposition-equation method. Cross-sectional areas of 
members, in square inches, are shown m paientheses. 

Problem 14*3 Using superposition equations, compute the stress in the 
tie rod ad of the structure of Fig. 14 34. Cross-sectional areas of thfe members, 
in square inches, are shown in parentheses. 



Fig. 14-34 Fig. 14-35 


Problem 14*4 Using superposition equations, compute the stress in all 
members of the arch of Fig. 14 35. Gross-sectional areas in square inches are 
shown in parentheses; E' = 30 X 10^ kips per sq in.;E = 1/150,000 per ®F 

Problem 14 • 5 Find the horizontal component of the right reaction of the 
arch in Prob. 14 4, due to each of the following conditions: (a) Increase of tem- 
perature of 50®F in bars a6, be, cd, de. No change in remaining bars. (6) If bars 
be and cd are in. too short and bar cf is in. too long owing to errors in fabrica- 
tion and it was necessary to force them into place, (c) If the supports settle as 
follows: 

Left support: Vertical = 0.48 in. down 
Horizontal ~ 0.24 in. to left 
Bight support: Vertical « 0.24 in. down 
Horizontal = 0.36 in, to right 
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Problem 14*6 Using the superposition equations as a basis for the solution, 
draw the shear and bending-moment diagram for the beam shown in Fig. 14-36, 





^ Ti = /SC 

4 ' ^ 


^ 12=2000'*^ ^ 

10' 


Fro. li«36 


(a) due to load shown; (b) due only to the elTe^ t of a vertical settlement of support 
6 of 0.24 in. and a clockwise re tation of support a of 0.005 radian; 

— 30 X 10^ kips per sq in. 

Problem 14*7 Draw the bending moment diagram for the frame shown in 
Fig. 14 37. Use Castigliano’s theorem as a basis for the solution. Consider 
only the effect of bending distortion. 



/oo^ ^ 


( 

32 

T I 

r? V? 


Fig. 14 37 Fig. 14 38 


Problem 14*8 Compute the reactions of the structure shown in Fig. 14 -38. 
Neglect distortion due to direct stress. E and I are constant. 

Problem 14*9 Compute the reactions on the structure shown in Fig. 14 • 39. 
Neglect distortion due to direct stress. E and I are constant. 





B 



Problem 14* 10 Draw the shear and bending-moment diagrams for member 
AB of the frame shown in Fig. 14 * 40. Neglect distortion due to axial stress. 

Problem 14*11 Referring .to Fig. 14 41, draw the bending-moment curve 
for the beam AR, using Castigliano's theorem. 
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Fig. 14-41 Fig. 14 42 

Problem 14*12 Referring to Fig. 14-42, compute the axial stresses in the 
members of the king post truss, due to the load shown. Also, draw the bending- 
moment curve for member AC. 

Member AC: A = 12 sq in. and / = 432 in.^ 

Member AD: A — 3 sq in. 

Member DC: A — 3 sq in. 

Member BD : A = 2 sq in. 





Fig. 14-43 

Problem 14*13 In the structure shown in Fig. 14 -43, the cross-sectional 
areas of members, in square inches, are shown in parentheses; E = 30 X 10* kips 
per sq in.; / of beam = 4,000 in.* Compute the stress in the tie rod, which is 
connected to the beam and the truss by hinged ends. 

Problem 14*14 Compute the reactions of the structure shown in Fig. 
14-44. 
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Problem 14* *5 Refer to Fig. 14 45. Compute the end moments in all the 
members of this frame, using the slope-dcfleotion me I hod. Draw the moment 
curves for members AB and BD. 

Problem 14* 16 Refer to f’ig. 14 46. Compute the end moments in all 
members of this frame, using the slope-deflection method. Draw the shear and 
moment curves for member ab. 



Solve both parts of Prob. 14 6, using the slope-deflection 


Problem 14 -17 
method. 

Problem 14* 18 Using the slope- 
deflection method, find all the end 
moments and support reactions of the 
frame shown in Fig. 14 -47. 

Problem 14* 19 Using the slope- 
deflection method, find all the end 
moments and support reactions of the 
frame shown in Fig. 14 • 48. 


C 



Fig. 14-48 
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Problem 14*20 Refer to Fig. 14 49. Using moment distribution, compute 
the end moments in the members of this frame, and draw the shear and moment 
curves for member AB. 
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Fig. 14-49 
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Fig. 14-50 


Problem 14*21 Solve both parts of Prob. 14 6, using moment distribution. 
Problem 14*22 Refer to Fig. 14 50. Find the end moments of this frame, 
using the moment-distribution method. 



Problem 14*23 Compute the end 
50 ^ 



moments in the members of the frame 
shown in Fig. 14 51, using the 
moment-distribution method. 

Problem 14*24 Refer to Fig. 
14 52. Find the end moments in the 
members of this frame, using the 
moment-distribution method. 


Fig. 14*53 
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Problem 14*25 Refer to Fig. 14*53. Find the end moments in this frame, 
using the moment-distribution method. 

Problem 14*26 For the frame shown in Fig. 14 *54, draw the bending- 
moment curves, using the moment-distribution method. 



Problem 14*27 Consider the beam shown in Fig. 14 *55, in which I — 500 
in.^ A — 30 sq in., and E — 30 X 10^ kips per sq in. Compare the solution of 
this problem by the theorem of three moments, slope deflection, and superposition 
equations. Hints: To what degree is the beam indeterminate? Can you find 
the horizontal reactions by three moments or slope deflection? Which method 
do you consider to be superior? How many simultaneous equations are involved 
in each solution? 

Problem 14*28 Determine the number of independent 6 and \p angles in 
each of the structures shown in Figs. 14*12 and 14 15. 



CHAPTER 15 


INFLUENCE LINES FOR 
STATICALLY INDETERMINATE STRUCTURES 

15*1 Introduction. In Chap. 14, various methods of analyzing 
indeterminate structures are discussed; in all cases, however, the struc- 
tures are subjected to some particular condition of loading. Often 
it is necessary to analyze an indeterminate structure for the effect of a 
movable or a moving load. In such cases, it is convenient to prepare 
influence lines or influence tables for the various stress components, 
since from these wc can determine both how to load the structure to 
produce a maximum effect and likewise the magnitude of this maximum 
effect. 

In Chap. 6, the preparation and use of influence lines for statically 
determinate structures are discussed. In such case?s, we found that after 
a little practice we could draw an entire influence line by figuring' a few 
key ordinates and connecting them with straight lines. Influence lines 
for indeterminate striu'tures cannot be drawn so easily, however, since 
in general they are curved lines or, at best, a series of chords of a curved 
line. 

Fortunately, influence lines of the latter type occur quite frequently. 
When an indeterminate structure is loaded at the panel points by floor 
beams, which in turn support stringers, which act as simple beams 
between the floor beams, it is easy to show that the various influence 
lines for the indeterminate structure are straight lines between panel 
points. If, however, the stringers are continuous over several floor 
beams, the influence lines arc curved lines between panel points, though 
in most practical cases the departure of these curves from a straight line 
between panel points is rather slight. If the moving load does not act 
through a stringer-floor-beam system and can be applied to the structure 
at any point along its length, the influence lines are likewise curved lines. 

The first step in preparing influence lines for tJie various stresses in an 
indeterminate structure is to determine the influence lines for the redun- 
dants. Once this has been done, the influence lines for any other reaction, 
bar stress, shear, or moment, can be computed by statics. 

15*2 Influence Line by Successive Positions of Unit Load. 
In Chap. 6, it is pointed out that the ordinates of an influence line for 
some particular quantity can always be obtained by placing a unit load 
successively at each possible load point on the structure and computing 

446 
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the value of that quantity for each of these positions. This same pro- 
cedure may be followed to obtain the influence lines for the redundants 
of an indeterminate structure. Doing so means solving a number of 
problems in just the same way as in Chap. 14. 

Offliand this mighf seem a long and tedious process. It will be found, 
however, that the computations may be organized very efficiently, as is 
illustrated in Example 15- 1. Moreover, once the influence lines for the 
redundants have been obtained, the influence lines for all other stress 
components can be obtained N^ery easily, simply by superimposing quan- 
tities already computed. In Example 15 1, once the influence-line 
ordinates have been computed for ih(i redundants Xa and Xb, the ordi- 
nates for all other bar stresses may be computed in tabular form, by 
means of the relation, 

F == F„ + XaF^ + XbFb 

Note that this is very easy, for stresses have already b<‘en computed 
for all bars for every position of the unit load. While it takes longer to 
compute simply the infliumce lines for the redundants of an indeterminate 
truss b> this method, influence liiu^s for all the bar stresses and reactions 
may be obtained essentially as fast by this method as by any other. 
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Example 15*1 Assuming A to be constant for all bars, prepare influence lines for 
the stresses in the redundant bars of this truss: 


B C D F G ff 





Select stresses in bars CD and FG as 
redundants. Compute these redun- 
dants for a unit load af any Joint n, 
using superposition equations. 

Aj = Am + ATiSii -f- Xi^\2 ~ 0 {i) 
Ag = Aprt + X1621 -f X‘id22 = 0 ( 2 ) 

By symmetry, Sn ~ 622 
By MaxwelVs law, S12 ~ ^21 
Equations (i) and ( 2 ) therefore become 

Am “h -AiSii “f- ^^2512 = 0 (la) 
A2n “h X1612 + ~~ 0 {2a) 

Using the method of virtual work to 
evaluate these deflection terms, the 
constants of the structure are 

while the load terms are 

(/‘)(A2„) = J^F,F„L 

Since EA is constant for all bars and 
the righUhand sides of Eqs. {ia) and 
{2a) are zero, for convenience we can 
let EA = i for the rest of the solution. 
By symmetry, X\ due to a unit load at 
b is equal to X2 due to a unit load at h, 
etc. As a result, if we compute both 
Xi and X2 for a unit load placed succes- 
sively at points b, d, and e, we shall 
have enough information to plot the 
complete influence lines for both Xi 
and Xi. 
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Bar 

L 

Fi 

F, : 

FJ\L 

F\L 

ac 

30 

-0.5 

0 

0 

4- 7.5 

ce 

30 

-0.75 

-0.25 

-\-5.G25 

+ 10.875 

eg 

30 

-0.25 

-0.75 

4-5.6‘S5j 

4- 1^875 

BD 

30 

~^i.O 

0 

0 

+ 30.0 

DF 

30 

^0.5 

■^0.5 

+7.5 

4 7.5 

aB 

25 


0 

0 

+ 17.35 

Be 

25 

-0.83 

0 

0 

-h 17.35 

cD 

25 

-o./m 

+0.4/6 

-^.3^5 

+ // 3f*5 

De 

25 

+0.^16 

-0.4/6 

-4 3't5 

+ 4 .J45 

eh 

25 

-0.4/6 

+0.4/6! 

— 4 . ,?45 

+ 4 .J45 

Fg 

25 

+ 0.4/6‘ 

-0.4/6 

-^.3^*5 

+ 4..V45 

2 




+ 1.37 

+ 115.83 , 






1 ' «u = +115.83, 5, a 


JLfmd terms: 


Unit load in left spun 


Unit load in center span 



At b 


At d 

At e 

Bar 

l\ 

1 

Fi 

1 

Fn 

FiFnL 

1 

Bar 

D 

Ft \ 

Fi 

Fn 

FtF.^L 

F F,.L 

Fn 

FiFnL 

ac 

30 

-0.5 

+0.375 

- 5 €25\ 

ce 

30 

-0.75 

-0.25 

40.56.y 

- 12.66 

- 4,22 

+ 0.375 

- 8 . /if* 

aB 

25 

■^0.83 

-0.625 

-i:{.o \ 

eg 

30 

-0.25 1 

-0 75 

+0.188 

- l./fl 

~ 4.22 

+ 0.375 

- 2.81 

Be 

25 

-0.83 

-0.625 

+ 13.0 

DF 

30 

40.5 

+0.5 

-0 375 

- 5.63 

- 5.63 

-0 75 

-11 25 


— 

— 



cD 

25 

-O.I 1 I 6 

+O./ 1 I 6 

-0.9.18 

+ 9 78 

- 9.78 

-0.625\ 

4 6.50 

25 




'- 5.625 

De 

25 

+ 0./t16 

-0 f,i 6 

-0 313 

- 3 .26 

+ 3.26 

+ 0.625 

+ 6.50 






eF 

25 

-0.^16 

+0 /ii 6 

+ 0.313 

- 3.26 

+ 3.26 

+0.625 

- 6.50 

Note: 




Fg 

25 

+ 0.^16 

-O./ 1 I 6 

-0 313 

- 3.26 

+ 3.26 

-0.625 

- 6.50 

wnen ioaa is at o, ^26 « u. 










When had is at e, Au » Au.' 

£ 


t 



-19 70 

+ 1^.07 


-22.50 

\ 
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Solution of equations: 


Eq 

Operation 

Xi - 

1 

f J 

1 

^2 == constant, unit load at 

Check 

No 

1 



b 

d 

€ 

(/) 

(2) 


+ 115 83 
+ 1 37 

4- i 37 
+ ii5 83 

+5 625 
+0 

+ 19 70 
+ 1^ 07 

+22 50 
+22 50 

+ 165 025 
+ 153 77 

H') 

(f) X 0 0i182 

+ / 37 

-h 0 016 

+0 066 

+ 0 233 

4- 0 266 

+ 1 951 

(3) 

!(2) - {]') 


+ 115 81^4 

-0 066 

-\ 13 837 

■^22 23^4 

+ 151 819 




f 1 0 

-0 00057 

4-0 1196 

j4- 0 1920 

4- 1 3100 




- i 37 

-0 0007 H 

+0 1638 

+ 0 2610 




83 


+5 62^8 

+ 19 5362 

+22 2390 




+ f 0 


\ + o om 

1 

+ 0 1688 

4 0 1920 



15*3 Miiller-Breslau’s Principle for Obtaining Influence 
Lines. Muller-Breslau’s principle provides a very convenient method 
of computing^ influence lines and likewise is the basis for certain indiie(‘t 
methods of model analysis. This principle may be staled as follows: 

The ordinates of the influence line for any stress element {such as axvQl 
stress, shear, moment, or reaction) of any structure are proportional to 
those of the deflection curve which is obtained by removing the restraint cor- 
responding to that element from the structure and introducing in its place a 
deformation into the primary structure which remains. 

This principle is applicable to any type of structure, whether beam, 
truss, or frame or whetlier statically determinate o^ indeterminate. In 
the case of indeterminate structures, this principle is limited to struc- 
tures the material of which is elastic and follows Hooke’s law. This 
limitation is not particularly important, however, since the vast majority 
of practical cases fall into this category. 

The validity of this principle may be demonstrated in the following manner: 
For this purpose, consider the two-span continuous beam shown in Fig. 15 la. 
Suppose that the influence line for the vertical reaction at a is required. The 
influence line may be plotted after the reaction has been evaluated for a unit 
vertical load applied successively at various points n along the structure, each 

* Likewise, by applying Mtiller-Breslau’s principle, it is often possible to sketch 
the shape of an influence line roughly and thus determine, accurately enough for 
design purposes, how to load the structure so as to produce a maximum effect. 
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evaluation being carried out as follows: Temporarily remove the roller support 
at a from the actual structure, leaving the primary structure shown in Fig. 15 16. 
Suppose that this primary structure is acted upon by the unit load at a point n 
and a vertical upward force R,, at point a. If this force has the same value as the 
vertical reaction at point a on the actual structure, then the stresses — and hence 
the distortion — of the primary structure will be exactly the same as those of the 
actual structure. The elastic curve of the primary structure under such condi- 
tions will therefore be as indicated in Fig. 15 *16, the vertical deflection at point a 
being zero. 

Suppose that we now consider the primary structure to be acted upon by 
simply a vertical force F at point a. 

In this case, the primary structure will 
deflect as shown in Fig. 15 Ic. Thus 
we have considered the primary 
structure under the action of two 
separate and distinct force syst^^ms, 

(I ) the forces in sketch 6 and (2) those 
in sketch c. Applying Betti’s law to 
this situation, we may write, 

(ft.)(A.„) + (1)(A„<,) = (Fm <C) a 

and therefore 

i?c=-^“(l) (15 1) 

wirere the same notation is used to 
designate these deflections as that in 
the superposition-equation method. 

From this equation, it is aj^par^nt that the reaction /?« when the unit vertical 
load is at point ri is proportional to the deflection Ana at that point. The shape of 
the influence line for Ra is therefore the same as the shape of the elastic curve of 
the structure when it is acted upon by a force F at point a. The magnitude of the 
influence-line ordinate at any point n may be obtained by dividing the deflection 
at that point on this elastic curve by the deflection at point a. In this manner, 
we have demonstrated that influence lines may be obtained in the manner out- 
lined by Miiller-Breslau’s principle. 

In a similar manner, the validity of this principle may be demon- 
strated for any stress element of any structure. In the general case, 
Eq. (15 • 1) may be written as follows for any stress element Xa, 

Xa=-f=-°(l) (15-2) 

^aa 

It is important to note the sign convention of this equation, viz.: Xa is 
plus when in the same sense as the introduced deflection Aoo; and Ana is 



Influence line for 
Fig. 15 1 
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plus when in the same sense as the applied unit load, the influence of 
which is given by the ordinates of the influence line. Note further that 
Xa may represent either a force or a couple. If Xa is a force, the cor- 
responding Aaa is a linear deflection; but if Xa is a couple, the correspond- 
ing Aaa is an angular rotation. 

It is also important to note that the magnitude of any influence-line 
ordinate is independent (Jf the magnitude of the force F which must be 
applied to introduce the deflection Aaa into the primary structure. For 
computation of the influence-line ordinates, F is usually taken as unity 
and Aaa and Ana computed to correspond. 

Examples 15 -2 and 15 -3 illustrate the application of this procedure 
to continuous beams. When applying this method, note that, if the 
actual structure is indeterminate to more than the first degree, the 
primary structure which remains after the removal of a redundant is still 
a statically indeterminate structure. This does not cause any real 
difficulty, however. It simply means that before the deflections Aaa 
and Ana can be computed, tlie statically indeterminate primary structure' 
must be analyzed by one of the methods of Chap. 14. 


Example 15*2 Prepare an influence line for the vertical reaction at b of this beam: 


Constant El 


a 


20 ' 



Applying Muller^Breslau\s principlcy we 
may select the primary structure shown and 
write that 

xi = - m 

where the plus direction of the various terms 
is shown. 

Uy convenience y we decide to call A»^ 

plus when iipy we must reverse the sign oj 
the right-hand side of this equation and 
write 

XI = (i*) 

^bb 

By the second moment-area theorem^ 

= (20) (I) (^) 

EIA^ = i^y (60 - 20 ) - 

. - x) 

' 16,000 
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Using Muller-Breslau' s principle, 

y) ^ ~ (fk) 

X? + 44 (f‘) 

Ai'' 


if we reverse the sign convention for Anb> 


- 0,005 
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Computing A^;, and Abb by the moment-area or elastic-load procedure ^ 


El iri = {0.5) {7. 5) - 3.75 

Ehr, = {i.i){6){h) - {0.305){6){H) ^3.83^4 

Span ab: 


EIiAj^b 



EhAbb - 3.75 + 3^83 * 7^ 

. L\ (i"\ =£!-.£! 
30)\6) 60 4 


Span be: 

= -3.83iix + H.i) + (i.i - 0.0928X) {-^J) - (0.02542) {j) 

= -3.834x + 0.556x^ - 0.0197 x> 

Xt = ,Vi> (-3.834X -|- 0.556x^ - 0.0197 x') 

/ .Do 

etc. for spans cd and de. From these equations^ the ordinates every 3 ft are found to be as 
noted. 


15*4 Influence Lines Obtained by Superposition of the Effects 
of Fixed End Moments, This method is \ery useful for determining 
influence lines for the end moments of indeterminate beams or frames. 
It involves using moment distribution to determine the separate effects 
of each of the fixed end moments of the various loaded members. These 
separate effects may then be superimposed to give the total end moments. 
When properly organized as illustrated in Example 15*4, it is a very 
effective method of obtaining influence lines for the end moments. 

Essentially this method consists of the following steps: 

1. Apply a fixed end moment of unity at one end of a member. 
Using the moment-distribution procedure, compute the resulting end 
moments in all members. Repeat this process for each end of every 
member that can have a fixed end moment developed by the applied loads. 

2. Compute the fixed end moments developed by a unit load placed 
in turn at each of the various load points. 

3. Combine the data from steps 1 and 2 to find the end moments 
throughout caused by a unit load at each of the various load points of 
the structure. 

Of course, when the influence lines have been computed for the end 
moments, other influence lines may be computed by statics. 

When computing step 1 of the above procedure, note that actually 
only one moment-distribution solution is required for each joint of the 
frame. This may be done for a fixed end moment of unity in any mem- 
ber at a joint. Once this is done, the effect of a fixed end moment of 
unity in any of the other members meeting at that joint may be deter- 
mined by inspection. This is evident in the solution of Example 15-4. 
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Example 15*4 By superimposing Ihe effects of fired moments, prepare an influence 
table for the end moments of the frame used in Example 25, Give ordinates every 
5 ft along girder BDEF. 


In this eaj}€, there can be a sidesway of the 
columns. To consider this we need to 
combine a Case A and a Case B type of 
solution. 

Use the Case B end moments from Exam- 
ple 25, dividing the data the'e by GO. 



Step 1: Find the end moments caused by a FRM = -\-1 m ends of girder members. 





■ *■0457 - 0002 

-ojni 

40 230 4006! 

' -057/ 


40083 

^^007441 
40 097 

40 QOS 
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- 0.118 

- 0 . 02 !^ 

-0.097 


-0.340 

- 0 . 001 ^ 

-0.339 


■^ 0.007 

-0.0/S -0.00 f 



These are the only actual moment-dislrUmtiori solutions that need to be carried through. 
The end rruoments caused by FEMde — -^i.OOO can he written by inspection simply by 
shifting the i .000 figure from the DB to the DE column of figures. Likewise^ the end 
moments due to either FEMed = -\-i.0 or FEMef — -\-1.0 will be equal to one-half those 
due to FEMde = with the exception of the ends ED and EF. 

Summary of end moments caused by FEM — -\-l ut the various points: 


FEM = -f ^ 
at point 

Mae I 

Med 

M])e 

j 

Mde I 

1 

Mdc 

Med 

BD 

-\-0 071 

+0.236 

-0.300 

+0.083 

+0.217 

0 

DB 

+0.077 1 

-0.118 

+0.599 

-0.3740 

-0.259 

0 

DE 

+0.077 

-0.118 

-o.m 

+0.660 

-0.259 

0 

ED 

-0.038 

+0.059 

+0.201 

-0.330 

+0.129 

0 

EF 

-0.038 

+0.059 

+0.201 

-0.330 

+0.129 

-1.0 


Step 2: FEM due to unit load at various load points: 


Load at 

FEM developed at end 

BD 

DB 

DE 

ED 



1 

-2.8125 

+0.9375 



2 

-2.50 

+2.50 


I 

3 

-0.9375 

+2.8125 




1 


-2.8125 

+0.9375 

5 \ 



-2.50 

+2.50 




-0.9375 

+2.8125 

F 1 





1 
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Step 3: Influence table for end moments: 


! 

Load i 
at 

Factor X [end moment 
corresponding to FEM 
= + / point ( ~ ) 1 

MjiB 

Mbd 

MnB 

Mde 

Mdc 

Med 

i 

-2.8125 X BD 
+0.9375 X DB 

-0 199 
^0.072 

-0.66/4 
-0 111 

+0. 8/4/4 
+0.567 

-0 233 
-0.318\ 

-0 610 
-0 200 




- If. 127 

-0.775 

+ /.405 

-0.551 

-0.853 

0 

2 

-2.50 X BD 
4-2.50 X DB 

-0.172 
-1 0 192\ 

-0.590 

-0.295 

+0.750 
+ 1./498\ 

-0.207 

-0.850\ 

- 0 . 5/43 

- 0 . 6/48 




+0.020 

- 0 885 

+ 2 . 2/48 

-1.057] 

-0.191 

0 

3 

-0.9375 X BD 
+2.8125 X DB 

1 

-0.067 

+0.216 

-0.221 

-0.33^\ 

+0.281 
+ 1.682 

-0.078 

-0.956 

-0.203 
-0 729 


1 


+0.1/49 

-0.553 

+ 1.96.1 

- 1 . 03/4 

-0.932 

0 

4 

-2.8125 X DE 
^0.9375 X ED 

-0 216 
-0,036 

+0.332 

+0.054 

+ 1.128 
+0.188 

-1.852 

-0.308 

+0.720 

+0./20 


1 


-0.252 

+0.386 

+ 1 316 

-2.160 

+0.^4.9 

0 

5 

-2.50 X DE 
+2.50 X ED 

-0 192 
-0.0P5 

+0.295 

+0.1/45 

+ 1.002 
+0 500 

-1.6/48 

-0.820 

+0.6V/S 

-f0..?20 




-0.2^7 

+O./4/4O 

+ 1.502 

-2./468 

+0.968 

0 

e 

-0.9375 X DE 
+2.8125 X ED 

1 

-0.072 

-0.107] 

1 

+0.111 

+0.163 

+0.376 

+0.565 

-0 619 
-0.922 

+ 0 . 2/43 

+0.360 




-0.179 

+0.275 

+O. 9 / 4 I 

-1 5 / 4 I 

+0.603 

0 

F 

-/i.O X EF 

+0.152 

1 

-0.232 

-0.80/4 

+ 1.321 

-0.521 

+4.0 


15*5 Problems for Solution 

Problem 15 •! a. Assuming L/A to be constant for all bars, prepare an 
influence line for the stress in bar CD of the truss shown in Fig. 15 2. 



Fig, 15-2 
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b. Using the data from part a, likewise prepare influence lines for the stress in 
bars Be and be. 

Problem 15*2 Prepare influence lines for the stresses in bars bC and Cd 
of the truss shown in Example 14 5. 

Problem 15*3 Using Muller-Breslau’s principle, prepare influence lines for 
(a) the moment at point c of the beam shown in Example 15 3; {b) the vertical 
reaction at point b of this same beam. 

Problem 15*4 Using the method described in Art. 15 4, prepare influence 
lines for the end moments of the beam shown in Example 15 3. 
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OTHER STRUCTURES 

16*1 Introduction. While the illustrations used in previous 
chapters are drawn larg^^ly from civil engineering structures, these 
methods of analysis are applicable to many other types of structures, 
including those whic h are of importance in oilier braiu'hes of engineering. 
In this chapter, tlie forego jlag statement is amplified by considering the 
analysis of a few typical structures beyond the scope of the practice of 
most civil engineers. In this brief treatment, no attempt is made to 
discuss in detail the methods of stress analysis for these other structures, 
since lack of space precludes such a procedure and, moreover, standard 
textbooks are available that fulfill that purpose. The object is, rather, 
to show the student in civil engineering that, -with a proper background 
in the analysis of (*ivil engineering structures, he has at his command 
principles and methods applk‘able to the analysis of structures in general. 

16*2 Airplane Design.^ While economy is of primary importance 
in the design of any engineering structure, the factors afl'ecting the over- 
all economy of a structure vary greatly. Thus, in most civil engineering 
structures, the weight of the structure is not of importance, except insofar 
as it influences the cost of the structure, and it often proves economical 
to design a heavy structure where a lighter one might have bec^i function- 
ally satisfactory. In an airplane, the situation is, of course, quite dif- 
ferent. In the over-all economics, it bc'comes necessary to hold the 
weight of the structure to a practical minimum, in order that the “pay 
load” of the airplane can be large. This not only justifies but makes 
necessary the use of lighter and more expensive materials; it leads to 
the use of structural forms and connections that are often more difficult 
to analyze and fabriciite; and it requires structural design based on a 
smaller margin of safety against failure than is customary for civil 
engineering structures. 

For airplane design, it is customary to base design on limit loads ^ 
which are the actual maximum loads to which the structure can be sub- 
jected under various loading conditions. A factor of safety of perhaps 
1.5 is then specified; but instead of using this factor of safety to deter- 
mine permissible fiber stresses, as is the case in most other fields of 

^ Much of the following material dealing with the stress analysis of airplanes is 
based on “Airplane Structurevs,“ by A. S. Niles and J. S. Newell, John Wiley & Sons, 
Inc,, New York, 1943. 
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structural engineering, the limit load is multiplied by the factor of safety, 
leadiilg to the so-called design load. A member is then designed by 
computing the ultimate load, which is the load which would cause the 
member to fail, and so proportioning the member that the ultimate load 
is equal to or greater than the design load. This procedure is usually 
carried out in terms of fiber stresses, by designating the quantity com- 
puted by the expression 

Ultimate fiber stress ^ ^ 

Fiber stress due to design load 

as the margin of safety and requiring that the margin of safety be equal 
to or greater than zero. 

In computing ultimate fiber stresses, failure may be due to elastic 
buckling, tension, fatigue, or other causes. It is usually assumed that 
methods of analysis which are strictly applicable only when the stresses 
remain within the elastic limit can be used even though that limit is 
exceeded. To prevent permanent set, it is however further specified 
that the stresses due to the limit load shall not exceed the yield point. 
Since the limit loads have not been increased by the factor of safety, 
this latter specification will not influence the design unless the yield point 
is less than two-thirds of the ultimate fiber stress due to other causes. 

16*3 Airplane Loadings. The principal types of loads to which an air- 
plane is subjected may be classified as follows: 

a. Weight of airplane and contents: These loads, depending upon mass and 
gravity, are essentially constant in magnitude but vary in direction relative to 
the airplane, depending upon its line of flight and orientation. 

h. Inertia forces of airplane and contents: For stationary structures, the laws of 
statics state that, along any coordinate axis, 2F = 0, while, about any coordinate 
axis, 2M == 0. Since airplanes are subject to movements and hence to accelera- 
tions, the foregoing relations must be revised to the following: 2F — {W/g)a = 0 
and 2iVf — (I/g)a = 0 , in which {W/g)a may be called an inertia force and acts 
in a direction opposite to that of the linear acceleration and (I/g)a may be called 
an inertia moment and acts in a direction opposite to that of the circular accelera- 
tion. If inertia forces and moments are considered among those acting on an 
airplane or a portion of an airplane, the structure may, for purposes of analysis, 
be considered in static equilibrium. It should be noted that, while rotation at 
a constant speed about the center of gravity of a body causes no resultant inertia 
forces, each element of the body undergoes an acceleration toward the center of 
gravity; moreover, rotation at a constant speed about a point other than the 
center of gravity of a body results in a rotating resultant radial inertia force that 
acts toward the center of gravity. 

c. Aerodynamic forces: These loads are due to air pressure. They are, in 
reality, inertia forces developed within the mass of air that undergoes acceleration 
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as it is displaced by the airplane passing through it. Aerodynamic forces are 
divided into three components: (1) liff, the components perpendicular to the line 
of flight and parallel to the plane of symmetry of the airplane; (2) drag, the com- 
ponents parallel to the line of flight; (3) transverse forces, the components per- 
pendicular to the plane of symmetry of the airplane. 

d. Propeller thrust: This is the force used to pull the airplane through air. In 
some airplanes, a similar thrust, or propulsive force, is developed by a jet engine. 

e. Engine torque forces: This is a necessary by-product of supplying propeller 
thrust. 

f. Ground reactions: These are forces resulting from contact of the landing 
gear with the ground. 1'hc values of these forces both while the airplane is land- 
ing and when it is at rest miSift he considered. 

16*4 Airplane Loading Conditions. Each part of an airplane must, of 
course, be designed to withstand every reasonable combination of loads that can 
occur. Such combinations are usually classified under one of the following load- 
ing conditions: 

a. Main flying conditions: These are the conditions resulting during flight 
from a sudden change in the effective angle of attack of the aerodynamic forces 
acting on the wings or tail, due either to the encountering of a gust or to the 
intentional act of the pilot. 

b. Main landing conditions: These are the range of flight attitudes at which 
satisfactory landings can be made, including intermediate as well as extreme 
conditions. 

c. Minor loading conditions: These are special conditions of flight or landing 
that must be considered to ensure satisfactory design of parts not adequately 
covered by the main flying and landing conditions. 

16*5 Stress Analysis for Airplanes. With the magnitude of the 
loads acting on an airplane or portion of an airplane known, the pro- 
cedures involved in computing reactions, shears, bending moments, bar 
stresses, etc., are essentially the same as those hitherto used for civil 
engineering structures. This statement holds for the determination of 
the position of movable loads that leads to maximum stresses as well as 
for the computation of the stresses themselves. We shall now consider a 
series of illustrative problems, based on airplane structures, that will 
demonstrate the foregoing. 

16*6 Computation of Reactions. Consider the reactions on the 
wing AB shown in Fig. 16 • 1 and supported by the fuselage at B and by 
the strut CD, Since the direction of the reaction at B is not known, both 
the vertical and horizontal components of the reaction at that point 
constitute independent unknowns. Although the reaction at C has both 
vertical and horizontal components, the stress in strut CD must lie along 
the axis of CD, so that the direction of Bo is known. Hence there are 
in all only three independent unknown reactions for the wing AB, and 
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Fig. 16 I 


these may be determined by the usual application of the equations of 
statics. 

In airplane construction, it is often impractical to construct points of 
support in a manner such that reactions can be determined by slit tics 

only. Thus in the horizontal drag 
truss of a wing, as shown in Fig. 16 • 2, 
the direction of neither reaction is 
known, so that there are four inde- 
pendent reactions at the supports of 
the drag truss on the fuselage. 

For this condition, one may resort to an elastic analysis or, for pre- 
liminary design, proceed on the basis of one or more assumptions. Thus 
one may assume that Baz = Rbz; or, instead, since the diagonals a and 
b may be wires, so that a would tend to be in compression and henccj 
carry no load, one may assume that 
the entire reaction in the Z direction 
occurs at B, where b meets the fuse- 
lage. Only one of these assumptions 
is necessary for the determination of 
the reactions; but it is well to note 
that, in problems of this kind, succes- 
sive analyses, based on successive 
reasonable assumptions, often serve 
as an important basis for design. 

Each member of the structure can then be proportioned to withstand the 
largest stress computed for that member. 

16-7 Truss Analysis. The framing of an airplane often involves 
planar trusses that may be analyzed by the usual analytical or graphical 




methods. The side truss of a nacelle, as shown in Fig. 16 • 3, is an exam- 
ple of such a truss. Because the points of support of this truss at both A 
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and B are capable of developing horizontal as well as vertical reactions, 
this truss is statically indeterminate to the first degree with respect to 
its outer forces. The vertical reactions can be determined by statics; 
but, to determine the horizontal reactions on the basis of statics only, 
an assumption must be made. For this case, the truss is acted upon by 
vertical loads only, and it thus is reasonable to tissuine that tlie horizontal 
reaction at one point of support equals zero; it then follows by statics 
that the horizontal reaction at the other point of support also equals zero. 



Of course, one can carry out an elastic analysis to determine the 
horizontal reactions. This, however, either involves an assumption as 
to the relative horizontal movement of points yl and or necessitates 
the inclusion of the supporting structure in tlie elastic analysis. 

With the reactions assumed or computed, the bar stresses can be 
readily computed, by either analytical or graphical methods. 

16*8 Landing-gear Tripod. A typical landing-gear tripod, as 
shown in Fig. 16 * 4, is a statically determinate three-dimensional struc- 
ture and may readily be analyzed. This particular landing gear has 3 
bars plus 9 reactions on the fuselage, or a total of 12 unknowns; it has 4 
joints with 3 equations of statics each, or a total of 12 independent equa- 
tions of statics. 
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One may, for example, commence the analysis by solving joint A 
by the method of joints. This will require the solution of three simul- 
taneous equations involving the stresses in the three legs of the tripod. 
With these leg stresses known, the reactions are easily computed by 
the method of joints. 

16*9 Externally Braced Wing. The structure of a typical exter- 
nally braced wing is shown in Fig. 16 5. The primary load-carrying 
structure on each side of the fuselage consists of a three-dimensional 
framework supported by the fuselage. This framework is composed of 



INTERNAL DRAG TRUSS OF WING 

Fig. 16 5 


the internal drag truss of the wing and of the two supporting struts BJ 
and FJ, 

The lift and drag forces are applied to the skin of the wings and are 
carried by the skin to transverse wing ribs. The ribs may be considered 
as statically determinate beams supported on the wing spars, so that the 
rib reactions furnish the spar loadings. While the spars carry axial 
stress as members of the three-dimensional framework, they also act as 
beams that carry in bending the loads applied by the ribs. As beams, 
they develop reactions at the points where they are supported by the 
struts and by the fuselage; the reactions at the struts are the panel loads 
for which the three-dimensional framework qn one side of the fuselage 
is to be analyzed. 

For this illustration, the spars are each supported at four points 
(for example, B, D, D', and B')» and the spar reactions at these points 
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may be determined by an elastic analysis/ using, for example, the three- 
moment equation, provided that one assumes that the points of support 
of the spar do not yield. 

If the loads applied by the spars to the struts at points B and F 
are known, the stresses in the bars of the three-dimensional framework on 
that side of the fuselage can be determined by conventional methods. 
The diagonals of the drag truss may be of wire and hence not capable of 
carrying compression, which will simplify the analysis. For the wing 
spars, total fiber stresses are obtained by superimposing the fiber stresses 
due to the axial stresses that they receive as members of the three- 
dimensional structure and ^lajse due to bending as continuous beams. 

The foregoing examples are typical of the fabric-covered airplane having a 
framework of wood, plastic, or metal members that act as beams or parts of 
trusses. The civil engineer little difficulty in analyzing such structures 
once he has become familiar with the strength properties of the material of which 
they are made and is accustomed to the difference in the scale of things as 
represented by the dimensions of the members. 

Many elements in the structures of all-metal stressed-skin airplanes are 
amenable to analysis by methods with which the civil engineer is familiar, but 
others require the application of basic principles of mechanics in ways not ordi- 
narily used in the design of bridges or buildings. The very thin sections used in 
aircraft require more consideration in respect to shear and compression than is 
normally given standard structural sections. Some aircraft members are 
designed so that they will not buckle locally, whereas others are permitted to 
buckle under their working loads so long as their ultimate strengths exceed their 
design loads. Such buckling, whether attributed to shear or to compression, 
entails a redistribution of stress throughout the member in which it appears and 
requires the use of methods and assumptions in the analysis of the member which 
are new to structural engineering. To master the details of these methods 
requires some time for study and practice, but it entails no insurmountable diffi- 
culty for a well-trained civil engineer. 

16*10 Ship Structures — General- Like an airplane structure, a 
ship structure differs from typical civil engineering structures in two 
important respects. (1) Instead of being supported by a relatively 
unyielding foundation, the structure of a ship receives its support from 
fluid pressures. (2) Because a ship undergoes mption, its structure is 
subjected to inertia forces. 

The important loads for which a ship must be designed include the 

1 The usual method for determining these reactions is by applying a form of the 
three-moment equation that provides for the effects of axial and transverse loads on 
the spar and for deflection at the points of support. An engineer who is familiar with 
the ordinary three-moment equation can readily master the more general form that is 
applicable to such ‘'beam columns.** 
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weight of the ship itself, the weight of the cargo (which must be treated 
as a movable load), the hydrostatic pressures of the supporting water 
(which must also be treated as a movable load since its distribution 
depends on wave formations), the dynamic pressures resulting from wave 
action, the impact loads resulting from contact with piers, ice, etc., and 
inertia forces. 

The analysis of ship structures is usually divided into two parts: (1) 
the analysis of the strength of local parts such as deck beams and pillars; 
(2) the analysis of the strength of the hull of the ship, which is considered 
as a girder carrying in bending and shear the loads to which it is subjected. 

16*11 Local Parts, The analysis of stresses in local parts includes 
the determination of stresses in structural members supporting heavy 
weights such as masts, and engines. It also includes investigating the 
more or less localized stresses that occur during docking, grounding, etc., 
where comparatively small areas of the surface of the hull are subject to 
large intensities of loading. 

For such conditions, the analysis of the stresses in beams, columns, 
deck plates, bulkheads, etc., can be carried out, once the loadings have 
been determined, by the same general methods as those used for civil 
engineering structures. However, in naval architecture, there is a 
much greater tendency to resort to rules such as those in “Rules for 
Building and Classing Steel Vessels,”^ than to carry out detailed stress 
analyses. Such rules specify the size of members that should be employed 
under various standard conditions in such detail that the use of structural 
analysis is largely limited to conditions of an unusual nature. 

16*12 Shape of Supporting Wave. It is usually assumed that 
the hull of a ship, acting as a girder, receives its greatest stresses either 


SAGGING CONDITION HOGGING CONDITION 

(a) (b> 

Fig. 16-6 

when the crests of the waves arc at the end of the ship, as shown in Fig. 
16* 6a, which is known as the sagging condition, or with the crest of a 
wave at the center of the ship, as shown in Fig. 16 • 66, which is known as 
the hogging condition. 

In either case, the distance between wave crests is taken as equal to 
the length of the ship, and the depth of the wave is usually assumed 
to equal one-twentieth of that distance. The wave itself is assumed to 
have the shape of a trochoid, which for the case under consideration has 
^ Published by the American Bureau gf Shipping, 
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the following relative ordinates for each fifth point from the hollow to 
the crest: 0.000; 0.066; 0.260; 0.552; 0.856; 1.000. 

In considering the sagging condition, it is usually assumed that the 
ship is fully loaded; for the hogging condition, while the ship is assumed 
to be carrying its cargo, it is usually assumed to carry neither fuel nor 
water. 

16*13 Analysis of Longitudinal Strength. In the analysis of 
the hull, the position of the ship with respect to the surface ol* the water is 
determined by trial. The procedure is similar whether the sagging or 
hogging condition is considered; 
for purposes of illustrat on, we 
shall consider the sagging condi- 
tion shown in lig. 16 - 7a, in which 
the distan<jes di and must be 
tentatively assumed. 

A weight diagram is then con- 
structed, as shown in lig. 16 7b. 

This curve shows the distribution 
from bow to stern of the total 
weight of the ship including cargo, 
fuel, and other contents. 

On the basis of the assumed 
values of rfi and ^ 2 , the buoyancy 
curve of Fig. 16 - 7c is then drawn, 
based, of course, on the weight of 
displaced water. 

The weight diagram and buoyancy curve are then superimposed as 
shown in Fig. 16 -Td, leading to differential ordinates that define the net 
load that is carried by the hull if di and do have been properly assumed. 
For this analysis, the ship is assumed to be stationary, so that the net 
loading curve must be in static equilibrium. Under this circumstance, 
two conditions must be satisfied. (1) The sura of the vertical forces 
acting on the hull must equal zero, so that the positive areas under the 
net loading curve must equal the negative areas under the same curve. 
(2) The sum of the moments, about any point lying in the vertical plane 
of symmetry of the hull, of all the vertical forces acting on the hull must 
equal zero, so that the moments of the positive areas under the net loading 
curve, taken about any vertical line such as MM, must equal the moments 
of the negative areas under the same curve, about the same verticsfl line. 
If these two conditions are not satisfied, one must, by successive analyses, 
adjust di and d 2 by trial until equilibrium is obtained. 

With equilibrium obtained, the net loading curve on the hull is 
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defined. Moments and shears at any section along the hull can then be 
computed by statics. 

To determine fiber stresses in the hull, a transverse section through 
the hull is treated as a built-up section, for which the section modulus 
and other properties may be computed by the usual methods. 

16*14 Chemical Engineering Structures — General. Many of 
the structures of importance to the chemical engineer may be analyzed by 
the methods already presented in connection with civil engineering struc- 
tures. The problem of corrosion, which is, of course, to be reckoned with 
in all structures, is of particular importance in many structures that come 
into contact with corrosive chemicals. Pipes, tanks, and stacks of 
chemical plants may, for example, be exposed to corrosive material in 
either the liquid or the gaseous state. To allow for this, one may either 
design on the basis of relatively low fiber stresses; or, as an alternate, 
additional thickness of material may be provided over and above that 
required for stress-carrying purposes. 

Such structures may also be exposed to much greater variations in 
temperature than one is likely to encounter in civil engineering structures. 
An arch in a process chamber may, for example, be subjected to tem- 
peratures as high as 1200°F. Such conditions not only indicate the 
unusual importance of analyses for stresses due to changes in temperature 
but call for the use of materials, such as firebrick, that are resistant to 
high temperatures. 

We shall now consider the analysis of two typical structures of 
importance to the chemical engineer. 

16*15 Temperature Stresses in Pipes. An analysis frequently 
encountered in the design of chemical plants is that of determining the 

stresses in a pipe caused by changes 
in temperature. Consider the layout 
shown in Fig. 16 • 8, for which we shall 
assume a temperature change of A^°F. 
Since each end of the pipe is com- 
pletely fixed, the structure is statically 
indeterminate to the third degree. 
The three reaction components at 
one end of the pipe may be chosen as 
the redundants, and their values, for 
the temperature change under consideration, may be determined by any 
of the standard methods available for investigating stresses in statically 
indeterminate structures, due to temperature changes. 

For long flexible pipes, laid out in a manner similar to that shown in 
Fig. 16 *8, it is sometimes assumed that the moment M and the shear S 
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at the end of the pipe are each equal to zero, since comparative analyses 
have shown that the maximum moments in the pipe will not be greatly 
affected by these assumptions. This leads to the single redundant F, 
which can then be evaluated without recourse to simultaneous equations. 
If, with this single redundant, the deflections entering into the indetermi- 
nate analysis are computed by the moment-area method, one arrives at 
the Walker-Crocker method of analyzing the problem of temperature 
stresses in pipes. 

16*16 Analysis of ks. Consider the stack shown in Fig. 16 *9. 
Such stacks are sometimes designed to carry lateral loads by (*antilever 
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action only; the guys are then added to prevent excessive lateral deflec- 
tions of the stack and supposedly to give a certain indeterminate increase 
to the strength of the stack to resist lateral loads. Such a procedure is 
open to criticism, however, since the tension in the guys develops com- 
pression in the stack below the elevation where the guys are attached. 
The procedures outlined in Art. 11*9 for guyed structures should be 
followed. 



CHAPTER 17 


MODEL ANALYSIS OF STRUCTURES 

17*1 Application of Model Analysis. In the field of structural 
engineering, the use of models has steadily increased in the last 25 years. 
Today, model analysis of structures not only is extremely important as a 
tool for research and development but also forms an important supple- 
ment to the mathematical methods used in the actual design of structures. 
Perhax)S the most widely publicized use of models in this latter respect 
has been in connection with the design of most of the important and well- 
known suspension bridges erected during the last 20 years. Further 
evidence of the importance of model analysis in the field of structural 
design is furnished by the well-equipped laboratories that have been 
established by several governmental agencies. There are also many 
academic institutions that possess fine model-analysis laboratories 
established primarily for educational and research purposes. 

Model analysis of structural problems encountered in either research 
or actual design may be used for one or more of three reasons: (1) 
because mathematical analysis of the problem concerned is virtually 
impossible; (2) because the analysis, though possible, is so complex and 
tedious that the model analysis offers an advantageous short cut; (3) 
because the importance of the problem is such that verification of the 
mathematical solution by model test is warranted. The stress distribu- 
tion in an irregularly shaped member may be investigated by use of a 
model for the first reason; a model test may serve as the basis for the 
analysis of a complex building frame for the second reason; a model 
study of the proposed design of a suspension bridge may come under 
the third classification. 

The objective of tests of a structural model may generally be placed 
in one of the following four categories: (1) stress analysis of the model; (2) 
determination of stress distribution; (3) determination of critical or 
buckling loads; (4) analysis of the characteristics of the normal modes of 
vibration. As used in this chapter, stress analysis means the determina- 
tion of the total axial stress, the total shear stress, and the resisting 
moment acting on any cross section of the niodel, whereas stress distribu- 
tion is the term used to designate the manner in which the stress intensi- 
ties vary across any cross section of a member. , 

17*2 Standard Methods of Model Stress Analysis. Certain 
methods are commonly used for the stress analysis of a model, among 

470 
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them being the brass-wire model method, the Beggs method, the Eney 
deformeter, the Gottschalk continostat, the moment indicator, and the 
moment deformeter. All these methods are discussed in Chapter 18. 
The photoelastic method is also used to a limited extent in the stress analy- 
sis of structural models, but its principal application is in the solution of 
stress-distribution problems. 

17*3 Design of Models. Whenever a reduced-scale model is used 
to study an actual structure, it is necessary, of course, for the model to 
be designed so ^hafc full-scaic behavior of the prototype may be deduced 
from the observations of the behavior of the model. For this to be 
accomplished, the dimensions of the model and the characteristics of 
the material us^d in ils ^construction must bear certain definite relations 
to the dimensions and material of the prototype. The principles govern- 
ing the relationship between a model and its prototype are called the 
principles of similitude. Certain of tliese principles govern the design 
of the model, and others establish the moans of extrapolating the results 
of the model tests to predict the performance of the prototype. 

The determination of the principles of similitude is discussed briefly 
in Chap. 18.^ 

The choice of the proper material for the contruction of models is of 
great importance. Not only must the material be such tliat its structural 
action is suitable to its use, but one should also bear in mind the ease 
with which it can be fabricated for a small model. For many models, 
the materials of the prototype may be used. Steel is often used and 
reinforced concrete may be used if the model is sufficiently large. 

It is often desirable to use a material having a lower modulus of 
elasticity than the material of the prototype so that distortions which 
are large enough to be measured accurately may be obtained without the 
application of forces which are too great. The use of duralumin or brass 
in place of steel is sometimes convenient for this reason. Brass has the 
additional advantage that it may be soldered easily, thus facilitating the 
construction of the model. 

Celluloid is one of the most widely used materials in the construction 
of the models used in conjunction with the more common model methods 
of strcvss analysis; its properties are discussed in more detail in the next 
article. 

The selection of the scale of a model depends on many factors, some 
of the more important of which are the properties of the materials avail- 

^ See also Conrad, R. D., Structural Models. Part I; Theory, U.S. Navy Dept, 
Bur, Construction and Repair, C and R Bull, 13, 1938; Beoos, G. E., R. E. Davis, and 
H. E. Davis, “Tests on Structural Models of Proposed San Francisco-Oakland Sus- 
pension Bridge,” University of California Press, Berkeley, 1933. 
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able for its construction, the capacity of the equipment to be used in 
loading the model, the dimensions of the instruments to be used in testing 
the model, the limitations of machinery to be used in fabricating the 
model, and the funds and time available for the experimental program. 
As the scale of a model is reduced, it becomes increasingly difficult to 
maintain geometric similarity, and the duplication of all the details of 
the prototype is physically impossible. Some details of the design are 
obviously unimportant and may be omitted from the model. In other 
cases, the details of the structural connections have a great influence on 
the result, and a large enough scale must be used so that the structural 
action of the model is adequate. 

17*4 Properties of Model Materials. The properties of model 
materials, such as steel, brass, duralumin, wood, and concrete, are well 
known and need not be reviewed here. Celluloid is widely used for 
structural models and has, in common with certain other plastic materials, 
certain properties that are not well known and require further discussion. 

Celluloid (or cellulose nitrate) has some very desirable properties 
as a model material, but it also has some that are very undesirable. 
It is very readily machined, has a low modulus of elasticity, is homo- 
geneous, and may be readily welded by using acetone. On the other 
hand, its elastic properties change decidedly with age, temperature, and 
humidity. More serious still, celluloid creeps under a constant load; 
i.e,, if a load is applied, while some 85 per cent of the deformation occurs 
within a few seconds, the remaining 15 per cent takes place more slowly. 
It is necessary to wait an appreciable period, in the neighborhood of 15 
min, before motion is essentially complete. Even then, small move- 
ments will still occur. 

This creep phenomenon may be more easily understood by referring 
to Fig. 17 • 1. Suppose that a weight W is hung on the celluloid member 
shown. Almost instantaneously, the member will undergo about 85 
per cent of its total elongation, but the remaining 15 per cent will take 
place gradually, as shown in Fig. 17 • 16. If the member is loaded instead 
with a weight of 2W, the elongation will vary with time, as is also shown 
in Fig. 17 • 16. The elongation that takes place up to certain times after 
loading, such as < == 1, 2, 5, 10, etc., may be read off from the curves of 
Fig. 17 16 for various loads W, 2 IF, 3 IF, etc. If these elongations are 
plotted against the loads as shown in Fig. 17 • Ic, it is found that all the 
elongations measured at 1 min after loading lie along a straight line for 
all practical purposes. The same is true of the elongations measured at 
times < = 2, 5, 10, etc. All these straight lines likewise pass through the 
origin. This latter plot discloses a very important characteristic of the 
creep of celluloid. At any particular instant after loading, the instan- 
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taneoRS fiongation (or strain) is directly proportional to the load (or 
stress in|“nsity); Le.^ at any instant the material is following Hooke’s 
law andjias an instantaneous modulus of elasticity The effect of 
creep is lb lower this instantaneous value of the modulus with time. 

It is l^xtremely important that the creep of celluloid has this character- 
istic; ciherwise, the usefulness of the material for structural models 

7 




iFF' 


ra) 



Fig. 17 1 


would be impaired. In view of the creep of celluloid, if a constant load W 
is applied to the end of a cantilever beam, the elastic curve progressively 
assumes different positions as the time after loading increases, as shown 
in Fig. 17 • 2a. Of course, after about 15 min, the rate of creep has become 
so small that the beam may be considered to have come to rest. Sup- 
pose, however, that a fixed deflec- 
tion Ah is introduced at the end of 
the beam, as shown in Fig. 17*26. 

The force Pt applied to the beam 
by the pin maintaining the fixed 
deflection at 6 decreases with time 
owing to the creep and the resultant 
lowering of the instantaneous 
modulus Et* Since, at a given 
instant, Et does not vary with the 
stress intensity and is therefore 
constant for the entire beam, the deflection at point 6 may be ex- 
pressed as Ad = Kh{PtfEt), where Kh is a coniitant that depends only 
on the dimensions of the beam. Hence, Pt/ Et = Ah/ Kh = C, a constant 
that does’ not vary witlj time. The deflection at any point n may be 
expressed as An = Kn{Pt/Et) ^ KnC, also cJbnstant and independent of 
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time, since Kn is a constant depending only on the dimensions of the 
beam and the location of point n. It is apparent, therefore, that not 
only does the end of the cantilever remain fixed in position but the entire 
elastic curve of the beam also does so. It may therefore be concluded 
that the deflected position of a celluloid model will not change with time 
if a fixed deformation is applied to the model instead of a constant load. 

17*5 Use of Spring Balance to Overcome Creep. It is shown in 
the previous article 1hat the deflected shape of a celluloid model does not 
change with time if a fixed deflection is introduced at one point on the 
model. Owing to creep, however, the effective modulus of celluloid 

does change with time, and there- 
fore the external forces and 
internal stresses of the model like- 
wise change with time. Thus, it 
is diffic-ult to interpret the strains 
and deflections, even though they 
do not change with time and there- 
fore may be measured without 
difficulty. In other words, we 
cannot conclude simply from the 
measured strains that a certain 
load will produce certain stresses 
in the model — all we know is that 
some unknown load produces 
certain strains and deflections. 

Through the use of a so-called 
celluloid “spring balance,” we may 
circumvent this difficulty, however, and interpret the measurements of 
the strains and deflections. Such balances may be designed in a num- 
ber of different forms and shapes, depending on the problem at hand. 
Suppose, for example, that we wish to analyze the celluloid model of 
the rigid frame shown in Fig. 17 -3 when it is acted upon by a horizontal 
force 11 at the top of the right column. To do this, the model may be 
connected to a balance, as shown in Fig. 17 • 3a. Then, by pulling point 
d to the right, a horizontal deflection A may be applied to the combined 
system of model and balance. 

On the assumption that the steel straps ab and cd may be considered 
as being infinitely rigid in comparison with the celluloid model and spring 
balance, part of this total deflection A is introduced into the model and 
the remainder into the spring balance. Thus 
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If both the balance and the model have been made out of the same piece 
of celluloid, it is legitimate to assume that the instantaneous modulus 
Et is the same for both. Recognizing that the instantaneous value of 
the tension in both straps is the same and equal to Pt and, therefore, 
that the distorting force on both model and balance is also the same and 
equal to P^, we may express the deflections and Aa as follows: 


A - k 

LXfn 

(b) 

A, = A. 

(c) 


where Km and are cnnsianto, the value of which depends only on the 
geometr/ .ind Jimcnsions of the model and balance, respectively. 
Substituting in Kq. («/ f^orn Kqs. (b) and (c), we find that 


P. _ A 
E, Km + Ks 


id) 


and therefore conclude that tlie ratio of P< to Et remains constant and 
do6s not change with time. In other words, while both Pt and Et change 
with time, they always bear a constant relationship to each other. 
Substituting now from Eq. (a) back into Eqs. (6) and (c), we find that 


A^„. + K. 

A 

+ K. 


(e) 

(/) 


Since the right-hand sides of both these equations contain only constants 
that do not change with time, both Am and As remain constant and do not 
change with time. In other words, by using a celluloid spring balance 
in this manner and introducing a fixed deflection A into the combined 
system of model and balance, we produce a distortion of both balance 
and model that remains constant and does not change with time. 

Suppose that the model has been distorted in this manner and that 
the resulting strains in it have been measured. Suppose that we then 
wish to interpret these strains so as to obtain the stresses in the model due 
to a horizontal force II, While the stresses in the model vary with time, 
we may express the instantaneous value of the stress intensity, <rty in 
terms of Et and its corresponding strain e. 

Thus, 

(Tt = Ete ig) 



From Eq. (c). 


(h) 
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Therefore, 



(0 


Assume that the (X)ustaiit of the spring balance, has been either com- 
puted or determined previously from a calibration test. The desired 
stress intensity a has been expressed, therefore, in terms of the known 
constant the measured quantities e and and the unknown value of 
Pt* By assigning various values to Pu the corresponding stress intensities 
may be obtained. If Pt = //, the corresponding stress intensity an is 
found to be 


(Th = 



U) 


In this manner, the strain measurements may be interpreted to give the 
stresses in terms of a horizontal force H, 

The use of the spring balance is discussed further in subsequent 
articles. The determination of the constant of the spring balance by 
calibration test is also discussed in detail later. The purpose of the 
present discussion is simply to introduce the idea of the balance and 
illustrate how it may be used to overcome the difficulties associated with 
the creep properties of celluloid. 

17 • 6 Planning a Model Analysis. It is difficult, if not impossible, 
to give a complete list ol’ instructions that will cover the planning of 
the model analysis of any and all problems that might be encountered. 
There are, however, certain factors that are more or less common to most 
such problems and that should therefore be discussed. 

The first factor that should be considered is the purpose of the pro- 
posed model study. If the model is being used to check the design of an 
actual structure, then the principles of similitude must be established 
for the given problem and observed as closely as is possible and practical 
in designing and constructing the model. Contrasted to this type of 
model study is the case where the model is being used to develop or study 
the mathematical theory for a certain type of problem. In such cases, the 
model may be considered as actually a small-sized structure for which 
the mathematical results are computed and compared with the experi- 
mental results. In other words, model and prototype are synonymous, 
and similitude is not a factor. When models are used in this manner, a 
number of different models should be selected so that the relative dimen- 
sions of the various elements are varied sufficiently to cover the entire 
range that might be encountered in large-sized structures of this type. 

The next step in planning a model study is to select the most appropri- 
ate method of model analysis for the particular problem at hand. Quite 



§17*7] INTERPRETATION OF MODEL RESULTS 477 

often the choice of the method is limited by such factors as availability 
of equipment and suitable model material or experience of the laboratory 
personnel. Assuming that there are no such limitations, the method of 
analysis may be selected simply on the basis of the advantages and dis- 
advantages of the various methods applicable to the problem at hand. 

Once the method of analysis is selected, the limiting dimensions of 
the model may then be established. To illustrate how to do this, suppose 
that it has been decided to use the Beggs method for the stress analysis of 
a given problem. First, ^ 1 width of the model .at any point where the 
deformeter gage is to be attached should not exceed % in., which is the 
normal capacity of the clemping device on the gage. On the other hand, 
the minimum vidtJi at an^ point in the model should preferably be not 
less than in. is controlled by the working tolerances that should 

be permitted in constructing celluloid models. Such models can be 
finished quite easily to satis!,) a tolerance of ±0.002 in. If the width of 
a member less tluui ^4 in., the tolerance in the width will cause a 
variation in the moment of inertia of more than ±2 per cent, which is 
about the maximum that should be permitted. The length scale and the 
thickness of the members should be selected so that the model is neither 
too stiff nor too flexible. If the model is too stiff, the springs of the 
deformeter gage will not be strong enough to distort the model. If 
the model is too flexible, some of the compression members may buckle. 

Similar factors are involved in establishing the limiting dimensions of 
any model. Careful consideration must be given to the limitations 
imposed by the proposed methods of measuring strains and deflections 
or by the proposed technique of loading or distorting the model. Of 
course, the more experience one has, the easier it is to make such decisions. 

In planning a model study, the fact is often overlooked that some of 
the most informative model studies can be conducted with relatively 
simple models. Elaborate, complex, and expensive models may be 
impressive, but they do not necessarily produce the most valuable results. 
If it still seems necessary and desirable to make such a model, precede 
such a study with enough studies of simplified models to be sure that the 
proposed model and method of analysis will yield satisfactory results. 

17*7 Interpretation of Model Results. The first step in inter- 
preting model results comes when the experimental data are actually 
being measured and recorded. One should continually be studying the 
data as they are accumulated, being sure that the data from duplicate 
tests £ure consistent, checking to see that the measurements from point 
to point vary in a reasonable and orderly manner, taking precautions to 
see that constant test conditions and techniques are being maintained, 
etc. In this way, if questionable or unexpected data are being obtained, 
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the measurements may be checked and verified before the test setup is 
altered. It is often helpful to make rough plots of data as they are 
being obtained in order to “ spot ” quickly any inconsistent measurements. 

After the test data have been analyzed and the test results computed, 
the information should be plotted or tabulated in such a manner that its 
reasonableness may be estimated. The best way of judging the results, 
of course, is to apply any physical checks available. For example, in 
any static problem, the test results must satisfy the laws of static equi- 
librium; = 0, SFy = 0, and = 0. Of course, static checks may 
be applied to the entire model or any poition of it. Such checks are 
extremely useful. There is perhaps no better way of judging the reli- 
ability of model results fo" a static problem. 

It is often difficult to load a model exactly as specified. For example, 
suppose that the model shown in Fig. 17 4 is analyzed for a vertical load 

by means of the moment indicator. 
To do this, the distorting device is 
arranged as indicated. Just how suc- 
cessful we are in applying the desired 
vertical load is indicated by the model 
results. Suppose that the joints are in 
equilibrium under the experimental end 
moments in the members but that the 
shears in the columns which are com- 
puted by statics from these end mo- 
ments are not equal and opposite. This 
indicates that the load which was actu- 
ally applied to the model had a hori- 
zontal as well as a vertical component. 
To correct these results for this error in loading we now analyze the model 
for a horizontal load. Then, using this information we can adjust the 
values of the first test so as to remove the effect of the undesired horizontal 
component of the load. In this manner, therefore, the laws of statics may 
often be used to assist us in correcting for the effect of errors in loading. 

Whenever the results obtained from a model are to be extrapolated 
in order to predict the behavior of its prototype, the principles of simili- 
tude must be fulfilled in designing, constructing, and testing the model. 
The requirements of these principles can seldom be met exactly, and in 
almost all practical cases it will be found that the behavior of a model 
differs to some extent from that of its prototype. Scale effect is defined 
as the degree to which a prediction made from a model test will not be 
fulfilled in the full-scale structure. This effect may be caused by unavoid- 
able inaccuracies in test conditions. As the scale of a model is reduced, 
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it becomes impossible to reproduce all the details of the prototype and 
such elimination also may contribute to the effect. The excellence of 
the workmanship in building tlie model must increase as the scale is 
reduced in order to minimize such results. 

It is evident that scale effect may arise from a variety of sources, 
some of which are beyond control. It should always be suspected. If 
the purpose of the test is to provide an accurate indication of the behav^ior 
in full scale, similar models of different scales may be built and tested 
and the laws of behavioi . termined empirically from the results of the 
series of model tests. 



CHAPTER 18 

MODEL METHODS OF STRESS ANALYSIS 

18* 1 General. One of the most frequent uses of structural models 
is to obtain the stress analysis of a model of a statieally indeterminate 
structure. Numerous methods^ and techniques have been developed for 
this purpose. In using some of these methods, the required results 
may be obtained by loading the model in the same manner as the pro- 
totype. The elastic deformation of the model is then similar to that of 
the prototype, and strain measurements then lead to the requiied results. 
Such a method is called a direct method of model stress analysis. Sus- 
pension-bridge model studies are usually carried out in this manner; the 
moment indicator is also used in a direct manner. 

Contrasted to direct methods of model analysis are those methods in 
which the model is loaded in a manner bearing no direct relation to the 
actual loading on the prototype. Such methods are called indirect 
methods. Usually they involve first finding influence lines for the model. 
These results may be extrapolated to the prototype, and the stresses 
in the prototype due to the given condition of loading may then be com- 
puted from the exlrapolated influen(*e lines. The methods of using the 
Beggs deformeter and the moment deformeter are examples of indirect 
methods of model analysis. 

18*2 Theory of Certain Indirect Methods. Certain of the 
indirect model methods of stress analysis are merely different experi- 
mental techniques of applying Muller-Breslau’s principle, which is 
stated in Art. 15 3. The spline method, the brass- wire model method, 
the Beggs method, and the Gottschalk Continostat all are examples of 
such methods. 

^ In the general case for any stress element Xa, this principle may be 
stated mathematically by the following equation: 

(18 1) 

^aa 

^ McCullough, C. B., and E. S Thayeb, “Elastic Arch Bridges,” Chap. VII, 
John Wiley & Sons, Inc., New York, 1931, Wilbur, J B., Structural Analysis Labora- 
tory Research, Inst, Tech , Dept Civil Sanitary Eng.^ Ser, 65, 1938, Ser, 68, 1939, 

Ser. 73, 1940, Ser 80, 1941; Norris, C H., Model Analysis of Structures, Exptl. Stress 
Analysis, voL 1, No 2, July, 1944; WimuR, J. B., and C. H. Norris, Model Analysis 
of Structures, “Handb(X)k of Experimental Stress Analysis,” Chap. 15, John Wiley & 
Sons, Inc., in preparation 
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It is important to note the sign convention of this equation, namely: 
Xa is plus when in the same sense as the introduced deflection Aaa» and 
Ana is plus when in the same sense as the applied unit load, the influence 
of which is given by the ordinates of the influence line. Note further 
that Xa may represent either a force or a couple. If Xa is a force, the 
corresponding Aaa is a linear deflection; but if Xa is a couple, the cor- 
responding Aoo is an angular rotation. 

According to Muller-Breslau’s principle, the influence line for any 
reaction elemf‘nt Xa can oe obtained experimentally by applying the 
following proct^dure: Make a model of the structure, and temporarily 
remove the support ^est < ini that supplies this reaction clement to the 
model. Now iiiirodr.ce a displacement Aaa in the direction of the removed 
restraint. Tiiis will distort tlie model into the shape of the influence 
line for the reaction e^^nneid Xa. To obtain the absolute magnitude of 
any ordinate, measure the deflection Ana which is produced at that point, 
and divide it by the iiit’’oduced displacement Aoa. Since any suitable 
constant displacement Aoa niay be introduced and the force necessary 
to produce this displa(‘.ement is not involved in the calculations, influence 
lines may be determined in this manner from celluloid models, if this is 
desirable, without encountering any difliculty due to creep. 

18 • 3 Instruments for M easurement of Deflections. Practically 
all the model methods of stress analysis involve measuring linear deflec- 
tions of the model. Such deflections are commonly measured by one 
of the following methods: steel scale or cross-section paper; dial gage; 
micrometer barrel; or filar micrometer microscope. 

If the deflections of a model are rather large, they do not have to be 
measured by precise methods. In such cases, a steel scale, graduated in 
hundredths of an inch, or ordinary cross-section paper may be mounted 
adjacent to a model and the deflection measured in this manner with the 
aid of a magnifying glass. Cross-section paper is quite useful for such 
purposes, for on inspection it will be found that the lines are not solid 
but actually are composed of a series of dots spaced about a fiftieth of an 
inch apart. 

When the deflections are small, it is necessary to use one of the more 
precise methods of measurements. Dial gages graduated in thousandths 
of an inch may be used. Such gages have the disadvantage, however, 
that the spring attached to the plunger applies sufficient force to alter 
the deflections of a flexible model by an appreciable amount. In such 
cases where a dial gage cannot be used for this reason, it will be necessary 
to use either a micrometer or a microscope. 

The principal disadvantage involved in using a micrometer is that 
it is difficult to establish the exact point of contact between the model 
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and the micrometer. This difficulty may be overcome by using some 
type of contact indicator. Tlie simplest type of indicator is a battery- 
and-lamp system in whirl i the model and micrometer are part of the 
circuit and the micrometer acts as the switch which closes the circuit by 
making contact with the model. A much improved contact indicator 

using a 6E5 “magic-eye” radio tube 
has been suggested.^ The wiring dia- 
gram for this device is shown in Fig. 
18 1. Tn this arrangement, the con- 
tacts on the model and micrometer 
are connected to the grid circuit of 
the tube, and their coming together 
causes the magic-eye cathode-ray 
target to become completely illu- 
minaled. This device is very sensi- 
tive and will establish the point of 
(X)ntact of polished steel contacts 
within three or four millionths of an 
inch. 

All things considered, the filar 
micrometer microscope is perhaps the most useful instrument for measur- 
ing model deflections. The type of microscope supplied with the Beggs 
deformeter apparatus is \ery convenient. The apparent field of view of 
this microscope is shown in Vig, 18 -2. There are two orthogonal cross 
hairs, which may be moved across 
the field by turning the microm- 
eter head. There is likewise an 
index, which moves with the cross 
hairs along a fixed scale that 
makes an angle of 45® with each 
of the cross hairs. One complete 
turn of the micrometer head 
causes the index to move one full 
division along the fixed scale. By 
bringing the cross hairs tangent 
to two successive positions of the target, it is possible to obtain the 
movement of the target from the difference of the micrometer readings 
for the two settings. This arrangement of the cross hairs and the fixed 
scale makes it possible to read both the horizontal and the vertical 
movements of the target with one orientation of the microscope. The 

1 Mills, B., A Sensitive Contact Indicator, Rev. Sci. Instr., vol. 12, No. 2, p. 105, 
February, 1941. 
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value of one of the micrometer divisions in inches may easily he calibrated 
by observing with the microscope a known movement of a target placed 
on the plunger of a dial gage. 

After a little practice, almost anyone can learn to use a micrometer microscope 
successfully. There are certain important rules that should be observed, how- 
ever, viz.: 

1. Choose clear, well-defined, and readily identified targets. 

2. Adjust the eyepiece carefully to eliminate parallax. 

3. Focus the' microscope on the target as sharply as possible. 

4. Orient the cross hairs accurately. 

5. Do not nm^.vc. ari'> *ouch the microscope or the tabic on which it is 
mounted. 

If parallax prcsi-nl, the image of the target will not lie in the plane of the 
cross hair*^ aud this will lead to difficulty in reproducing readings. Poor focusing 
not only ma\c‘ it ^.hliicult i bring the 
cross hairs t mgeru * I he target but also 
in effect changes the magnification of the 
microscope and therefore changes its 
('alibration factor. 

Poor orientation leads to errors of the 
type shown in Hg. 18 3. Suppose that 
the target a moves to a'. To obtain the 
vertical component d of this movement, 
the cross hair XX should be oriented in 
a horizontal direction. The difference 
between the two solid-line positions of cross hair XX will then give the correct 
distance d. Suppose, however, that the cross hair is oriented poorly and is set 
at an angle ^ to the horizontal, as indicated by the dashed-line positions X'X'. 
The diflerence between the two positions of X'X' will then indicate that the 
supposedly vertical movement is the distance d'. From the sketch, 

d' = cos ^{d + c tan /?) - d cos (3 -{■ c sin jS (a) 

This equation may now be used to study the effect of poor orientation: 

If c - 0 and /? = 1°, d' = 0.9999rf /. 0.0% error 

If c = O.Sdand = l^ d' = 1.0086d A 0.9% error 

If c - 5d and ^ « l^ d' = 1.0871d 8.7% error 

This comparison shows that, if the resultant movement of a point is essentially 
in the same direction as the component which is being measured, then an error in 
orientation does not have much effect on the measurement. If, however, the 
resultant movement of a point is such that the component being measured is 
small in comparison with the component normal to this, then a small error in 
orientation makes an appreciable error in the measurement. 

18*4 Certain Indirect Methods. Perhaps the simplest meth- 
od utilizing Miiller-Breslau’s principle is the spline method of obtain- 
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ing influence lines for the reactions of continuous beams. Tlie procedure 
consists simply in selecting a long flexible spline of steel, brass, or 
wood and laying it down on a board on which a piece of cross-section 
paper has been mounted. The spline may be held in place between two 
nails, driven into the board on each side of the spline at the support 
points. A vertical displacement may then be introduced at the reaction 
the influence line for which is desired. The elastic curve of the spline in 
such a case may be marked on the paper and the influence-line ordinates 
obtained by reading the deflection ordinates on the cross-section paper 
and dividing each of them by the introduced displacement. 

Very good accuracy may be obtained by using a ^^-in.-square steel 
spline and introducing deflections of about one-sixth of the span length 

either way from its mean position. 
Introducing equal displacements both 
ways from the undeflected position of 
a model and measuring the movement 
of a point between these two deflected 
positions constitute a technique used in 
many methods of model analysis. Such 
a technique not only has the advantage 
of producing larger deflections without 
the possibility of overstressing the 
model but also in some cases minimizes 
errors in the measurements due to 
changing the geometry of the model. 

It happens that this technique does not affect the geometrical error 
encountered in the case of the reaction influence lines of a continuous 
beam. This technique is effective, however, in the case shown in Fig. 
18 4. In this case, the influence line for the horizontal reaction at point 
a may be obtained by introducing a horizontal displacement either to 
the right or to the left at this point. In either case, deflecting the column 
into a curve causes a small drop of the top of the column 56, which is 
greatly exaggerated in the sketch. As a result, a point n would drop to 
the position of n' owing simply to the rotation of chord be of the elastic 
curve of the girder. Thus, if the deflection of point n were measured 
from n to riL, it would be too large by the amount nn ' ; or if it were meas- 
ured from n to tir when the introduced displacement was to the right at 
point a, the deflection of n would be too small by the same amount nn\ 
Note, however, that, if point a were displaced from Lto R and the result- 
ing displacement of n were measured from til to n«, the error nn* due to 
the change in geometry would have been eliminated from this measure- 
ment. The displacement from nt to ns would give, therefore, the correct 
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value for the deflection Ana corresponding to an introduced displacement 
of a of Aaa. Introducing equal displacements both ways from the 
mean position therefore eliminates certain errors resulting from chauging 
the geometry of the structure. This technique is not a “curc-all/’ 
however, and does not eliminate all errors due to changing the geometry 
of a structure. 

The so-called brass- wire model method^ is simply a more or less gener- 
alized version of the spline method, in which the models are fabricated 
out of brass wiie, A rather large variety of two- and three-dimensional 
models can be built up in this manner. Even members with varying 
moments of inertia n:ay 1 simulated by soldering end to end a number 
of small pieces if d^tTci cut -sized brass wires. Brass wires may normally 
be obtained a wide range of gage sizes; and, of course, brass may 
easily be soldered facilitate fabrication. Simple templates may be 
improvised io intprhxe the displacements, and the resulting deflections 
may be measured by using a magnifying glass in combination with cross- 
section paper or a steel scale, by a micrometer barrel, or by some other 
simple device. 

The Gottschalk continostat'^ and the Phiey deforrneter® arc two other 
well-known indirect methods. They are described in the references 
given below. 

All the methods referred to above utilize rather simple models and 
simple means of introducing displacements and measuring the resulting 
deflections. To obtain suitable accuracy, it is necessary to introduce 
somewhat large distortions so that the lack of precision in the measuring 
devices does not introduce too large an error in the results. As a result 
in certain cases, errors due to changes in geometry may become significant 
and may be impossible to minimize. In such cases, it may be necessary 
to use a method utilizing more refined instruments and techniques. 

18*5 The Beggs Method. The Beggs method'^ is the most general 
and usually the most satisfactory experimental method of those based 
on Muller-Breslau’s principle. It was developed by the late Prof. George 

1 Bull, Anders, Brass Wire Models Used to Solve Indeterminate Structures, 
Eng. News-^Hecordt vol. 99, No. 23, Dec. 8, 1927. 

^ Gottschalk, Otto, Mechanical Calculation of Elastic Systems, J. Franklin 
In^L, vol. 202, No. 1, pp. 61-88, July, 1926. 

^ Eney, W. J., New Deforrneter Apparatus, Eng. Netvs-Becord^ Feb. 16, 1939, p. 
221; Model Analysis of Continuous Girders, Civil Eng.^ vol. 11, No. 9, p. 521, Septem- 
ber, 1941. 

^ Beggs, G. E., Ah Accurate Mechanical Solution of Statically Indeterminate 
Structures by Use of Paper Models and Special Gages, Proc. ACI^ vol. 18, pp. 58-82, 
1922; Discussion of “Design of a Multiple-arch System,*^ Trans. ASCE^ vol. 88, 
pp. 12087 - 1230 , 1925; The Use of Models in the Solution of Indeterminate Structures, 
J. Franklin Insl., yol. 203, No. 3, pp. 375-386, March, 1927. 
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E. Beggs of Princeton University. The equipment consists of a set of 
deformeter gages and plugs for introducing the deformations and a 
micrometer microscope for measuring the resulting deflections. In 
order to obtain influence lines for reactions, the deformeter gage is used 
to replace the support of the model at that point, one half of the gage 
being attached to the model and the other half to the mounting surface. 
To obtain influence lines for internal moments, shears, and axial stresses, 
it is necessary to cut Ihe model and connect one half of the deformeter 
gage to each side of the cut. By inserting different types of plugs between 
the two halves of the gage, an axial, shear, or angular deformation may 



be introduced into the model, thus distorting it into the shape of the 
corresponding influence line. A typical application of the Beggs method is 
shown in Fig. 18 • 5. 

This method has the advantage that a more reliable and accurate 
means is used for introducing the deformations and a more precise 
instrument is used for measuring the deflections that are produced. 
This enables one to introduce smaller distortions and thus reduce errors 
due to changing the geometry of the structure. The models used with 
the Beggs method are ordinarily made from cefluloid or a high-grade 
cardboard. Since the deformeter gages introduce constant distortions 
rather than apply constant loads to the structure, no trouble is 
encountered from the creep characteristics of celluloid. The method 
can be used without modification for any planar structure, regaPrdless of 
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whether the members are straight or curved or of constant or varying 
moment of inertia. 

The usual precautions must be observed in using the microscope in 
this method. Care must also be taken in mounting the deformeter gages 
to be sure that the long axis of the gage is normal to the axis of the 
member. If the gage is not so mounted, the influence data obtained for 
the shear and axial stress will be in error. In Fig. 18 -6, if the gage is 
mounted in the direction indicated by the dashed line, the test data will 
give the values of the thit^.-yi, Tt and shear St perpendicular and parallel 
to this directicjfi. To obtain the truo thrust and shear T and *S’, it is 
necessary to measar th^ mgle and convert the test data as indicated 
below: 

T ■=^ Tt cos (p + St sin <(> 

S — St cos <l> — Tt sin 

It should b^' app'jv .d that such an error in the orientation of the gage- 
does not affect tlie data obtained for the moment at this point . 

One should also be careful to attach the model 
to the gage so that the axis of the member lies at the 
center of the gage. If this is not done, the influence- 
line ordinates for the moment at this point will be 
in error; for the angular deformation introduced by 
the gage not only rotates the cross section of the 
model but also introduces an axial displacement of 

. , tin. 18. 6 

its centroid. 

The Beggs plugs may be calibrated in the following manner: Attach 
a strip to one half of the gage, and fasten the other half to the mounting 
surface. Insert the various plugs into the gage, and measure the result- 
ing displacement of a target on the strip with the microscope. In this 
manner, the deformations introduced by the various plugs may be 
calibrated in micro-units and thence converted to inch units, if desired, 
using the calibration constant of the microscope. 

18*6 The Moment Deformeter, The moment deformeter^ is an 
instrument which deforms a model so that it takes the shape of the in- 
fluence line for the bending moment at the section located at the center 
of the instrument. This deformation is accomplished without cutting 
the model as is necessary in using the Beggs method. 

The action of this instrument depends upon a relationship that exists between 
bending moment and deflection. Consider a segment ah of a member, this 
segment being initially straight and having a constant EL Suppose that a load P 
is applied at point o as shown in Fig. 18 7. The effect of the load P is to distort 

* Norris, he. ciL; Wilbur and Norris, he. cii. 
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the structure and produce bending moments throughout. The bending moments 
thus produced at the ends of this segment are Ma and M?„ which are assumed to 
act as shown. The bending-moment diagram for this portion may then easily 
be drawn. By means of the moment-area theorems, Ac, the deflection of point c 
on the elastic curve from the chord a6, may be computed and the resulting expres- 
sion simplified to 

K ns 2^ 

~ 8EI ]2EI 

Thus the moment at c due to the load P ac ting at any point o in the segment ab 
^ is found to be 

\ ^ 1 g I 

2 ; ^ g * M, = A, + 3 (18 3a) 

m ^ where d is the distance from point o to 
Pde 2EI either end a or 6, wiiichever is closer. 

"'4 — ^ ^ f ^ applied at a point outside 

j/ segment a6, the second term of Eq. 

— ® ^ (18 3a) vanishes and 

^ 

M, = -f/A. (18 3fc) 

- Thus it is apparent that the bending 

® ^ moment at r could easily be computed 

^ ^ if the deflection Ac could easily be 

Fig. 18 7 j i i 

measured on a model. 

There is a convenient way of obtaining Ac that may be explained by the 
following considerations: First consider the structure to be acted upon by the 
force P applied at point o. This causes the structure to be distorted ; the deflected 
shape of the segment ah is shown in Fig. 18 8a. Next consider the structure to 
be acted upon by the special force system shown in Fig. 18 86. The deflected 

shape of the segment ab under such conditions is also shown in this sketch. 

Applying Betti’s law to this situation, we know that the virtual work done by 
the external force system in sketch a during the distortion produced by the extern 
nal force system shown in sketch 6 is equal to the virtual work done by the system 
in sketch 6 during the distortion produced by the system in sketch a; therefore, 


Fig. 18 7 


(P)(A.) 


(j) (A,.) + (P)(A„) - (J) (A,.) 


A. = A„ - 


Aoa + A(,a 


From the geometry of Fig. 18 8a, it is apparent that 


Ar = Aro — 


Aao -f" A(,( 
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and therefore, from Eqs. (a) and (6), it may be concluded that 

A. -A. (18 4) 


Thus, if a system of loads such as that shown in Fig. 18 85 is applied to a segment 
a6, the model distorts so that it takes the shape of the influeru'c line for Ac. 

In the development leading to Eqs. (18 3a) and (18 3b), Me denotes the 
bending moment at c enused by a load P acting on the model. If nic denotes the 
bending moment at c due to a unit value of P, then 


m 


Me 

P 


(18 5) 


and, from Eq (1” 3a). the lullowlng i elation is apparent: 

, 2 iP 

nif — ^2 p ' ^ JJ- 


(18 6) 


If the value of A, axc obtained b> using the loading condition shown in Fig 



18 8b, then, by Eq. (18 4), 


me - p + 3 j-2 


(18 7a) 


As before, when Ao is measured at a point o outside the segment ab, 
term in Eq. (18 7a) vanishes and 


^ElAo 

me = p 


the second 
(18.7b) 


Thus, for the portion of the model lying outside tl^e segment ab, if the loading of 
Fig. 18 • 8b is applied, the deformed model takes the shape not only of the influence 
line for Ac but also of the influence line for me. To obtain the actual ordinates 
for me at points o outside of the segment ab, values of Ao must be multiplied by 
BEI /VP, where E, /, L, and P refer to the segment ab, To obtain the actual 
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ordinates for iric at points o within the segment a5, values of A*, are substituted into 
Eq, (18- 7a). 

To determine the values of the influence-line ordinates, one must know, in 
addition to A<„ the values of E, /, L, d, and P. With the exception of P and E, all 
these are easily determined. When a celluloid model is used, it is necessary to 
apply a fixed distortion corresponding to the type of loading shown in Fig. 18 86 
instead of constant loads P and P/2. A moment deformeter that embodies the 
principles shown diagrammaticclly in Fig. 18 9 may be shown to produce a dis- 
torted shape of both the model and the balance beam that does not change with 
time and thus effectively eliminates creep. If a plug that has a diameter larger 
by an amount A than the undistorted distance between the model and balance 

beam is forced into place between the two 
pieces, a distorted shape of both balance 
and model will be produced that will not 
change with time. This assumes that 
both model and balance have been made 
out of the same piece of celluloid and there- 
fore have the same creep characteristics. 
It also assumes that the frame of the 
instrument is made out of metal and is 
heavy enough to be assumed rigid as 
compared with the flexible celluloid 
members. The pressure Pi applied by this plug to the model and balance will, 
of course, change wilh time, proportionally to the change in effective modulus Ez, 
but the elastic curve of both members will not change. 

If, in addition to measuring the deflections A„ at the various points o on the 
model, the deflection of the balance is also measured, then, upon recalling the 
discussion in Art. 17 -5, the following relationships are apparent: 

5 Pt Et Kb 

8b — Ka or jp^ g (18*8) 

where A, is a geometrical constant of the balance beam, which depends on its 
dirpensions and the manner in which it is attached to the instrument frame. 
Thus, if K„ is computed and is measured, the ratio of Et to Pt will be known not 
only for the balance beam but also for the model, provided that both balance 
beam and model are made from the same sheet of celluloid. 

Upon substituting from Eq. (18-8), Eqs. (18- 7a) and (18-76) may 
be written in the following form for use on a celluloid model where 6, 
has been measured on the balance beam of the instrument. The influ- 
ence-line ordinates for the bending moment at c are obtained from Eq. 
(18 •9a) for points o within the segment a6, 
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and from Eq. (18 • 9b) for points o outside the segment a6, 


rUc = 


L2 5. 


491 

(18-96) 


The value of Ks may be computed, but the accuracy of the result may 
not be good because of the uncertain fixity conditions at the points of 
attachment of the balance beam. As a result, it is more satisfactory to 
obtain by a calibration test run on a statically determinate cantilever 
beam, where the bending »» nieiits are known by statics. 



Fic. 18 10 

The latest model of the moment deformetcr is shown mounted on a 
celluloid model in Fig. 18 10. It will be noted that the principle of this 
instrument is essentially the same as that shown in simplified form in 
Fig. 18-9. The deflections 5* and Ao are measured with the same type 
of micrometer microscope as that used in the Beggs method. 

This instrument provides an effective means of obtaining influence 
lines for bending moments at internal sections of a model without the 
necessity of cutting the model. The method does have the disadvantage 
that, in order to use the above simple interpretation of the measurements, 
it is necessary to apply the instrument to a segment of the model which is 
initially straight and has a constant L 
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18*7 The Moment Indicator. The moment indicator^ is a con- 
venient instrument that furnishes a direct method of obtaining bending 
moments in a model. The theory of this instrument is based upon the 
Manderla-Winkler equations, which are used primarily in the analysis of 
secondary stresses in trusses. These equations are applicable to a 
member or a portion of a member which is initially straight and has 
constant E and I and to which no external loads are applied between the 
ends of the portion under consideration. 

The Manderla-Winkler equations are simply expressions for the 
moments acting on the ends of a member in terms of the slopes of the 
elastic curve of these two ends of the member. Let Mab be the moment 
acting on the A end of member AB, and Mba be the moment on the B 
end, the end moments being positive when clockwise on the end of the 
member. Also, let ta and tb be the slopes of the tangents to the elastic 
curve at points A and J5, respectively. Such slopes are measured with 
reference to the chord AB of the elastic curve and are positive when the 
tangent rotates clockwise with reference to tfie chord. The Manderla- 
Winkler equations may be derived by means of the moment-area theorems 
and may be stated as follows: 


, , 2EI . 

Mab — -~j- {^^a + 
oirr 

Mba = ~~J~~ 


(18 10 ) 


Keeping these relationships in mind, we may now proceed to the develop- 
ment of the theory of the moment indicator. 

Refen ing to Fig. 18 • 11, suppose that two arms are attached at points 
A and J5 of a member. As the model is loaded and distorted by loads 
applied outside of this segment, the two arms will rotate through the same 
angles as the tangents to the elastic curve at their point of attachment. 
Upon recognizing that the rotations are actually through small angles, 
the following relative movements of the targets a and a' and b and b' 
may easily be computed. Let Ao and Ab represent the relative movements 
of the targets, being positive when the targets move apart; then 


Aa — ^Ta+^Tb=^ {2ta H- Tj) 
Ab — ^ r A ^ Tb — ^ (ta + 2tb) 


(18. 11) 


^ Ruob, a. C., and E. O. Schmidt, Mechanical Structural Analysis by the Moment 
Indicator, Proc, ASCEt October, 1938, 



the moment indicator m 

Upon substituting from Lq. (18 *11) in Eq. (18 • 10), the following expres- 
sions are obtained for the end moments at points A and B : 


M^s - ~ A. 




(>E1 , 


(18 12) 


in which a positive A (or a relative movement apart) indicates a positive 
end moment (or clockwise v>ci the end of the segment). Hence if Aa and 
A& are measured with a microscope and if E is known, the moments can 
be determined at lh ^oiri ‘ uf attachment of the moment indicator. 

Here again if is used as the model material, the creep prob- 

lem must be ovcrtx)me. Of course, constant loads cannot be applied to 


a 



a celluloid model, for its deflection will change with time. If, however, a 
fixed deformation is applied to the model at the point and in the direction 
of the specified loading, the deflected position of the model will not change 
with time. The movements of the targets of the moment indicator may 
then be measured without difficulty with a microscope. However, it 
would still be impossible to compute the end moments from Eq. (18 • 12), 
for E is unknown and changing with time. Further, the corresponding 
load on the model is also unknown and is changing with time in direct 
proportion to the change in E. In such a case, however, it is possible to 
obtain the relative taiue of the moments, for they are proportional to 
the product of I and the moment-indicator deflections. 

Quite often these relative values of the end moments may be con- 
verted into absolute values in terms of the load, through the use of 
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conditions of static equilibrium. Consider as an example the simple 
frame shown in Fig. 18 12. Suppose that the moment indicator has 
been mounted in turn on each column and thus relative values of the 
moments at two points on each column have been obtained for some fixed 
horizontal displacement imposed at the top of column 1-2. In this case, 
the relative value of the end moments in each column may be extrapo- 
lated from the relative values measured at the points of attachment of 
the indicator. Let these relative values at the ends of the columns be 
/ni 2 , m 2 i, etc. ; then the absolute values may be expressed as 

Afi2 = Gmi2 Af34 = CjYlzi 

A/21 ^ Crn, 2 i A^ 48 == CiTim 


If each column is isolated as a free body, this enables us to compute the 
shear in each column in terms of the unknown constant C. The girder 

may likewise be isolated as a free body by cut- 
ting it free from the columns just below the 
column tops. Since the shears on the stub ends 
of the columns have been expressed in terms of 
C, the statics equation SFx = 0 applied to the 
isolated girder now enables us to find C in terms 
of P. Having C in terms of P, we may obtain 
without difficulty the absolute values of the end moments in terms of P. 

The above procedure of converting relative values into absolute values 
of moments can often be done very easily. There are cases, however, 
when either there are no suitable equations of statics available or, if 
such equations are available, to solve them is too laborious. In such 
cases, the use of a celluloid spring balance in the loading system leads 
to a direct solution for the absolute values of the moments in the model. 

The use of a spring balance to overcome creep is discussed in Art. 
17 • 5. In Fig. 17 • 3, the balance is shown connected to the same type of 
model as shown in Fig. 18 • 12. Suppose that a moment indicator were 
mounted on the model in Fig. 17 • 3 and that readings were taken on the 
targets of both the indicator and the spring balance. Referring to Eq. 
(h) in Art. 17 • 5, we recall that, having measured A«, E may then be 
expressed as 

E = ^P (1813) 


-44 


Fig. 18- 12 


Substituting from Eq. (18 13) in Eq. (18 12), 


Mab — 


6IK.A. 

A. 


(18 14) 
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By using the celluloid spring balance in this manner, therefore, it is 
easy to obtain the absolute values of the moments in terms of the load P, 

This presumes, of course, that the constant of tlie balance is known. 
The value of this constant can be computed, but it can be obtained more 
accurately from a calibration test 
on a statically determinate canti- 
lever beam such as that shown in 
Fig. 18 13. Upon attaching the 
indicator as si’ own, the diiiectious 
Aa and ma> be measurt’d with 
the mic roscope. »*vi; . ‘bat the 
moment ’s inuc! 1o h times d, 
we can tlien easily back- figure Ks 
by applji ig Eq. ( in lU. 

The moHient indvator piovides 
a very sati&vfactoi y modc^^ solution 
for many problc^ms. A tvpic'al 
setup of the moment indicator in combination with a celluloid spring 
balance is shown in Fig, 18 1 1. It should be recalled that the theory of 
the rnomcuit indicator is b.ised on the Mandeila-Winkler equations. In 
order to use tlie above simple interpretation of the measurement, it is 


d a 



Fic. 18 



Fig. J8 li 

necessary, therefore, to apply tlie indicator to a portion of a member that 
is initially straight and has a constant /. It is possible to interpret the 
indicator readings in cases where 7 varies within the portion, but the 
computations would be very cumbersome. 
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18 *8 Principles of Similitude. The principles of similitude 
governing the relationships between a model and its prototype may be 
determined by either of two approaches. The conditions of similarity 
may be expressed in mathematical form by means of established laws of 
structural mechamcs, and the principles of similitude rigorously deduced 
from them; or the principles may be deduced by using the methods of 
dimensional analysis. The first method is generally employed for 
structural models since the mathematical laws that structures follow 
are usually well kiiown. However, in cases where the mathematical 

laws are not known but the factors 
affecting the phenomena are known, the 
principles of similitude may be deter- 
mined by the dimensional-analysis 
approach. 

18*9 Derivation of Principle of 
Similitude Using Established Laws 
of Structural Mechanics. To illus- 
trate the derivation of the principle 
of similitude by this approach, consider 
the problem of extrapolating influence- 
line data from a model to its proto- 
type. For this purpose, consider a 
beam which is statically indeterminate 
to the first degree, such as that shown 
in Fig. 18 15. 

Suppose that we wished to obtain 
the influence lines for /?«, the vertical reaction at a, and for Mb, the 
moment at 6. In either case, we may apply Muller-Breslau’s principle 
and thereby obtain the desired influence lines as indicated in Fig. 18' 15. 
Of course, this procedure may be applied either to the prototype or to 
its model. Upon applying this procedure to the prototype, the expres- 
sions for the ordinates of these two influence lines are 



Influence hne forM^ 
Fic. 18 15 


and 


m = - 

= - 


AL 


A6 


(1) 

(18 15) 

(1) 

(18 16) 


where the index P indicates that these quantities refer to'the prototype. 

On the other hand, upon applying Mtiller-Breslau’s procedure to 
the model, the ordinates for the two influence lines for the model are 
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(1) (18 17) 

^aa 

and 

(1) (18 18) 

^bb 

where the index M refers to the model. Of course, if the principles of 
similarity between model and prototype are known, the ordinates of 
these influence lines may ne measured experimentally on a small-scale 
model and thcpx these results extrapolated to the prototype. In other 
words, to do this mv. n< I to know the relation betweeii and 
and between Ml ef-d 

From Eqs. (18*15) (18*18), it is apparent that these relationships 

between tne reactions or moments on the model and those on the proto- 
type depend upon relationship between deflections. The relationship 
between deflections ol Uic model and the prototype may be investigated 
by considering the computations of such deflections by the method of 
virtual work. To compute beam deflections, the law of virtual work 
may be expressed as 

= j (18 19) 

If a force acts at point a of the primaiy structure of the prototype, 
as shown in Fig. 18 156, the vertical deflection of point n may be com- 
puted from 

(1) (ACJ = I (18 20) 

In the same manner, Eq. (18 19) may be applied to compute a similar 
deflection on the model, due to a force at a, or 

(1) (AS = j (18 21) 

Suppose that the model has been constructed so that the following rela- 
tions exist between the ratxlel and prototype: 

L" = kL^, I" = aF, = /3F^, F^ = yF^ (18 22) 

In view of these relations, it is apparent that the following additional 
relations are true for the statically determinate primary structure shown 
in Fig. 18 156: 


- kMl 


(18 *23) 
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Substituting in Eq. (18 -21) from Eqs. (18 -22) and (18 -23) and comparing 
with Eq. (18-20), 

(1) (A-) = 5 / = S 

Therefore, 

AL = ^Aifa (18-24) 

These relationships are true for any of the vertical deflections in Fig. 
18 156. Substituting therefore in Eq. (18 15) from Eq. (18*24) and 
comparing with Eq. {18*17), 

(18 25) 


and therefore the corresponding influence-line ordinates for Ra are exactly 
the same for both model and prototype. 

In a similar manner, the vertical deflection A„6 and the relative 
angular rotation Abb of tlie primary structure shown in Fig. 18 * 15rf may 
be investigated for model and prototype. In this case, of course, the 
deflections are caused by couples on the prototype and couples on 
the model. Proceeding as before with the exception that we shall let 


we shall find that 


= yT>' 


<! 

11 

(18-26) 

— — A*' 

(18-27) 


Substituting in Eq. (18 16} from Eqs. (18*26) and (18*27) and com- 
paring with Eq. (18 18), 

= (18-28) 

and therefore the influence-line ordinates for Mb on the model should be 
multiplied by 1/fe to obtain the corresponding ordinates on the prototype. 

Of course, this discussion is limited to a beam that is indeterminate 
to the first degree, but it could now be extended successively to include 
beams or frames which were indeterminate to the second, third, or any 
degree. Such considerations would lead to the following general con- 
clusion for any indeterminate beam or frame, the stress analysis of which 
can be carried out satisfactorily by considering only the effect of bending 
distortion: 
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A model should be dimensioned so that the axial lengths of Us members are 
k times those of the prototype; the momenls^f inertia of Us cross sections are 
a times those of the prototype; and the modulus of elasticity of the model is fi 
times that of the prototype. If this is done, then the ordinates of the infla- 
ence line for any reactive force, shear, or axial stress on the prototype are 
equal to the corresponding ordinates on the model; but the ordinates of the 
influence line for any moment on the prototype are equal to ‘i/k times the 
corresponding ordinates on the model. 

Ill this manner, llie p..ii<*iples of simililiide may bo developed for 
models of truster* and other types of structures, provided tliat the solution 
of the problem eai. h foi uilated mathematically^. 



CHAPTER 19 

OTHER USES OF STRUCTURAL MODELS 

19*1 General. Model analysis has been extremely helpful in 
solving stress-distribution problems, i.e,, in determining the manner in 
which the stress intensities vary across the <^.ross sections of a member. 
Several experimental methods are available for solving such problems; 
among these, the two most important at the present time are the photo- 
elastic method and the approach based on first measuring surface strains. 

The photoelastic method has been used extensively in recent years, 
particularly by the mechanical engineer, to study the complex stress 
distributions that he often encounters in the design of machine elements. 
The civil engineer to a less, but still important, extent has used this 
method in analyzing similar problems for structural elements. 

The art of measuring surface strains has developed tremendously 
since 1938. Wartime research produced astounding techniques for 
measuring such strains under both static and dynamic loading conditions. 
Numerous types of mechanical and electrical strain gages have been 
developed. Today that most generally used is the so-called aS'R- 4 
wire-resistance strain gage.^ 

Model analysis is used most commonly to study cither stress analysis 
or stress-distribution problems. In addition, however, models are also 
frequently used to determine buckling loads or vibrational characteristics. 

19*2 Photoelastic Method — General. Relatively simple stressr 
distribution problems can be handled successfully by mathematical 
methods. There are innumerable practical problems, however, where 
mathematical methods are inadequate and recourse to experimental 
procedures is necessary. The photoelastic method^ is one of the most 
useful of these experimental procedures and is widely used to solve for 
the stress distribution in such locations as those around holes and notches, 

‘ Produced and distributed by the Baldwin-Southwark Corporation. 

* The following are excellent references on the photoelastic method: Coker, E. G., 
and L. N. G. Filon, “A Treatise on Photoelasticity,” Cambridge University Press, 
london, 1931 (this is the classic reference book on photoelasticity); Frocht, M. M., 
” Photoelasticity,” John Wiley & Sons, Inc., New York, 1941 (this book is an excellent 
textbook on photoelasticity and contains a number of valuable illustrative examples 
and photographs); Mindlin, B. D., Review of the Photoelastic Method of Stress 
Analysis, J. Applied Phys., vol. 10, Nos. 4 and 5, April, May, 1939 (these two artldes 
give an excellent summary of the photoelastic method and contain a very good bibli- 
ography on the subject). 
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in riveted and welded joints, or in other irregularly shaped structural 
elements. 

The photoelastic method is based upon the fact that, when certain 
transparent materials are stressed, their optical properties are changed. 
It is possible to measure these changes and relate them to the state of 
stress in the material. Thus, by making a model from a suitable trans- 
parent material and loading it in the same manner as the prototype, 
certain optical effects may be measured and interpreted to give the 
stress distribution in the mt. ' i. 

In a plane (two-dimensional) stress j'roblem, the complete condition 
of stress at any point ma> defined in terms of the magnitudes and 
directions of the piincipai stress intensities. Since the two principal 
stresses are perp^mdiculai to each other, the magnitudes of the two princi- 
pal stress intensities and ihe direction of one of them are sufficient to 
define the condition of stress. Three independent quantities must be 
determined, therefoie, a( each and every point of a body subjected to a 
condition of plane stress, in ordei to define the stress distribution in the 
body completely. 

When the photoelastic method is used for such problems, it is usually 
most convenient to determine three slightly different independent quan- 
tities at the various points, tuz., the algebraic difference between the 
principal stress intensities, their algebraic sum, and the diicctiori of one 
of them. From these data, it is easy to compute the normal and shear 
stress intensities on any plane through a point. 

The photoelastic method is likewise applicable to three-dimensional 
stress systems. In such cases, however, the experimental techniques 
and the interpretation of the results are quite complex. This discussion 
will therefore be limited to the two-dimensional application of the 
method. 

19*3 Review of Certain Principles of Optics. Before the fundamental 
theory of two-dimensional photoelasticity can be developed it is necessary to 
review briefly certain ideas of physical optics. The photoelastic phenomena may 
be explained satisfactorily by means of the ether-wave theory of light. In this 
theory, light is assumed to result from the transverse vibration, in a plane con- 
taining the ray, of all the particles lying along the ray. It is further assumed that 
at any instant all these particles lie along a sine curve, the amplitude of which is 
2a and the wave length of which is X. Thus, a particle m is assumed to oscillate 
between the positions A and B as shown in Fig. 19 • 1 and some other particle n 
between positions C and H Suppose that particles' m and n lie as shown on the 
solid sine curve at time i ^ 0. Suppose further that at some other time t, the 
particles have moved to the position mi and ui and now He on the dashed-Une 
sime curve. It is clear that the effect of the transverse movement of the particles 
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has been to cause the sine curve connecting them to move to the right along the 
ray a distance Az. 

The rate of the apparent movement of the sine curve along the ray is called 
I he velocity of light and is constant for a given medium through which the ray is 
passing. For one complete wave of the sine curve to pass a given point, it is 
necessary for the various particles to undergo one complete cycle of transverse 
vibration. The frequency of the waves passing a given point is therefore the 
same as the frequency of the transverse vibration of the individual particles. 
The frequency of the vibration of the particles,/, determines the color of light and is 
constant for any given color regardless of the medium through which the ray 
may be passing. White light is composed of waves of all frequencies. 


^:y 



The velocity of light is equal to the product of the length of one complete 
wave and the frequency with which the waves pass a given point, or 

r-X/ (19 1) 

Since the frequency for any given color of light remains constant, the wave length 
of that color varies directly with the velocity, which in turn depends upon the 
medium through which the light is passing. 

The intensity of light is proportional to the amplitude of the transverse vibra- 
tion of the particles. If there is no transverse vibration, i.e., if the amplitude is 
zero, the intensity of light is zero — that is, there is no light. 

In subsequent discussions, it will be necessary to use an expression for the 
instantaneous transverse position of a particle vibrating at a section located a 
distance z from the origin. In Fig. 19 • 1, the transverse displacement y of this 
particle at any time i may be evaluated as follows: 

y = a sin ^ [ z — (zo + Az)] (a) 

However, Az is the distance the sine curve has moved since t = 0 and therefore 
is equal to 
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Substituting in Eq. (a) from Eq. (6), 

y = a sin {z - Zo) - 2ir//j (19*2) 

From this equation, it is apparent that the transverse vibration of such particles 
is a simple harmonic motion. 

Polarized light is another term that should be defined. A ray of ordinary 
light consists of waves vibrating in all the planes that can be passed through the 
ray. If, however, the vibrati»>^^« are controlled in some manner, the light is said 
to be polarized. If ihe vibrations are constrained to one plane only, the light is 
said to be plane polarized Su<’h light need not be monochromatic and may be 
produced by passing oidii*a/\ light through a Nicol prism, a Polaroid sheet, or 
some other dcvie#*. 

If, on the other hand, the light is the resultant of two waves of equal amplitude 
and wave length but ' ibrating in perpendicular planes and one-quarter of a wave 
length out of phase it is said be circularly polarized. Such light may be 
produced by passing a ray of plane-polarized monochromatic light through a 
quarter-wave plate. The quarter-wa\e plate is a sheet of mica or cellophane or 
some other permanently doubly refractive material, the axes of which are set at 
45° to the plane of polarization of the incident ray of plane-polarized light. The 
thickness of the quarter-wave plate is such that one of the two component waves 
is slowed up a quarter of a wave length with respec t to the other. The two com- 
ponent waves emerge on the far side of the quarter-wave plate one-quarter of a 
wave length out of phase, equal in amplitude, and vibrating in perpendicular 
planes and therefore combine to jiroduce circularly polarized light. 

Double refraction is a property possessed permanently by certain crystalline 
substances such as mica. Such materials may be considered to break an incident 
ray of plane-polarized light down into two rectangular components. These two 
components travel through the material at different velocities and therefore may 
be out of phase when they emerge on the far side. Other materials such as 
bakelite and celluloid become temporarily doubly refractive when stressed, 
breaking an incident ray down into two components that travel through the 
material in the planes of the two principal stresses. This property is the basis of 
the photoelastic method of stress determination. 

Two light waves having the same intensity and wave length and vibrating in 
the same plane may, of course, be superimposed. The phenomenon associated 
with such superposition is called interference. If these two waves are in phase, 
tbey will reinforce each other and produce a combined wave of greater intensity. 
If, however, the two waves are one-half a wave length out of phase, they will 
cancel each other and total darkness will result. As the phase difference is varied 
from zero to X/2 to X, etc., the intensity of the combined effect varies through 
various stages of interference from brilliance to darkness, to brilliance, etc. For 
white light, the phase difference that eliminates a color of one wave length will 
not completely eliminate colors of other wave lengths. The combined light will 
therefore have a color that depends upon the color eliminated. 
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19*4 Photoelastic Method — Fundamental Theory. The prin- 
cipal apparatus used in applying photoelasticity to two-dimensional 
problems is called a polariscope. The simplest type of polariscope is 
shown diagrammatically in Fig. 19 2. The essential parts of this polari- 
scope are the light source and two devices for producing plane-polarized 
light, one called the polarizer and the other the analyzer. 

The light coming from the light source is vibrating in various planes, 
but after passing through the polarizer it is converted into plane-polar- 
ized light vibrating, in this case, in a vertical direction. This plane- 
polarized light then paases through the loaded bakelite model, which, as 
a result of its stressed condition, has temporarily become doubly refrac- 
tive. The plane-polarized light is therefore broken down into two 



Liqhf Polarizer Looideol Analyzer 

source model 


Fig 19 2 

rectangular components vibrating in the planes of the principal stresses 
and traveling thiough the model at different velocities. Since one of 
these components has been retarded with respect to the other, they may 
be partly or completely out of phase when they emerge on the far side 
of the model. The amount by which they are out of phase may be 
measured by putting them into interference with one another. This can 
be done by passing them through the analyzer, which permits only the 
horizontal components of the incident waves to pass through, thus putting 
them into interference with one another in a plane normal to the plane 
of polarization of the polarizer. If these horizontal components are in 
phase with each other, there will be maximum brilliance; but if they are a 
half wave length out of phase, there will be complete interference, or 
darkness. The resulting pattern that one sees coming through the 
analyzer may be related quantitatively to the state of stress in the model. 

Conrider the differential particle of the model shown in Fig. 19 3a. Suppose 
that this particle has been isolated so that its sides are planes of principal stress. 
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It is so small that the principal stress intensities o', ando^„ may be assumed to be 
uniformly distributed over its sides. Suppose that a ray of plane-polarized 
monochromaiic light of amplitude 2a and vibrating in a plane OP strikes the parti- 
cle. Because of the doubly refractive properties of the stressed bakelite in the 
planes of principal stress, this ray will be broken down into two rectangular com- 
ponents, one of which goes through the particle vibrating in the plane FOZ, and 
the other in the plane XOZ. The amplitudes of these two components will be 
2a cos a and 2a sin a, respectively. 

Consider now the componf^nt vibrating in the plane YOZ and shown m Fig. 
19 36. Suppo^'e first that tnis component is traveling through air; in this case, 
the instantaneous position of the parlitdes will lie on the solid-line sine curve. 
However, when tliio ( ; n*p4"> i> nt passes through the stressed bakehte, it is retarded 



and hence its wave length is shortened from X to \y. If all the mediums were 
bakelite, the instantaneous position of the particles would lie on the dashed-line 
sine curve. In the actual case, though, the instantaneous positions of the parti- 
cles are located on the solid-line sine curve up to the model, on the dashed-line 
sine curve through the model, and on the dot-dash sine curve to the right of the 
model, where the wave returns to air as a medium and resumes a wave length of X. 

In order to evaluate the instantaneous displacement y of a particle located a 
distance z from the origin and on the dot-dash sine curve, it is first necessary to 
compute the distances z' and r". First, 


Also, 


X. 




/'-hr/ z' -h 6 
X “ X, 


^ (z' + 6) - */ 


(a) 


or 


(b) 
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Substituting in Eq. ( 6 ) from Eq. (a) and rewriting, using Eq. (19 • 1), 

z" = - 6 = ^ A - «> = - 6 (c) 

where Vy is the velocity of the light through the bakelite in the YOZ plane and 
ty is the time it takes it to pass through the model. However, using Eq. (19*2), 

y = a cos ck: sin (z + 2 ") — 2irfi^ (d) 

Substituting from Eq. (r) and simplifying, 

y - a cos a sin (z ~ fo) — 2x/(/ — ty) J (19 • 3) 


In a similar manner, the instantaneous displacement x of the wave vibrating in the 
XOZ plane may be evaluated and found to be 

(z- 6 ) -2T/(<-y] (19-4) 

When these two waves are passed through the analyzer and put into inter- 
ference with one another, the resultant displacement s obtained from the super- 
position of these two components is 

5 == y sin a — a; cos a (19 • 5) 

Substituting in Eq. (19 5) from Eqs. (19 3) and (19 4) and simplifying, 

s = a sin 2 a sin [wfity — Z^)] cos ^ j (I 9 . 5 ) 

It is apparent from Eq. (19 6 ) that the resulting displacement is a harmonic 
vibration, the amplitude of which is 


. r2ir 

ic — a sin a sm 


Amplitude = 2a sin 2a sin [frf{ty — Z,)] 


This expression may be put in slightly different form, since 


ty 



^ ~2(Vx - Vy) 

Vb 


(19-7) 


(e) 


The latter simplification is permissible since and Vy are essentially the same as 
Vb (the velocity of light through unstressed bakelite) and therefore the denom- 
inator may be replaced by vl. Experiments show that r* ~ Vy is proportional to 
the difference in the principal stresses, and hence Eq. (e) may be written thus; 


ty tx 


{ffy - <r,) 


if) 
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Now, by using Eq. (/), Eq. (19-7) may be rewritten as follows: 


S«7 


Amplitude = 2a sin 2a sin 


rfkb . . 

“ .,,2 ““ 


(19. 8) 


This is the fundamental equation of two-dimensional photoelaslicity, 
since from it we can determine the amplitude and hence the intensity of 
the light that comes through the analyzer. 

Inspection of l^q. (19 reveals that the intensity may be zero for 
either or both of two reasons. First, the amplitude will be zero if sin 
2a equals zero. This will be so w hen a is a multiple of 7 r/ 2 , in other words, 
when the plane of polh/i ation of the polarizer coincides with the dire^c- 
tion of eithc! of principal stresses. Thus, regardless of the color of 
light or the magnitudes of the priiuapal stresses, every point on the model 
where the direction of oni of the principal stresses coincides with the 
plane of polarization of the polarizer will be black. There will be a 
number of points at which the principal stresses have the same direction. 
They will all be joined together by a black line, called an isoclinic. 

Second, the amplitude is also dependent on the difference of tlie 
principal stress(‘s, wdiich affects the value of sin [(jrfkb/vl){(ry — o-x)]. 
When the model is unloaded and unstressed, the value of this term, and 
hence the amplitude, is zero; i.e., an unstressed model appears black all 
over when viewed through the analyzer. If we focus our attention on a 
particular point in the model and gradually apply the load, w^e notice 
this point getting lighter and lighter, attaining maximum brilliance 
when the value of (Trfkb/vl)((Ty — equals 7 r /2 so that the sine of this 
angle equals unity. Further increase in load, however, makes the point 
get darker and darker until it is black again when the stresses are such 
that {irfkb/vl){cry — cr^) equals tt. Further increase of load causes the 
point to undergo additional cycles from black through brilliance and back 
to black again. All this discussion presumes that the model is being 
viewed with monochromatic (or one-color) light, as is assumed at the 
beginning of this article. 

As we view this one particular point on the model, there are other 
points going through the same number of cycles. In fact, when this 
particular point is black, the other points are also black; all together, 
they form a black line, called an isochromaiic. At all points along such 
an isochromatic, the difference in principal stresses must therefore be 
the same. Of course, at this particular instant there are other series of 
points that haVe undergone a different number of cycles, atid^ each of 
these series forms another black isochromatic line. Thus, the model as a 
whole at a given instant appears to have several black isochromatic 
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lines on a white background, as shown in Fig. 19 *4. The various dif-- 
ferent isochromatics are designated as being the first-order isochromatic, 
second-order isochromatic, etc., depending on the number of cycles of 
black through brilliance to black that have occurred along that particular 
line. 

It is easy to evaluate the difference in principal stress along the nth- 
order isochromatic, because we know that along this isochromatic every 
point has undergone n cycles, or 


Hence, 


Trfkb . . 

o" y ^ x) niT 


_ n vl 

<Ty a, - ^ 


(19. 9) 


Knowing n and the thickness of the model 6 and certain constants of 
the light and model material, we may evaluate ay — ax from this equation. 

From the theory developed in this article, we now see how the photo- 
elastic phenomena can be related quantitatively to the condition of 
stress ill the model. How to use this information in solving a stress 
distribution problem is discussed in the next article. Before doing so, 
however, several additional factors should be noted. 

We have found that, when we observe a bakelite model through the 
analyzer, using monochromatic light, we see two different types of lines, 
isoclinics and isochromatics, both of which are black lines on a light 
background. The quCvStion immediately arises as to how we are able to 
tell one from the other. If we used white light instead of monochromatic, 
the isoclinic would still be black, for it does not depend on the frequency 
of the light. The isochromatic lines, however, would assume the colors 
of the spectrum instead of being black, for only when the difference in 
the principal stresses is zero can there be complete interference for all 
frequencies simultaneously. Since such a situation usually exists at 
isolated points, there is seldom a black isochromatic — usually they are 
colored lines. By using white light, therefore, it is usually easy to 
identify the isoclinics. 

For convenience, isochromatics are usually photographed, and for 
this purpose it is most satisfactory to use monochromatic light so that 
the isochromatics are black lines on a light background. It is desirable, 
however, to eliminate the isoclinic from the photograph. This can be 
accomplished by using circularly polarized monochromatic light. In 
such a case, the theory may be developed as is done above for plane- 
polarized light, and the amplitude of the resulting vibration seen through 
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the analyzer will be found to be 

Amplitude = 2a sin (o’!/ ~ O j (19 10) 

This expression is the same as Eq. (19 8) except that the sin 2a term has 
disappeared and there is no directional effect. In practice, circulaily 
polarized light is produced by introducing one quarter- wave plate on 
each side of the model. Actually, however, the same effect could be 
produced by rotating xl. polarizer and analyzer, these being always 
kept crossed. If we did tins, the isoclinic line would move around the 
model as the of polaiization was rotated. We can visualize, 

however, that, li we rotated the polarizer and analyzer fast enough, 
the isoclime vioulcl disappear, in much the same way as the spokes 
of a wheel do if the latter is whirled fast enough. This is one way of 
visualiziiig the ciTe<^+ of cii'cuiarly polarized light. 

19*5 Slresp lii^lribution Determined by Photoelastic Method. 
In the previous article, it is shown that the optical pattern which one 
views through the analyzer can be interpreted to give the direction of 
the principal stresses and the diflerences between them. This gives us 
two independent quantities concerning the condition of stiess at any 
point in the model. In this article, we discuss how to obtain a third 
independent quantity and how to use this infoimation to obtain the 
complete stress distribution in a two-dimensional system. 

The polariscopes actually used in experimental work may be arranged 
in several different ways. The essential parts, however, are those shown 
in Fig. 19 2, with certain refinements added so that plane-polarized white 
light, plane-polarized monochromatic light, or circularly polarized mono- 
chromatic light may be obtained easily when desired. A mercury-vapor 
lamp with a suitable filter is widely used for monochromatic light, and 
the mercury-vapor lamp without the filter or an incandescent-filament 
lamp is used for white light. The polarizer and analyzer are fitted with 
quarter-wave plates arranged so that it is easy to change from plane- 
to circularly polarized light. A suitable lens system should be provided 
so that the model is in a field of parallel light. The loading machine 
should be arranged so that the entire loading device and model can be 
moved and aligned without removing or varying the load. The camera 
used with the polariscope should be a plate-type camera fitted with a 
screen for viewing the image. 

With a polariscope feuch as this, it is a simple matter to set up a model 
and photograph the isochromatics (or isochromatic fringes) by using 
circularly polarized monochromatic light. A photograph of the iso- 
chromatics of a simple end-supported beam loaded by a concentrated 
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load at mid-span is shown in Fig. 19-4. The fringe orders on such a 
photograph may be identified by watching the model as the load is 
applied and counting the number of cycles at certain points. Knowing 
the fringe orders n, we may use Eq. (19 9) to compute ‘the difference in 
the principal stresses at various points in the model. 

For such computations, it is convenient to change the form of Eq. 
(19 9) and denote the two principal stresses by p and q instead of Oy 

1 Load^ieS* 



Fig 19 4 


and (Ta,, or 

p - g = 5 OC (19 11) 

where OC == optical constant of model material = The optical 

constant for a given material may be determined from an auxiliary test 
on a tension specimen where p — g is known. 

While, in general, the isochroraatics give us only the difference 
between the principal stresses, such information is sufficient to compute 
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the edge stresses of a model. At a free unloaded edge, there is no shear 
or normal stress on the boundary surface, and therefore the boundary is a 
principal plane on which the principal stress is zero. At such points, 
the other principal stress is parallel to the boundary and is therefore 
numerically equal to the edge value ot p — q obtained from the iso- 
chromatics. In many problems, the maximum stresses occur at the 
edges of the model so that the investigation does not need to be carried 
beyond photographing isochromatics. 

Isocliniob are obtained by using plane-polarized white light and may 
be sketched on a piece of tracing psper mounted on the screen of the 
camera. The plene oi polaiization of the polarizer is set successively at 
various postioua hctvveCn the vertical and horizontal, the polarizer and 
analyzer being kept cios<sed at all 
times, h er eacc ot tluw"' positions, 
the correspond ^ isoclinic on the 
image is sketched on the tracing 
paper. We thus obtain a sketch 
from which we can determine the 
direction of the principal stresses at 
any point in the model, since we 
know that at the points lying along 
any particular isoclinic, such as the 
20° isoclinic, one of the principal 
stresses is in a direction which is 20° 
to the vertical and the other principal stress is perpendicular to that. 

If, in addition to knowing p — q and the direction of the principal 
stresses at any point in a model, we know p + g, that is, the sum of the 
principal stresses, it will then be easy to compute the normal and shear 
stress intensity on any plane through any point in the model. By 
considering the equilibrium of the small particle shown in Fig. 19 -5, 
suitable equations may be derived for the normal stress cry and the shear 
stress Tary on a plane the normal of which makes an angle 6 with the direc- 
tion of the principal stress p at point 0. The perpendicular sides of 
this element are principal planes of stress, and it is assumed that the 
length of the hypotenuse and the thickness of the particle are both unity. 
From SFy = 0, 

(<^v)(l)(l) (p)(oos 0)(l)(co8 d) — (g)(sin 0)(l)(sin 6) = 0 
which simplifies to 

<r, = cos 2 $ (19-12) 



Fig. 19 5 
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likewise, from SF* = 0, we find that 

rx„ = - sin 2<? (19 13) 

From these equations, it is now apparent that both Cy and T*y can be 
computed if p + ^ is also known. 

Several methods are available for determining p + q, one of the best 
of which is measuring the change in thickness of the model. The change 
in thickness of a plate depends upon the l)rincipal stresses in the plane of 
the plate in exactly the same way as the contraction of the cross section 
of a tension specimen depends upon the axial stress in the specimen. 

Ab=-^ip + q) (1914) 

Several lateral extensometers have been developed specifically for measur- 
ing Ab. The de Forest- Anderson extensometer^ is one of the best of 
these. With such instruments, p + q may be measured at certain specific 
points, and, by means of this information, curves may be drawn to assist 
in interpolating the values of p + ^ at other points. 

The values of p + ^ may also be determined by several other experi- 
mental procedures or by an iterative numerical method suggested by 
Liebmann for solving problems involving Laplace’s equation. Instead 
of determining p -f g by one of the methods that have been suggested, 
it would be possible to compute the separate values of p and q simply 
through the information that can be obtained from the isochromatics 
and the isoclinics. To do tliis, however, involves some rather tedious 
graphical and analytical computations not required by the other methods. 

The use of the photoelastic method in stress distribution problems 
may be summarized as follows: 

1. To determine edge stress intensities. Only isochromatics are 
required. 

2. To determine shear stress intensities on any plane at every point. 
Isochroraatics and isoclinics are required. Note, however, that maxi- 
mum shear stress at a point can be determined simply from the isochro- 
matics since 

w = - ^ 2 ^ 

3. To determine both normal and shear stress intensities on any plane 
ai ettery point. In addition to isochromatics and i^oclinics, the value of 

1 DE Forest, A. V., and A. R. Anderson, A New Lateral Extensometer, Proc, 
the Tenth Semiannual Eastern PhotoelasticUy Conf,, Dec., 1939. 
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p + qor some third independent quantity must be determined for every 
point. 

19-6 Strain Measurement. It is impossible to discuss the art 
of strain measurement in the limited space available here.^ Many 
different strain gages have been developed, but the principles ori which 
they are based are limited in number. The various instruments may 
be classified in one of the following groups: mechanical gages; optical 
gages; electric resistance gages; electric inductance gages; or electric 
capacity gares At the present time, the most widely used strain gage 
is the SR-4 icsistance wire gage. 

One should Uv iiowever, that the minimum size of a structural 
model may be roptruiled by the method selected for the strain measure- 
ments. Of coutse, if the strain varies linearly along a gage line, the 
average -strain o\\.i any gage length will be exactly equal to the strain at 
the mid-point oi the gage. If, however, the strain varies in a distinctly 
nonlinear maimei, tlie average strain may be considerably different 
from the strain at the mid-point of the gage. It is necessary, therefore, 
to design the model large enough or to select a strain gage with a gage 
length small enough so that the strain variation between the gage points 
is essentially linear. If proper consideration is not given to this matter, 
the results of the model study may not be sufficiently accurate. 

19*7 Stress Distribution by Surface-strain Measurement. 
When a thin flat plate is loaded by forces acting in the plane of the plate, 
a condition of plane stress is developed in the plate, i.e., the stresses 
developed in the plate may be assumed to act parallel to the plane of 
the plate and the stress intensities to remain constant through the thick- 
ness of the plate. Such a condition of stress is the one most commonly 
encountered in structural members. In such cases, the complete state 
of stress throughout the interior of the plate is defined as soon as the 
stress condition is determined on the surface. 

In the case of a thick plate or in the most general case of a stressed 
body, a three-dimensional stress system is involved, and the stresses 
vary through the thickness of the plate. Determining the surface 
stresses in such problems, therefore, does not enable one to define the 
condition of stress in the interior. Fortunately, however, in such cases 
the maximum stresses usually occur at the surface, and hence determining 
these surface stresses gives a practical solution to many problems. 

The surface stresses at a point on the uploaded surface of any body 
form a two-dimensional stress system. As stated in Art, 19 • 2, the com- 
plete condition of stress at such a point may be defined in terms of three 

‘ The reader is referred to the “Handbook of Experimental Stress Analysis, “ 
which will soon be published by the Society of Experimental Stress Analysis. 
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unknowns, the magnitude of the two principal stress intensities and the 
direction of one of them. Of course, stresses cannot be measured directly, 
but we can measure surface strains. If three independent linear strains 
are measured, it then is possible to compute the principal strains and 
their directions. By using the physical relations between stress and 
strain, these principal strains can be converted into the principal stresses. 
The directions of the principal stresses and the principal strains are the 
same. Once the magnitude and directions of the principal stresses are 
known, the normal and shear stress intensities on any plane through a 
point can be computed. 

The gage lines of the three linear strains that 
must be measured may be chosen in such a way 
as to simplify the computation of the principal 
strains and stresses.^ One such arrangement, 
known as the equiangular strain rosette,^ is shown 
in Fig. 1 9 ■ 6. The three linear strains Ca, Cb, and 
Cc are measured along gage lines that make angles 
of 120° with each other. Then it can be shown 
that the major (or algebraically larger) principal 
strain ei and the minor (or algebraically smaller) principal strain 62 may 
be computed from the following formula: 
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ei = + B, j 

€2 Ai — Bi j 

where 

Ai = + ^6 + Cc) 

./2 , 

Bi = V (Ca - Cb^ + {eb - ecy + (Cc - 


(19 15) 

(19 16) 


All strains, when they are elongations, should be considered plus. The 
direction of the major principal strain ei is given by an angle ai, which is 
measured counterclockwise from the Ca gage line, where 

( 1917 ) 

The quadrant in which the angle 2 ai lies can be identified by noting the 
signs of both numerator and denominator when the numerical values of 
the strains are substituted in Eq. (19* 17). The direction of the minor 
principal strain 62 is located by an angle ai + 90° measured counter- 
clockwise from the €a gage line. 

* Murray, W. M., An Adjunct to the Strain Rosette, Expil. Stress Analysis^ vol. 1, 
No. 1, pp. 128-133. 

* Mindun, R. D., The Equiangular Strain Rosette, Chil Eng,, vol. 8, No. 8, pp 
546-547, August, 1948. 
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Another suitable arrangement is known as the rectangular strain 
rosette and is vshown in Fig- 19*7. In this case the principal strains may 
be computed from the following formulas: 


where 


61 == ^2 + jBa I 

62 = ^2 — -62 I 


A — 

^2 — ^ 

^2 = M Vv26/, — Ca — e)c^ + (Ca - 



(19 18) 


(19 19) 


The direction of tii, ni » >1 principal strain Ci is given hy the following 
angle ai, wliicn i-s < 4 »nred counterclockwise from the Ca gage line, 

tnri 2ai = (19 -20) 

Ca —Cc 


whereas the direction of the minor principal strain e^ makes an angle of 
+ 90® with the Ca gage lino. 

The principal strains having been computed from the above equations, 
the major and minor principal stress intensities, ci and respectively, 
may be computed from the following equations: 


E 


0-1 


0-2 


1 - 


(Ci + / 2 C 2 ) 


E 


= 1 2 + ^ 2 ) 



Fig. 19*7 


where E is the modulus of elasticity of the material and 
g is Poisson’s ratio. For either type of rosette, the 
principal stresses may be computed directly without first computing the 
principal strains by using the following equations, which have been ob- 
tained by substituting either Eq. (19 15) or (19 18) in Eq. (19 * 21 ): 



+ 


B 

1 + M 

B 

1 + g 



( 19 * 22 ) 


The directions of <ti and ci and of 0-2 and 62 are the same. 

In certain cases, it is convenient to establish the directions of the 
principal stresses and «»trains by some auxiliaty means such as symmetry 
or through the use of brittle lacquer or Stress Coat. If this is done, then 
the two principal strains may be measured in these directions, the strain 
readings required at every point being thus reduced from three to two. 
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19*8 Determination of Buckling Load§. Structural models may also 
be used advantageously to determine critical or buckling loads of columns, beams, 
and other structural elements. Such information may be obtained most readily 
by running tests under loads that are somewhat less than the buckling load and 
then interpreting the test data by Southwell’s method^ or some adaptation of it. 
In such tests, the load is applied in a series of increments, and certain deflections 
are measured after each increment of loading. By plotting this information in a 
certain manner, the plotted points lie on a straight line the slope of which may be 
interpreted to give the critical buckling load. The chief advantage of this proce- 
dure is that necessary data may be obtained from measurements taken at loads 
smaller than the buckling load, and as a result the model is not destroyed in 
conducting the test. The model may be retested, therefore, after any desired 
modifications in its design haVe been made. 

In Southwell’s original paper, the theoretical proof of his method was given 
only for the case of a simple strut. He demonstrated that, if the ratio of lateral 
deflection to the corresponding axial load was plotted as an ordinate against the 
deflection itself as an abscissa, the plotted points would lie along a straight line 
the inverse slope of which was equal to the critical load of the strut. 

Subsequently Lundquist^ suggested a modification of Southwell’s procedure. 
Donnell® and other investigators have suggested and applied variations of South- 
well’s method for more complex types of buckling. These studies indicate that 
this procedure or some variation of it may be applied to all cases in which buckling 
does not introduce appreciable second-order stresses. 

' Southwell, R. V., On the Analysis of Experimental Observations in Problems of 
Elastic Stability, Proc. Roy. Soc. (London), vol. 135A, p. 601, 1932. 

® Lundquist, E, E., Generalized Analysis of Experimental Observations in Prob- 
lems of Elastic Stability, NACA Tech. Note 658. 

® Donnell, L. H., “On the Application of Southwell’s Method for the Analysis of 
Buckling Tests,” Contributions to the Mechanics of Solids, Dedicated to S. Timo- 
shenko, p. 27, The Macmillan Company, New York, 1938. 
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make-up of, 15 

maximum stresses in, due to series of 
concentrated live loads, 176 
notation and sign convention for, 83 
planar, 184 
roof, 185 

second ar> stresses in, 434-437 
simple, 82 
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